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10. Neurcity integral

Pre spravne zobrazenie, fungovanie tooltipov, 2D a 3D animécii je nevyhnutné stbor otvorit pomocou

programu Adobe Reader (zasuvny modul Adobe PDF Plug-In webového prehliadaca nestaci)

Kliknutim na text pred ikonou ziskate napomoc.
Kliknutim na skratku v modrej liste vpravo hore sa dostanete na prislusny slajd, druhym kliknutim sa dostanete na
koniec tohto slajdu.
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F(x), G(x) st primitivne k f(x) na intervale /

= (F—G)(x) je konstantna funkcia na intervale /.

Vsetky primitivne funkcie k danej funkcii f sa na intervale / liSia o konstantu

Pre vSetky x €/ plati
(F-G)(x) = [F(X)*G(X)]/ = F'(x)—G'(x) = f(x)—f(x) =0,
t.j. funkcia F—G je konstantna na intervale /.
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f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva
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Neurcity integral

f(x), x€l je funkcia, I C R je interval.
integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

primitivna funkcia [lubovolna z primitivnych funkcii]

o Na urenie [f(x)dx postaé&i jedna (lubovolnd) primitivna funkcia F.
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Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

o Na urenie [f(x)dx postaé&i jedna (lubovolnd) primitivna funkcia F.

o Proces hladania primitivnej funkcie sa nazyva integrovanie.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zaciatok integrélu [integraény znak]

o Na urenie [f(x)dx postaé&i jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
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Neurcity integral

f(x), x€l je funkcia, I C R je interval.
integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zaciatok integrélu [integraény znak] koniec integralu [diferencial x]

o Na urenie [f(x)dx postaé&i jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci symbolom diferencialu dx
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Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

zaciatok integrélu [integraény znak] koniec integralu [diferencial x]

o Na urenie [f(x)dx postaé&i jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /a dx nie st nutné, ale doporuéuji sa].
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

(]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany,
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Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

(]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /)a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorch integral existuje.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integra¢na funkcia [integrand]

(]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /)a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorch integral existuje.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integraéna premenna

(]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /)a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorch integral existuje.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

integra¢na konstanta

(]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.
o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /)a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorch integral existuje.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x€l je funkcia, I C R je interval.
Neurcity integral funkcie f na intervale / sa nazyva

mnozina vsetkych primitivnych funkcii k funkcii ¥ na intervale /.

Oznaduje sa /f(X)dX = F(X) +c, x€l, ceR.

definiény obor [obor definicie]

integraéna premenna integra¢na konstanta
integra¢na funkcia [integrand] primitivna funkcia [lubovolna z primitivnych funkcii]
zaciatok integrélu [integraény znak] koniec integralu [diferencial x]

Na urenie [f(x)dx postaéi jedna (lubovolnd) primitivna funkcia F.

(]

o Proces hladania primitivnej funkcie sa nazyva integrovanie.

o Zapis neur¢itého integralu je uréeny na zaliatku integratnym znakom |,
na konci SymbOIOm diferencialu dx [zatvorky medzi /)a dx nie st nutné, ale doporuéuji sa].

Ak nie je obor definicie integralu zadany, potom myslime
maximalny interval, resp. zjednotenie intervalov, na ktorch integral existuje.
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Neurcity integral

f(x) =sgnx, xe(—1;1)

fx) ={

—1 pre X<O,
1 pre X>0,
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Neurcity integral

f(x) =sgnx, xe(—1;1)

{—1 pre X <0, t.j. F(x) = —x+c¢, cER je primitivna k f na (—1;0),
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Neurcity integral

f(x) =sgnx, xe(—1;1)

{ 1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
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Neurcity integral

f(x) =sgnx, xe(—1;1)

fx) ={

—1 pre x<0, t.5. F(x) = —x+c, c€R je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
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Neurcity integral

f(x) =sgnx, xe(—1;1)

fx) ={
£(0) =0,

—1 pre x<0, t.5. F(x) = —x+c, c€R je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
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Neurcity integral
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f(x) =sgnx, xe(—1;1)

Flx) = {—1 e X<0, ©.j. F(x) = —x+4c, c€R je primitivna k f na (—1;0),
= 1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «. . pre primitivnu funkciu musi platit F£/(0) = f(0) = 0.
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Neurcity integral
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f(x) =sgnx, xe(—1;1)

Flx) = {—1 e X<0, ©.j. F(x) = —x+4c, c€R je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «. . pre primitivnu funkciu musi platit F£/(0) = f(0) = 0.
F"(0) = lim F'(x) = lim f(x)=—1,
X0~ x—0~
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f(x) =sgnx, xe(—1;1)
F(x) = {—1 pre X <0, t.j. F(x) = —x+c¢, cER je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, « . pre primitivnu funkciu musi platit F’(0) = f(0) = 0.
F”(0) = lim F'(x) = lim f(x) = -1,
X0~ x—0~
FL(O) = lim F/(x) = lim 7(x) =1
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Neurcity integral
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f(x) =sgnx, xe(—1;1)

Flx) = {—1 pre X <0, t.j. F(x) = —x+c¢, cER je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «. . pre primitivnu funkciu musi platit F£/(0) = f(0) = 0.
F"(0) = lim F'(x) = lim f(x)=—1,
x—0— x—0—
F(0) :XILn3+F’(x) :XILn&f(x) =1, tj —1 = F(0)0=£F(0)=1.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02

Neurcity integral
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f(x) =sgnx, xe(—1;1)

Flx) = {—1 pre X <0, t.j. F(x) = —x+c¢, cER je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «. . pre primitivnu funkciu musi platit F£/(0) = f(0) = 0.
F"(0) = lim F'(x) = lim f(x)=—1,
x—0— x—0—
F(0) :XILn3+F’(x) :XILn&f(x) =1, tj —1 = F(0)0=£F(0)=1.

rotom F’(0) neexistuje,
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Neurcity integral

f(x) = sgnx, x€(—1;1) nema primitivnu funkciu na (—1;1).
Flx) = {—1 pre X <0, t.j. F(x) = —x+c¢, cER je primitivna k f na (—1;0),
1ore x>0, 5. F(x)= x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «. . pre primitivnu funkciu musi platit F£/(0) = f(0) = 0.
F"(0) = lim F'(x) = lim f(x)=—1,
x—0~ x—0~
F(0) :XILn3+F’(x) :XILn&f(x) =1, tj —1 = F(0)0=£F(0)=1.

rotom F'(0) neexistuje, « . primitivna funkcia k  na (—1;1) neexistuje.
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Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
U= pe x>0, tj. F(X) = x+4c, cER je primitivna k f na (0;1).
f(0) =0, «i. pre primitivnu funkciu musi platit F'(0) = £(0) = 0.
F”(0) = lim F'(x) = lim f(x) = —1,
x—0~ X—
Fi(0) = lim F'(x) = lim f(x) =1, —1=F/(0)#0#F,(0) = 1.

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

X
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Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
U= pe x>0, tj. F(X) = x+4c, cER je primitivna k f na (0;1).
f(0) =0, «i. pre primitivnu funkciu musi platit F'(0) = £(0) = 0.
F”(0) = lim F'(x) = lim f(x) = —1,
x—0~ X—
Fi(0) = lim F'(x) = lim f(x) =1, —1=F/(0)#0#F,(0) = 1.

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
U= pe x>0, tj. F(X) = x+4c, cER je primitivna k f na (0;1).
f(0) =0, «i. pre primitivnu funkciu musi platit F'(0) = £(0) = 0.
F”(0) = lim F'(x) = lim f(x) = —1,
x—0~ X—
Fi(0) = lim F'(x) = lim f(x) =1, —1=F/(0)#0#F,(0) = 1.

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojitd v bode x = 0, pretoze lim f(x) neexistuje.

x—0
F'(x) = [x*sin 1]/

X
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim0 f(x) neexistuje.
X—

F'(x) = [x?*sin]'=2xsin 2 —x?% cos
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim f(x) neexistuje.

F'(x) = [x*sin ]— 2xsin 1 —x?% cos 1= 2xsm 1_cosi = f(x) pe x#0,
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim f(x) neexistuje.
F'(x) = [x2 sin ] = 2xsin l x2 12 cosf— 2xsm l—cos% = f(x) pre x#£0,

F'(0) = lim FX=F@

x—0 x=0
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim f(x) neexistuje.

F'(x) = [x*sin ]— 2xsin 1 —x?% cos 1= 2xsm 1_cosi = f(x) pe x#0,

F'(0) = lim FX=FO_ |y XSnE — Jim xsin L
x—0 X0 x—0 X x—0 x
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) =2xsint—cosl, xe R—{0}, f(0) =0

Funkcia f je nespojita v bode x = 0, pretoze Iim f(x) neexistuje.

F'(x) = [x*sin ]— 2xsin 1 —x?% cos 1= 2xsm 1_cosi = f(x) pe x#0,

F/(O) = ||m0 F(x)—F(0 ): lim e Sm; = I|m0xsm ==0= f(O) pre X — O,
X—

x=0 x—=0 X X—

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 Definicia Priklady Vlastnosti

Neurcity integral

f(x) =sgnx, x&€(—1;1) nema primitivnu funkciu na (—1;1).
F(x) = {—1 pe X< 0, t.. F(x) = —x+4c¢, c€R je primitivna k  na (—1;0),
1ore x>0, 5. F(X) = x+4c, c€R je primitivna k f na (0;1).
f(0) =0, «.i. pre primitivnu funkciu musi platit F'(0) = 7(0) =
F’(0) = I|m  F'(x) = lim f(x) = -1,
FL(0) = lim F/(x) = lim F(x) = 1, «; —1 = F'(0) £0+F.(0) = 1

x—0t x—0F

potom F’(0) neexistuje, « ;. primitivna funkcia k f na (—1; 1) neexistuje.

f(x) = 2xsin L —cos L, xe R—{0}, f(0) = 0 ma primitivnu funkciu na R.

Funkcia f je nespojita v bode x = 0, pretoze Iim f(x) neexistuje.

F'(x) = [x*sin ]— 2xsin 1 —x?% cos 1= 2xsm 1_cosi = f(x) pe x#0,

F/(O) = ||m0 F(x)—F(0 ): lim e Sm; = I|m0xsm ==0= f(O) pre X — O,
X—

x=0 x—=0 X X—

ti. F(x) = x?sin1, xe R—{0}, F(0) = 0 je primitivnou funkciou k f na R.

v

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb



mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonec¢nych funkcionalnych radov.
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonec¢nych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx et sin (x") cos (x")
—— e /Xm dx, /Tm dx, = dx
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.
Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonec¢nych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx et sin (x") cos (x")
—— e /Xm dx, /Tm dx, = dx

Derivovanie a integrovanie st inverzné operacie na intervale /.
Funkcia F je primitivna k funkcii f na intervale /, ce R,
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonec¢nych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx et sin (x") cos (x")
—— e /Xm dx, /Tm dx, = dx

Derivovanie a integrovanie st inverzné operacie na intervale /.

Funkcia F je primitivna k funkcii f na intervale /, ce R,

potom pre vsetky x €/ plati

/ (%) dx :/f(x)dx = F(x)+c,
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02 Definicia Priklady Vlastnosti

Neurcity integral

f(x), x €l je spojitd na intervale /

= na intervale | ku f existuje primitivna funkcia.

Existuju aj nespojité funkcie, ktoré majd primitivne funkcie.

Kazda spojita funkcia definovana na intervale ma primitivnu funkciu.

Nie vzdy dokazeme jej integral vyjadrit pomocou elementarnych funkcii,
niekedy sa da vyjadrit iba ako rozvoj nekonec¢nych funkcionalnych radov.

Si to napriklad integraly (menu {0}, nen, min > 2)

dx dx et sin (x") cos (x")
—— e /Xm dx, /7)(," dx, —mdx.

Derivovanie a integrovanie st inverzné operacie na intervale /.

Funkcia F je primitivna k funkcii f na intervale /, ce R,

potom pre vsetky x €/ plati

/ ’(x) dx :/f(x)dx = F(x)+c, Uf(x)dx] _ [F(x)+c]' = f(x).

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

03 Tabulkové integraly | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zadkladnych elementarnych funkcif aeR, ceR, keZ
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03 Tabulkové integraly | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zadkladnych elementarnych funkcif aeR, ceR, keZ

/dx:/ldx:x—i—c xER /x"’dx:’f::ll—i-c ;isz{o}'
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03 Tabulkové integrily | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zadkladnych elementarnych funkcif aeR, ceR, keZ

x /(x f 0,
/d? =In|x|+¢ xeR—{0} /ff(x)) dx = In|f(x)| + ¢ x(g)D?(éf)
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03 Tabulkové integraly | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

Neurcité integraly zadkladnych elementarnych funkcif aeR, ceR, keZ

ax _ e « _ & xXER,
/e dx = =4 XER, a#0 /a dX*lna"’C 2>0,a%1
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Integraly elementarnych funkcii
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Neurcité integraly zaklad

acR,

CER, keZ

/sinaxdx ==X 4 ¢
dx —
sin2 ax

cotg ax

+c

XER, a#0

xER,a#0,

X#kf

/cosaxdx =X + ¢
dx —
cos? ax

tg ax
a +c

xXER, a#0

XER, a#0,
X # (2k;ral)7r
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Integraly elementarnych funkcii

Neurcité integraly zaklad a i acR, ceR, keZ

/sinhaxdx:%—s—c xER, a#0 coshaxdx:%—l—c XER, a#0

/ dx :_cotgahax_"_C XGR_{O}r / dx — tgh ax +c XER, 3750

sinh2 ax & ;ﬁ 0 cosh? ax a
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Integraly elementarnych funkcii

Neurcité integraly zaklad

acR, ceR, keZ

. . et x€ R—{0},
/dx-/ldx-x—i—c xER /x"’dx—’;ﬂ—i-c a1
£ f(x)#0,
/d?x:ln x|+ ¢ xeR—{0} /f((:)) dx = In|f(x)| + ¢ X(G)D?(éf)
e™dx = <= 4 ¢ XER, a#0 Xdx =L +¢ XER,
a ' Ina a>0,a#1
/sinaxdx:—%—i—c xER, a#0 /cosaxdx:sm%-i-c XER, a#£0
d _ cotgax XGR,a;ﬁO, . d __ tgax xeR,a;éO,
/sinQXax - E X#% cosQXax — Ta +c X;ﬁ@
/sinhaxdx:%—s—c xER, a#0 /coshaxdx:%—l—c XER, a#0
d ___ cotghax XGR—{O}, d _ tghax
/sinhgax - a tc 3;&0 cosh;ax - a +c x€R, a#0
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Integraly elementarnych funkcii

Neurcité integraly zadkladnych elementarnych funkcif a>0,ceRrR
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Integraly elementarnych funkcii

elementarn

/ b *1arctg§+c1:—1arccotg§+<:2 xER

x2+a2 ~ a a
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Integraly elementarnych funkcii

a>0, ceRr

dx  _ [a1r1.1 1 1 _
/x2—xa2_ Z[xfaixiﬂ]dx_ﬂln{i+:|+c x€R—{a}
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Integraly elementarnych funkcii

Tabulkové integraly | Tabulkové integraly Il Priklady

Neurcité integraly zakladnych elementarn

a>0, ceRr

/

dx

P—

= arcsin %
[a]

+ c1 = — arccos

X
lal

+ o x€(—a; a)

/\/327x2 dx = Xiva;# T che x € (—a; a)

2| e
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d; 2:|n’x+m’+c x € (—o0; a) U (a;00)
Xc—a
/\/x2732dx:@7§ \/% x € (—o0; a) U (a; o0)
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h elementarnych funkcii

a>0, ceRr

/

dx

V/ x2+a2

:In(x+\/m)+c

/Wﬂzdxzxix/x;aqg o | er

xXER

N
x
S
1
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a>0, ceRr

xza

/dxzz—arctg +c = —iarccotgg—&-q xER

/ 732 - 2a xfaixiwta] dX:i {x+a|+c XeRi{a}

= arcsin ‘ I +c = —arCCOSﬁ-f—CQ x€(—a; a)

Va?—x2dx = X V"’LXQ \/ﬁ x€(—a;a)

In’x—i-\/ —a’-i—c x € (—o0; a) U (a; 00)
/\/X2732dX:#7§ dx x € (—o0; a) U (a;00)

2 /az,xz

p /Xz,az

N

/\/%:In(x—&—\/xz—l—az)—l—c XER
X a

/\/X2+a dx =X sz+az i xXER

N o
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= /de =Inl|sinx| + ¢, xe R—{km; keZ}, ceR.

/tgxdx = /;”s’; dx = —In|cos x| + ¢

[z e — [ — —tnoni +
x€R—{Z+km; keZ}, ceR.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

03 Tabulkové integraly | Tabulkové integraly Il Priklady

Integraly elementarnych funkcii

/cotgxdx = /‘;’:: dx =Inlsinx| + ¢

/[smx] dx =Inlsinx| + ¢, xe R—{km; ke Z}, ceR.

sin X

/tgxdx = /;”s’; dx = —In|cos x| + ¢

= —/‘Cj;"XX dx= —/[ccf;f(] dx = —Injcos x| + ¢,
x€R—{5+km; keZ}, ceR.

3
:/x%dx: Xgi:—kc:%x% c=2Vx8 +c, xe(0;00), ceR.
5
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Metoda rozkladu

Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0
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F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na /
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ aplati

/[af(x) + bg(x)]dx = af(x)dx + b/g(x) dx = aF(x) + bG(x) + c,
xel, ceR.
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F, G st primitivne k f, g na /, a,beR, |a|+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ aplati

/[af(x) + bg(x)]dx = af(x)dx + b/g(x) dx = aF(x) + bG(x) + c,
xel, ceR.

[aF(x) + bG(x) + c]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.
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/[af(x) + bg(x)]dx = af(x)dx + b/g(x) dx = aF(x) + bG(x) + c,
xel, ceR.

[aF(x) + bG(x) + c]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ x+-cos® x d
2 5y — > > X
sin? x cos? x sin? x cos? x

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

04 Metdda rozkladu Priklady

Metoda rozkladu

Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na |, a,beR, |a|+|b| >0
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[aF(x) + bG(x) + c]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

dx _ sin’ x+-cos® x d
2 5y — > > X
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. 0 5
/ dx :/sm X+COSXdX:th7COth+C

/si:§X =tgx — cotgx + ¢,
xXER, X;é%” keZ, ceR.
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/[af(x) + bg(x)]dx = af(x)dx + b/g(x) dx = aF(x) + bG(x) + c,
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Namiesto zapisu /ﬁ dx

. 0 5
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Metéda rozkladu f(x), g(x), xe€l st funkcie, [/ C R je interval.
F, G st primitivne k f, g na |, , , |al+|b| >0

= aF+bG je primitivna k funkcii af +bg na [ aplati
/[af(x) + bg(x)]dx = af(x)dx + b/g(x) dx = aF(x) + bG(x) + ¢

x€l, ceR.

[aF(x) + bG(x) + c]" = aF'(x) + bG'(x) = af(x) + bg(x) e x €.

sin? x cos? sin? x cos?

. = )
/wdixz/de*tgxfcotgx+c

:/[cos2 +sm2x dX /cods)z( + sin? x =tgx —cotgx +c,
XGR,X;A%’T, keZ, ceR.

Namiesto zapisu / dx sa Casto pouziva zapis /f(x)
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/tgzde: /cs(')”si dx =tgx —x+c¢

— [ o [[ - tdex—tex-x+c,

xeR, x#£ZIIT keZ, ceR.

_ %dx: x—24+1 dX:Lz—2x—|—|nx—|—6,
x * 2 R—{0}, ceR
XeER— , CER.
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/tgzde:/%dx:tgx—x—l—c

= /71;;%5? dx= /[—Coslzx —1]dx =tgx —x +c,

xeR, x#£ZIIT keZ, ceR.

= [0 fl2+ Hor=5 - 2ermi e

x€R—{0}, ceR.

x2+1

/[2cosx+x3+ 3 }dX:2sinx+ 4—|—3arctgx—§—c

=2sinx + %4 + 3arctgx + ¢, xER, ceR.
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Metdda per partes u, v maji spojité derivacie u’, v/ na intervale /.
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/,\' cos x dx

= u' = x
vV = COS X
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/xcosxdx

f — . .
w=1 }:xsmx—/smxdx
v sin X

u= 2 _ x2 cos x _ —x? sin x d
_ 2. = 2 2 X
vV = —sInx
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/xcosxdx = xsinx +cosx + ¢

/ arctg x dx

":L}: X arctg x

V/7
14+x2

. =1
| v =arctgx
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/xcosxdx = xsinx +cosx + ¢

/ arctg x dx

u=x o x dx
Ve 1 }— xarctgx—/1+X2

. |:u/ E
| v =arctgx
8 14+x2
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/xcosxdx = xsinx +cosx + ¢

Priklad IV

_ _ [ xdx __ _ 1 /0+42x
j}—xarctgx /sz—xarctgx 2/H_dex
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/xcosxdx = xsinx +cosx + ¢

v =1 u=x
T | v =arctex v’:ﬁ} xarctg x /1+dz—xarctgx—f/(1’ii§dx
= xarctgx — 3 In |1+ x?| + c = xarctgx — 3 In (1 + x?) + ¢

=xarctgx —InvV/1+x2+ ¢, xeR, ceR.
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= /cos 5x sin 4x dx

__ | u' = cosbx
v = sin4x

__ | u’ = cosbx
v = sin4x
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5

’
v'= 4 cos 4x

__ | v/ =cos5x
v = sin4x

u = sinx }_ sin 5x sin 4x

5

v/ = 4 cos 4x

__ | v/ = cos5x
v = sin4x

u = sinx }_ sin 5x sin 4x
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/ :/c055xsin 4x dx

v’ = cosbx |u = sindx sin 5x sin 4x 4 .
=5 5 = e sl
{v ROl LI : 5 [sin bx cos4x dx
u' = cosbx | u = SinBX sin 5x sin 4x 4 [ .
= 5 EALLES 11 L e 4 S —.
{V e V,:4COS4X] . 5/sln Bx cos 4x dx
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/ :/c055xsin 4x dx

;o . . i

—|u 7c.055>< _ sinbxsindx _ 4 sin 5x cos 4x dx
v = sin4x 5 5

_ | u' =sin5x _ sinbxsindx _ 4
v = cos4x 5 5)

Pri opakovanom pouziti metédy per partes treba davat pozor,

;- . . i

— |u C_OSSX _ sinbxsindx _ 4 sin 5x cos 4x dx
v = sin4x 5) 5

_ | u' = cos4x _ sinbxsindx _ 4
v = sinbx 5 5

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

05 Metéda per partes Priklad | Priklad Il Priklad Il Priklad IV

Metoda per partes

/ :/c055xsin 4x dx

u’ = cosbx | u = sindx sin 5x sin 4x 4 3
— 5 = e - =
|:v = sin4x | v/= 4 cos 4x 5 5) S 5X COS4X dX
_ | v/ =sinbx |u=—<85x | __ sinbxsin4x _ 4 |_ cos5x cosdx
v = cos4x |v/= —4sin4x 5)

Pri opakovanom pouziti metédy per partes treba davat pozor,

u’ = cosbx |u = sndx sin 5x sin 4x 4 [
= 5 —_ —_—_— — =
|:\/ = sin 4x \//:4cos4><:| 5) 5/5|n5XCOS4XdX
— | v/ =cos4x|u =i | __ sinbxsindx _ 4 | sinb5xsin4x
v =sin5x | v/= 5cos5x 5 5 4
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/ :/c055xsin 4x dx

ol

v/ = 4 cos 4x 5

__ | v/ =cos5x
v = sin4x

__ sin5x i i .
v }: sindxsindx _ ﬂ/sm5xcos4xdx

v = cos4x

= u’ = sin 5x
—4 sin 4x

_ __ cosb5. H i .
L‘;/: b :|: sm5x5$|n4x7% |:7€055X5COS4X7%/COS5XSIH4XC|X

Pri opakovanom pouziti metédy per partes treba davat pozor,

/_ _ sin5x i i .
—|vu c.055x v E _ sinbxsindx _ 4 sin 5x cos 4x dx
v =sin4x |v' = 4cosdx 5 5)
_ | v/ =cos4x|u = o | sinbxsindx _ 4 |sinbxsindx _ 5 :
_[v o Vusctssx]_ 5 5[ y 4/c055x5|n4xdx}

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

05 Metéda per partes Priklad | Priklad Il Priklad Il Priklad IV

Metoda per partes

/ :/c055xsin 4x dx

ol

v/ = 4 cos 4x 5

__ | v/ =cos5x
v = sin4x

__ sin5x i i .
v }: sindxsindx _ ﬂ/sm5xcos4xdx

v = cosdx |v/= —4sindx

A — 5. H H .
_ |:u = sinbx |u = — 055% }: S|n5x55|n4x7% |:76055X5COS4X7%/COS5XSIH4XC|X

_ sin5><sin4><+4c055xc054x+16l

5 25 25

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, « j. aby nevznikol pévodne rieseny integral.

/_ _ sin5 i H .
—|vu c.055x v i _ sinbxsindx _ 4 sin 5x cos 4x dx
v =sin4x | v’ = 4cos4x 5) 5
u' = cos4x | u = sindx sinbxsin4x 4 |sinbxsindx 5 :
=] 4 == —_= _= e
|:v =sinbx |v/= 50055x:| 5 5 |: 4 4/COS 5x sin 4x dX:| l.
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/ :/c055xsin 4x dx

5

’
v'= 4 cos 4x

__ | v/ =cos5x
v = sin4x

__ sin5x i i .
v }: sindxsindx _ %/5|n5xcos4xdx

v = cosdx |v/= —4sindx

A — 5. H H .
_ |:u = sinbx |u = — 055% }: S|n5x55|n4x7% |:76055X5COS4X7%/COS5XSIH4XC|X

= S 5X55'”4X +4C°55;5C°54X+%I, ¢ j. rovnica s nezndmym parametrom /.

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, « j. aby nevznikol pévodne rieseny integral.

/_ _ sin5 i H .
—|vu c.055x v i _ sinbxsindx _ 4 sin 5x cos 4x dx
v =sin4x | v’ = 4cos4x 5) 5
u' = cos4x | u = sindx sinbxsin4x 4 |sinbxsindx 5 :
=] 4 == —_= _= e
|:v =sinbx |v/= 50055x:| 5 5 |: 4 4/COS 5x sin 4x dX:| l.
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I:/c055xsin4xdx — 55i|‘|5>§sin4x + 4c055)€;cos4x +c

5 5)

’
v'= 4 cos 4x

__ | v/ =cos5x
v = sin4x

__ sin5x i i .
v }: sindxsindx _ ﬂ/sm5xcos4xdx

v = cosdx |v/= —4sindx

A — 5. H H .
_ |:u = sinbx |u = — 055% }: S|n5x55|n4x7% |:76055X5COS4X7%/COS5XSIH4XC|X

= 4k 5X5'”4X+4C°55X°°54X+%I, t.j. rovnica s nezndmym parametrom /.

5] 25

= [ = 5sm5>€;sm4x + 4c055>§cos4x e XER, ceR.

Pri opakovanom pouziti metédy per partes treba davat pozor,

aby sa nezneutralizovali, « j. aby nevznikol pévodne rieseny integral.

/_ _ sin5 i H .
—|vu c.055x v i _ sinbxsindx _ 4 sin 5x cos 4x dx
v =sin4x | v’ = 4cos4x 5) 5
u' = cos4x | u = sindx sinbxsin4x 4 |sinbxsindx 5 :
=] 4 == —_= _= e
|:v =sinbx |v/= 50055x:| 5 5 |: 4 4/COS 5x sin 4x dX:| l.
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I, = /x"ex dx
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 =
o= }:Xnex_n/xn leXdX:X”eX—n-/,,,l,XGR.
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 =
o= }:Xnex_n/xn leXdX:X”eX—n-/,,,l,XGR.
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 —
U= nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 —
U= nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

I1: xeX — Io
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 —
U= nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,
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I, = /x"ex dx = x"e* —n-1, 1

’_ n—1 —
U= nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

12: X2eX — 2/1
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Metoda per partes

I, = /x"ex dx = x"e* —n-1, 1

’_ —1 _
o= ot }: X"ex—n/X” leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2e*X — 2l = x%eX — 2 [Xex — ex] +c

Priklad IV
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Metoda per partes

I,,:/"de—xe —n-l,_1

’_ n—1 —
ut=nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x?%eX — 2l,= x%e* 72[Xex ] + ¢ = x%eX — 2xeX + 2e* + ¢,
xXER, ceR,
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Metoda per partes

I,,:/"de—xe —n-l,_1

’_ n—1 —
ut=nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2%eX — 2= X2exf2[xex ] + ¢ = x%eX — 2xeX + 2e* + ¢,
xXER, ceR,
h= x3e* — 3,
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Metoda per partes

I,,:/"de—xe —n-l,_1

’_ n—1 —
ut=nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2%eX — 2= X2exf2[xex ] + ¢ = x%eX — 2xeX + 2e* + ¢,
x€ER, ceR,
k= x3e* — 3= x3e* — 3[x%* — 2xe* + 2¢*]
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’_ n—1 —
ut=nx }:X”ex—n/x’7 leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2%eX — 2= X2exf2[xexfex] + ¢ = x%eX — 2xeX + 2e* + ¢,
xXER, ceR,
k= x3e* — 3= x3e* — 3[x%* — 2xe* + 2¢*]
= x3eX — 3x2eX + 6xeX — 6e* + ¢, xER, cER,
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’_ —1 —
o= ot }: X"ex—n/xn leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2%eX — 2= X2exf2[xexfex] + ¢ = x%eX — 2xeX + 2e* + ¢,
xXER, ceR,
k= x3e* — 3= x3e* — 3[x%* — 2xe* + 2¢*]
= x3eX — 3x2eX + 6xeX — 6e* + ¢, xER, cER,

Integral I, sme vyjadrili rekurentnym vztahom pomocou integralu /, ;.
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’_ —1 —
o= ot }: X"ex—n/xn leXdx = x"eX — n-l,_1, xER.

Ioz/xoexdx:/exdx =e“+c¢ xER, ceR,

h=xe* — Iy = xe* —e*+c, xeER, ceR,

h= x2%eX — 2= X2exf2[xexfex] + ¢ = x%eX — 2xeX + 2e* + ¢,
xXER, ceR,
k= x3e* — 3= x3e* — 3[x%* — 2xe* + 2¢*]
= x3eX — 3x2eX + 6xeX — 6e* + ¢, xER, cER,

Integral I, sme vyjadrili rekurentnym vztahom pomocou integralu /, ;.

Pre konkrétne n€ N musime tento vztah pouzit n-krat za sebou.
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17 2
—~Y—— +arccosx + ¢

—arcsinx + ¢

\/ - \/17x2
/w/l X2 o
_ V1=x?

= —¥—— +arccosx + &, x€(~1;0) U (0;1), 1,2 €R.
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=—Y— —arcsinx+¢ = —

N

+ arccos x + ¢

dx v 1—x2
X

—arcsinx + ¢

Il

|
—
i

= —7V1X_X2 + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.

v

Metdda per partes je vhodna na vypocet integralov typov
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Metoda per partes

=—Y— —arcsinx+¢ = —

N

+ arccos x + ¢

dx v 1—x2
X

—arcsinx + ¢

Il

|
—
i

= —7V1X_X2 + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.

v

Metdda per partes je vhodna na vypocet integralov typov

/p(x)eax dx,
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2 2
—arcsinx + ¢ = ———— +arccos x + ¢

—arcsinx + ¢

e

— 7\/1;7 +arccosx + ¢, x€(—1;0) U (0;1), a1, €R.

v

Metdda per partes je vhodna na vypocet integralov typov

/p(x)eax dx, /p(x) cos ax dx, /p(x) sin ax dx,
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/\/1;7 dx = Vi-e

. 1—x2
——— — —arcsinx + ¢ = ———— Farccosx + &

—arcsinx + ¢

e

=_V IX_X + arccos x + ¢, x€(—1;0) U (0;1), a1, €R.

v

Metdda per partes je vhodna na vypocet integralov typov

/p(x)eax dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx,
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2 . 1—x2
~+—— —arcsinx + ¢y = — -+ arccos x + ¢

—arcsinx + ¢

e

=V IX_X + arccos x + ¢, x€(—1;0)U(0;1), c1,€R.

v

Metdda per partes je vhodna na vypocet integralov typov

/p(x)eax dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx, /p(x) arctg g(x) dx,

kde p(x), g(x) sd redlne polynémy, a€ R, a#0.
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2 . 1—x2
~+—— —arcsinx + ¢y = — -+ arccos x + ¢

—arcsinx + ¢

e

=V IX_X + arccos x + ¢, x€(—1;0)U(0;1), c1,€R.

v

Metdda per partes je vhodna na vypocet integralov typov

/p(x)eax dx, /p(x) cos ax dx, /p(x) sin ax dx, /p(x) In g(x) dx, /p(x) arctg g(x) dx,

kde p(x), g(x) sd redlne polynémy, a€ R, a#0.

Vyssie uvedené funkcie mézeme samozrejme integrovat aj inymi metédami.
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Metéda neurcitych koeficientov

beerb@frcatel.fri http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

06 Metéda neurditych koeficientov Priklad | Priklad [l

Metéda neurcitych koeficientov

Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Odhadneme ff(x) dx = F(x)+c
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Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Odhadneme ff(x) dx = F(x)+c
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Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x).

Odhadneme ff(x) dx = F(x)4+¢c = f(x) = F'(x)
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic
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Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.

v
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Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.
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Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.
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Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.

v

1 = p(n—1)(n—2)x""3| stupeii polynému sa znizuje

u
/ {/v] — e* sa nemeni,
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Metéda neurditych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.

v

1 = p(n—1)(n—2)x""3 | stupei polynému sa znizuje

u
/ {/v] = e* e sa nemeni, uv = x"e*
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Metéda neurcitych koeficientov

Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.

v

u"" = n(n—1)(n—2)x""3| stupei polynému sa znizuje

/ {/v] — e* sa nemeni, wuv = x"e*

Odhad primitivnej funkcie méa tvar
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Metéda neurcitych koeficientov

Metéda neurcitych koeficientov

Primitivnu funkciu k f(x), «.;. [f(x)dx odhadneme neuritym vyrazom F(x)
s konecnym poctom neznamych parametrov aj, ap, ..., ak, ke N.

Mnohokrat ndm typ hladanej primitivnej funkcie F naznadi uz jedno alebo dve pouzitia metédy per partes.

Polozime f(x) = F'(x). Vypoéitame nezndme parametre ay, ap, ..., a.

Nahradime proces integrovania derivovanim a pre nezndme aj, ap, ..., a; dostaneme systém algebraickych rovnic.

Odhadneme ff(x) dx = F(x)+c = f(x) = F'(x) = systém rovnic = hladana F.

u"" = n(n—1)(n—2)x""3| stupei polynému sa znizuje

/{/v] — e* sa nemeni, wuv = x"e*
Odhad primitivnej funkcie ma tvar
I = F(X) = eX(Xn + anflxn_l + -+ aix+ ao) + c,
kde Ag, a1, -- ., an—1 SU nezname koeficienty, ktoré musime vypoditat.

u'' = n(n— 1)><"72

/v* e
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Metéda neurcitych koeficientov
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

[x3+0-x240-x+0]e*
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

vd N
[x3+0-x240-x+0]e* e[x® + (3+a)x® + (2a+B)x + (B+7)]
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x240-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x240-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].

Tri linedrne rovnice s tromi nezndmymi «, 3, :
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x3+0-x240-x+0 = x3 4+ (34+a)x® + (2a+8)x + (B+7) -

Tri linedrne rovnice s tromi nezndmymi «, 3, :
O = 3 + Q. pre ><2,
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x24+0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].

Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé pre x2, 0:20é+/8 pre xt,
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.

Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

e N\
x3+0-x24+0-x+0 = x3 + (3+a)x? + (2a+8)x + (B+7)].

Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé pre x2, 0:20é+/8 pre xt, 0:6+’y pre x9,

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x24-0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé prer, 0:20é+/8 prexl, 0:6+’y prexo,
N
a = —3,
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x3+0-x2+0-x+0 = x3 + (3+a)x® + (2a+B)x + (B+7) -
Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé pre x2, 0:20é+/8 pre xt, 0:6+’y pre x9,
A\ A\
a=—3, B =—-2a=6,
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x24-0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé prer, 0:20é+/8 prexl, 0:6+’y prexo,
A\ A\ A\
a= -3, b =—2a =06, v=—08=—6,
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Metéda neurcitych koeficientov

= /><3eX dx

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x24-0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé prer, 0:20é+/8 prexl, 0:6+’y prexo,
A\ A\ A\
a= -3, b =—2a =06, v=—08=—6,

5. (3 + ax® + Bx + y)e = (x3 — 3x2 + 6x — 6)e*.
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Metéda neurcitych koeficientov

l5 :/x3exdx =(x3—3x2+6x —6)e +c

Odhad i = (x3+ax?>+px+7v)eX + ¢, xER, cER, e a, B, YER.
Derivacia odhadu  x3e* = (3x?+2ax+f)e* + (x3+ax®+Bx+7)e

v N
x340-x24-0-x+0 = x3 + (3+a)x® + (2a+8)x + (B+7)].
Tri linedrne rovnice s tromi nezndmymi «, 3, :
O:3+Oé prer, 0:20é+/8 prexl, 0:6+’y prexo,
A\ A\ A\
a= -3, b =—2a =06, v=—08=—6,

5. (3 + ax® + Bx + y)e = (x3 — 3x2 + 6x — 6)e*.

Riedenie /x3ex dx = (x> —3x2 +6x — 6)e* +c, xER, cER.
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Metéda neurcitych koeficientov

I :/X3sinxdx
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.
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Metéda neurcitych koeficientov

I :/ sin x dx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = =+ cos x, (£ cos x)’ = F sin x.
:F
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3 sin x= (3ax?+2Bx+7) cos x
+(3tx%+2px +p) sin x
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0‘x2+0-x+0} sin x4+ [0~x3+0~x2+0-x+0]cosx =
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x4+ [0~x3+0~x2+0~x+0]cosx =

= [fozx3 }sinx
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x4+ [0~x3+0~x2+0~x+0]cosx =
= [—ax®+ (3p—B)x° Jsin x
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sin x a aj cos x, pretoze (4 sin x)’ = + cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x4+ [0~x3+0~x2+0~x+0]cosx =
= [—ax® + 3y —B)x> + (2p—7)x Jsin x

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

06 Metéda neuréitych koeficientov Priklad | Priklad Il

Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3thx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx —
= [~ax® + (39— B)x* + (2p—7)x + (u—3)]sin x
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3x2+2px+p) sin x + (Px3+ x>+ px+v) cos x,
[1~x3+0-x2+0~x+0} sin x4+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[1/)x3 ]cosx.
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3x2+2px+p) sin x + (Px3+ x>+ px+v) cos x,
[1~x3+0-x2+0~x+0} sin x4+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[9x® + (3a+¢)x? |cos x.
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx —
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[x® 4+ (Ba+¢)x? + (284 p)x |cos x.
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sin x= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx —
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x® + (Batp)x® + (28+p)x + (y+v)]cos x.
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:

A 3 — — 3]
sin x : 1= O pre x7,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1= —apex®, 0=230—F pre 2,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—3)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1= —aprex®, 0=30—F prex?, 0=20—"7 prex,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—3)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lprex?, 0=20—7pext, 0= p—09 pre x°,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x® + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0=1 presd,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prexd, 0=3a+p prex,

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

06 Metéda neuréitych koeficientov Priklad | Priklad Il
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0=1 prex®, 0=3a+pprex’, 0=20+4p prex,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x® + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B+p prext, 0= 54V pre .
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—09 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
= a=—1,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B+p prext, 0= 54V pre .
= a=-1,p=3,
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I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre 2,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
= a=-1,p=3, v=6,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B+p prext, 0= 54V pre .
= a=-1,p=3,v=6, v=—6,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 74V pre x°.
= a=-1,p=37v=6,v=—6, resp =0,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—09 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
= a=-1,9=3,vy=6,v=—06, rsp.»=0,8=0,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B+p prext, 0 =54V pre .
= a=-1,90=3,7y=6,v=—06, rp. =0 6=0, u=0,
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Metéda neurcitych koeficientov

I :/X3sinxdx

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,
XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin x+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lprex?, 0=20—7pext, 0= p—09 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
= a=-1,9=3,7v=6,vr=—06, rp =0, =0 u=0,6=0.
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Metéda neurcitych koeficientov

l5 :/x3 sinxdx = (—x3+46x) cosx + (3x>—6)sinx + ¢

Odhad 3 = (ax3+Bx%+yx+6) cos x + (x> +ex?+pux+v)sinx + c,

XER, cER, ke a, B,7,0,0, 0, 1, VER.

Derivacia odhadu [V odhade musi byt sinx a aj cos x, pretose (< sinx)/ = = cos x, (& cos x)’ = F sin x.]
x3sinx= (3ax?+2Bx+7) cos x — (ax®+Bx%+yx+4) sin x
+(3tx%+2px+p) sin x + (Px3+px?+pux+v) cos x,
[1~x3+0-x2+0~x+0} sin X+ [0~x3+0~x2+0~x+0]cosx =
= [~ax® + (3¢ —B)x* + (2p—7)x + (u—0)]sin x
+[¥x + (Batp)x® + (28+p)x + (y+v)]cos x.
Osem lineadrnych rovnic s dsmymi neznamymi «, 3,7, 9, ¥, @, i1, V:
sinx: 1l =—aprex®, 0=3—Lpex?, 0=20—7pext, 0= p—0 pre x°,
cosx: 0= prex®, 0=3a+@prex?, 0=2B4p prext, 0= 54V pre .
= a=-1,9=3,7v=6,vr=—06, rp =0, =0 u=0,6=0.
Riegenie I3 = (—x3+6x)cosx + (3x2—6)sinx + ¢, xER, cER.
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,
x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,
x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.

= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢'(t) na J
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,
x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.

= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati
/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.
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07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitlcie F(x) je primitivna k f(x) na intervale /,

x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.
= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati

/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

ZloZen3 funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze

FJ’(X) = [Flp(®)]]" = F'le(t)]-¢'(t) = flp(t)]-¢'(t) we x €1 x = (),
ted.
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitlcie F(x) je primitivna k f(x) na intervale /,

x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.
= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati

/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

ZloZen3 funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze

FJ’(X) = [Flp(®)]]" = F'le(t)]-¢'(t) = flp(t)]-¢'(t) we x €1 x = (),
ted.

Metdda sa pouziva na vypocet integralov /f[cp(t)]gp’(t)dt :/f[ga(t)]dga(t).
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitlcie F(x) je primitivna k f(x) na intervale /,

x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.
= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati

/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

ZloZen3 funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze

FJ’(X) = [Flp(®)]]" = F'le(t)]-¢'(t) = flp(t)]-¢'(t) we x €1 x = (),
ted.

Metdda sa pouziva na vypocet integralov /f[cp(t)]gp’(t)dt :/f[ga(t)]dga(t).

o Nahradime x = ¢(t) a diferencial dx = dp(t) = ¢'(t) dt, « ;. substitdcia.
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitlcie F(x) je primitivna k f(x) na intervale /,

x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.
= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati

/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

ZloZen3 funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze

FJ’(X) = [Flp(®)]]" = F'le(t)]-¢'(t) = flp(t)]-¢'(t) we x €1 x = (),
ted.

Metdda sa pouziva na vypocet integralov /f[cp(t)]gp’(t)dt :/f[ga(t)]dga(t).
o Nahradime x = ¢(t) a diferencial dx = dp(t) = ¢'(t) dt, « ;. substitdcia.

o Najdeme primitivnu funkciu F(x), «j. vypo&itame /f
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Metdda substiticie — 1. metéda (jednostrannad)

1. metéda substitticie F(x) je primitivna k f(x) na intervale /,
x = p(t) ma derivaciu ¢'(t) na intervale J, p(J) C I.

= Flp(t)] je primitivna funkcia k funkcii f[p(t)]-¢’(t) na J apiati
/f[(p(t)]-cp’(t)dt _ /f(x)dx — F(x)+ ¢ = Flp(t)] + ¢, teJ, ceR.

ZloZen3 funkcia F(x) = F[p(t)] je primitivna k f[p(t)]-¢’(t), pretoze

FJ’(X) = [Flp(®)]]" = F'le(t)]-¢'(t) = flp(t)]-¢'(t) we x €1 x = (),
ted.

Metdda sa pouziva na vypocet integralov /f[cp(t)]gp’(t)dt :/f[ga(t)]dga(t).
o Nahradime x = ¢(t) a diferencial dx = dp(t) = ¢'(t) dt, « ;. substitdcia.
o Najdeme primitivnu funkciu F(x), «j. vypo&itame /f(x) dx.

e Rovnakou substitticiou x = p(t) dostaneme primitivnu funkciu F[p(t)].
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Metoda substitucie
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Metoda substitucie

— | Subst. x =sint
dx = cos tdt

teER
x€(—11)
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Metoda substitucie

— | Subst. x =sint
dx = cos tdt

teR z 3
X€<71;1>i| _/X dX
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Metoda substitucie

— | Subst. x =sint
dx = cos tdt

teR z 3
X€<71;1>i| _/X dX
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Metoda substitucie

— | Subst. x =sint
dx = cos tdt

teRr = 34, x*
Xe<71;1>} _/X dX—T+C
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.

dt = 4x3 dx

— |:Subst. t=x*

xXER
teR
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.

— | Subst. t= x*
dt = 4x3 dx

xER|_ 1 dt
ter | 4 [ t2+1
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.

— | Subst. t= x4
dt = 4x3 dx

xER|_ 1 dt
ter | 4 [ t2+1

beerb@frcatel.fri.uniza.sk http://frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.

— | Subst. t= x4
dt = 4x3 dx

xER|_ 1 dt 1
tER:|_ 4/“+1_ garctgt +c¢
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

__ | Subst. t = f(x) __ | Subst. x = f(t)
_ dt = f/(x)dx -

dx = f/(t)dt

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

07 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

__ | Subst. t = f(x) | _ dt __ | Subst. x = f(t) | _ dx
T dt=f(x)dx | t T dx=f(t)dt| x
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

__ | Subst. t = f(x) | _ dt
_ dt = f/(x)dx | t

__ | Subst. x = f(t) | _ dx
T | dx=f(t)dt | X
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Metoda substitucie

. >
/sin%costdtz%t-i-c

dx = cos tdt

— | Subst. x =sint
x€(—11)

teR } :/X3dX:XT4+c:5i”T4f+c, teR, ceR.

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

__ | Subst. t = f(x) | _ dt __ _ [subst. x = £(t) ] _ dx
_{ dt:f’(x)dx:|_/t_|n|t‘+c —[ dx:f’(t)dt}_ X=In |x|+c
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Metoda substitucie

. >
/sin%costdtz%t-i-c

— | Subst. x =sint
dx = cos tdt

teR } :/X3dX:XT+c:5i”T4f+c, teR, ceR.

x€(—11)

.x?’dx_l 4
/XSJrl = jarctgx® + ¢

— | Subst. t= x4
dt = 4x3 dx

);ZRR:|: %/t?dilz %arctgtJr c = %arctgx4 +c, xER, ceR.

__ | Subst. t = f(x) | _ dt __
_|: dt:f’(x)dx:|_/t_|n|t‘+c

= In|f(x)|+c, xe D(f), ceR.

__ | Subst. x = f(t) | _ dx __
_[ dx:f/(t)dt:|_ =In |X|+C

= In|f(t)|+c, teD(f), ceR.
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Metoda substitucie

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.

/f(aH—b)dt
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07

Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

F je primitivna k f na intervale /,
x = at+ b

Subst. €(a; B
/f(at—l—b)dtz |: xEt(aa+b; af3+b) le (: adt)‘:|

resp. x € (aB+b; acc+b)

a, bER, a#£0.

__ | Subst. x=t+b|te(; B
/f(t+b)dt - |: x € (a+b; B+b) dx(: dt):|

X =—t

Jre-tae= [ o

te(a; B)
dx = —dt
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Metoda substitucie

F je primitivna k f na intervale /, v, ,a< a,beR, a#0.

Subst. x=at+b|tEc(a; B
/f(at—|—b)dt: |: xE(anrb;:Ber) dx(adt)‘:|: /@
resp. x € (aB+b; acc+b)

/f(t—|—b) dt = {Sufsé-(”f;é Tbl; tdCX(zijt)} = /f(x) dx

Jrena= [ oz aliseg]= —fred
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Metoda substitucie

F je primitivna k f na intervale /, v, ,a< a,beR, a#0.

Subst. x=at+b|tE(a; B
/ (at—l—b)dt— |: x € (acc+b; aB+b) dx(—adt)‘:| = /@
resp. x € (aB+b; aa+b)

/ fle+b)de =[St oits| s = / () d

(e; B)
dx*fdt /f

Jr-tae= [ s
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Metoda substitucie

F je primitivna k f na intervale /, o, fER, a<f,

Subs X =a b a; B
/ (at+b)dt— |: XEtaa+b adtj:b) Zlf(adl)‘:| = /M: M—I—C

resp. x € (aB+b; aa+b) a a

I Pr

IV Pr.V

Jrtesbyde =[x pglae )= [fax= Fooe

Jretde= [ o ssliseon] = —[ro) de= —FR0+
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

F je primitivna k f na intervale /, a,fER, a<fB, a beR, a#0.
/ (at+b) dt= | reloarimabis)| ox at :/M: F) | o = Flatdbh) 4 o
resp. x € (aB+b; aa+b) a a a
te(w; B), ceR.
/ fle+b)de = [0 s oshp| s = / f(x)dx= F(x)+c = F(t+b)+c,
te(w; B), ceR.

(e; B)
dx*fdt

/f(—t) dt: [Suis;(ix = —t

/f Ydx= —F(x)+c = —F(—t)+c
te(a; B), ceR.
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07 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

F je primitivna k f na intervale /, v, ,a< a,beR, a#0.
Subs x=at+b|te(a; B
/ (at+b)dt— |: XEtaa+b adt+b) le(adl)‘:| = /@: FE:)‘i'C S @‘FC.
resp. x € (aB+b; aa+b)

te(w; B), ceR.

F(x) je primitivna k f(x) na | = (acc+b; a3+ b) pre a> 0, resp. na | = (a3 +b; acc+b) pre a<0,

/f(t+b)dt = {Sugsg((y‘x;{; L tfx(!ft)}: /f(x)dx: F(x)+c = F((t—;[)))-‘rc,R
te(a; p), cer.

F(x) je primitivna k f(x) na I = (a+b; B+b),

o)) = /f Ydx= —F(x)+¢ = —F(—t)+c,

Jreoae=[o o
te(a B), ceR.

F(x) je primitivna k f(x) na | = (—8; —a),
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Metoda substitucie

F je primitivna k f na intervale /, v, ,a< a,beR, a#0.
Subs x=at+b|te(a; B
/ (at+b)dt— |: XEtaa+b adt+b) le(adl)‘:| = /@: FE:)‘i'C S @‘FC.
resp. x € (aB+b; aa+b)

te(w; B), ceR.

F(x) je primitivna k f(x) na | = (acc+b; aB+b) pre a>0, resp. na | = (aB+b; ac+b) pre a<0,

F(at+b) je primitivna k f(at+b) na J = (a; B),

/f(t+b)dt = {Sugsg((y‘x;{; L tfx(!ft)}: /f(x)dx: F(x)+c = F((t—;[)))-‘rc,R
te(a; p), cer.

F(x) je primitivna k f(x) na | = (a+b; B+b), F(t+b) je primitivna k f(t+b) na J = («a; B),

o)) = /f Ydx= —F(x)+¢ = —F(—t)+c,

Jreoae=[o o
te(a B), ceR.

F(x) je primitivna k f(x) na | = (—3; —a), —F(—t) je primitivna k f(—t) na J = (a; B),
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Metoda substitucie

F je primitivna k f na intervale /,

Subs x=at+b|te(a;p
/ (at+b)dt— |: XEtaa+b adt+b) le(adl)‘:| = /@: FE:)‘i'C S @‘FC.
resp. x € (aB+b; aa+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na | = (acc+b; aB+b) pre a>0, resp. na | = (aB+b; ac+b) pre a<0,
F(at+b)

je primitivna k f(at+b) na J = (a; B),

x = ¢(t) = at+b ma na J = (a; B) derivaciu ¢’ (t) = a,

/f(t+b)dt = {Sugsg((y‘x;{; L tfx(!ft)}: /f(x)dx: F(x)+c = F((t—;[)))-‘rc,R
te(a; p), cer.

F(x) je primitivna k f(x) na | = (a+b; B+b), F(t+b) je primitivna k f(t+b) na J = (o; B),
x = @(t) = t+b mé na J = (a; B) deriviciu p’(t) = 1,

__ | Subst.  x = —t
/f(—t)dtf[ e (oo

F(x) je primitivna k f(x) na | = (—3; —a), —F(—t) je primitivna k f(—t) na J = (a; B),
x = ¢(t) = —t ma na J = (a; B) derivaciu ¢’ (t) = —1,

o)) = /f Ydx= —F(x)+¢ = —F(—t)+c,
te(a B), ceR.
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Metoda substitucie

F je primitivna k f na intervale /,

Subs x=at+b|te(a;p
/ (at+b)dt— |: XEtaa+b adt+b) le(adl)‘:| = /@: FE:)‘i'C S @‘FC.
resp. x € (aB+b; aa+b)
te(w; B), ceR.

F(x) je primitivna k f(x) na | = (acc+b; aB+b) pre a>0, resp. na | = (aB+b; ac+b) pre a<0,
F(at+b)

je primitivna k f(at+b) na J = (a; B),
x = ¢(t) = at+b ma na J = (a; B) derivaciu ¢’(t) = a, dx = ¢’(t)dt = adt,

/f(t+b)dt = [Sufsg((”x;{; i tdi(;“ﬁ)]: /f(x)dx: F(x)+c = F((tgl)))“'/?
te(a;p), ceR.

F(x) je primitivna k f(x) na I = (a+b; B+b), F(t+b) je primitivna k f(t+b) na J = (c;
x

8),
x = @(t) = t+b méa na J = (a; B) deriviciu p’(t) =1, dx = '(t)dt = dt,

Jr=tdi= [ i ae ] = ~f ) de= —F()+ iy o
Q) C o

F(x) je primitivna k f(x) na | = (—8; —a), —F(—t) je primitivna k f(—t) na J = (
x = ¢(t) = —t ma na J = (a; B) derivaciu ¢’(t) = —1, dx
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Metoda substitucie

F je primitivna k f na intervale /,

Subs x=at+b
/ (at+b)dt— |: XEtaa+b adt+b)

resp. x € (aB+b; aa+b)

a a

F(x) je primitivna k f(x) na | = (acc+b; aB+b) pre a>0, resp. na | = (aB+b; ac+b) pre a<0,

F(at+b) je primitivna k f(at+b) na J = (a; B),

x = ¢(t) = at+b ma na J = (a; B) derivaciu ¢’(t) = a, dx = ¢’(t)dt = adt,

;f(a;gl)‘:|: /f(x)dx: FOO | o = Flotth) 4 o
te(w; B), ceR.

/f(t+b)dt = [Sufsg((”x;{; i tdi(;“ﬁ)]: /f(x)dx: F(x)+c = F((tgl)))“'/?
te(a;p), ceR.

F(x) je primitivna k f(x) na I = (a+b; B+b), F(t+b) je primitivna k f(t+b) na J = (c;
x

8),
x = @(t) = t+b méa na J = (a; B) deriviciu p’(t) =1, dx = '(t)dt = dt,

o) =1

Jretyde= [ sl iste)]= [ de= —F(x)+e = F(-t)+
te (a B), ceR.
F(x) je primitivna k f(x) na | = (—3; —a), —F(—t) je primitivna k f(—t) na J = (a; B),
x = ¢(t) = —t ma na J = (a; B) derivaciu ¢’ (t) = —1, dx = p/(t)dt = —dt, @(J) =1
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= F[p~*(x)] je primitivna funkcia k funkcii f(x) na /
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,

tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x = (t), t EJ plati
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x = (t), t EJ plati

[Fle™ 0= Fle™ (] - [e ()
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € [, x = (t), t EJ plati

[Fle™ 0= Fle™ (1 - [e (0= F/(1) - [ (<)Y
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monoténna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia Fp~1(x)] je primitivna k f(x),
pretoze pre X € I, X = QO(t), tEJ platf
[Fle2()])'= Fle™ (] - [ () = F(2) - e~ ()]
= flp(®)]- (1) - [p2(x)]
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,
I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.

= Flp~*(x)] je primitivna funkcia k funkcii f(x) na I a plat

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monotdnna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia F[p~1(x)] je primitivna k f(x),
pretoze pre X € I, X = QO(t), tEJ plati
[Flo7 (1) = Flo7 (] - [ ()]'= F/(2) - e~ ()
= fle(0)] - ¢'(1) - [¢71()] "= Flo(®)] - (1) - g
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Metdda substiticie — 2. metéda (obojstranna)

2. metdda substiticie x = @(t): J=1, ¢'(t)#£0 pre vietky t€ J,

I, J st intervaly, F(t) je primitivna k funkcii f[o(t)]-¢’(t) na J.
= F[p~Y(x)] je primitivna funkcia k funkcii f(x) na / a plati

/ dx—/f[go ()] (t F(t) +c= Flp~Y(x)] + ¢, x€l, ceR.

Funkcia x = ¢(t) je rydzo monotdnna,
tj. je prosta a existuje k nej inverzné funkcia t = o~ 1(x).
Funkcia F[p~1(x)] je primitivna k f(x),
pretoze pre X € I, X = QO(t), tEJ plati
[Flo7 (1) = Flo7 (] - [ ()]'= F/(2) - e~ ()
= fle(0)] - ¢'(1) - [¢71()] "= Flo(®)] - (1) - g

= flp(8)] = f(x).
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-ap’(t)dt.
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-ap’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-ap’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-ap’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

. |:Subst. x =sint

x €(—1;0) U (0; 1)
te(—=2:0)U (0; T)

t = arcsin x

dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
V1—x2 = V1—sin2t = Vcos? t = |cos t| = cos t
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

[ Subst. x =sint|xe&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [t€(—5:;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0pre t€(—5;0) U (0; T)
o t=arcsinx [tE(=F:0) U (0; )| VI—x =V1-—sin2t = Vcos?t = |cos t| = cost

_ cos t-cos tdt
sin? t
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ cos t-cos tdt
sin? t
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

/ = dx

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ cos t-cos tdt
sin? t
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

R

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ cos t-costdt __ 1—sin® tdt
— sin? t - sin? t
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

R

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

— ‘cost~costdt7 1—sin’ tdt __ ‘ 1
_/ sin’ t _/ sin? t _/(sinzt 1) dt
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

R

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

R

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C

__ _cost
~ sint t+c
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(=F:0) U (0; )| VI—x =V1-—sin2t = Vcos?t = |cos t| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C

=95t _t4c= —i;xz—arcsinx—i—c, xe(=1;1) — {0}, ceRr.

sint
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Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C

=95t _t4c= —i;xz—arcsinx—i—c, xe(=1;1) — {0}, ceRr.

sin t
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

JE2 o

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C

=95t _t4c= —i;xz—arcsinx—i—c, xe(=1;1) — {0}, ceRr.

sint
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Metbda sa pouziva na vypocet integralov /f(x) dx.

o Nahradime x = ©(t) a zostrojime /f[(p(t)]-cp’(t)dt.

o K funkcii f[p(t)]-¢'(t) ndjdeme primitivnu funkciu F(t).
o Inverznou substitdciou t = ¢ ~1(x) ziskame primitivnu funkciu F[p~1(x)].

— arcsinx + ¢

| Subst. x =sint|x&(—1;0) U (0;1) dx = cos tdt, cost>0 pre t€(—5;0) U (0; T)
o t=arcsinx [tE(—=F;0) U (0; T) | V1 x2 = V1—sin2t = Vicos? t = |cost| = cost

_ ‘cost~costdt7 1—sin®tdt ‘ 1 _
_/ sin? t _/ sin’ t _\/(sinztil)dt_7COtgt7t+C

=95t _t4c= —i;xz—arcsinx—i—c, xe(=1;1) — {0}, ceRr.

sint
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Metoda substitucie
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Metoda substitucie

_ [Subst. x=sint|xe(—-1;1) |dx = costdt, cost>0pretc(—5; %)
t=arcsinx |[te(—5; %) | V1—x2 = V1—sin?t = Vcos? t = |cos t| = cost

_ | Subst. x = cost|xe(—1;1) |dx = —sintdt, sint >0 pre t € (0; 7)
t =arccosx |t€(0;m) |V1—x2 = V1—cos?t = Vsin?t = |sint| =sint
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Pr.1l Pr.lll

1.MS Pr.l Pr.ll 2.MS Pr.|

07

Metoda substitucie

%)

cost>0prete(—%5: %

__ [ costdt
7 cos t

dx = cos tdt,

_ [Subst. x =sint|xe(—1;1)
o t=arcsinx |te(—5; %) | V1—x2 = V1—sin2t = Vcos? t = |cos t| = cost
_ | Subst. x = cost|xe(—1;1) |dx = —sintdt, sint >0 pre t € (0; ) —sintdt
t =arccosx |[t€(0;m) |V1—x2=+V1—cos?t= Vsin2t = |sint| =sint sin t
y

|
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2.MS Pr.l Pr.ll

1.MS Pr.l Pr.ll

07

Metoda substitucie

dx = cos tdt, cost>0pretc(—5; %)

1)
i %) | V1—x2 = V1—sin? t = Vicos? t = |cost| = cost

__ [ costdt
7 cos t

xX€E (=

__ | Subst. x =sint 1;
o t = arcsin x tE(fg
_ [ Subst. x = cost|xe(—1;1) |dx = —sin tdt, sint >0 pre t € (0; ) _ |—sintdt
t =arccosx |t€(0;m) |V1—x2 = V1—cos?t = Vsin?t = |sint| =sint sin t
y
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Metoda substitucie

__ | Subst. x =sint
t = arcsin x

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt __ dt
te(—%:5)| Vi—x2 = Vi—sin? = Vcos? t = \cost\fcost cost

_ | Subst. x = cost|xe(—1;1) |dx = —sintdt, sint >0 pre t € (0; ) _ [—sintdt__ dt
t =arccosx |t€(0;m) |V1—x2 = V1—cos?t = Vsin?t = |sint| =sint sint
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Metoda substitucie

Subst. x =sint
t = arcsin x

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt __ dt
te(—%:5)| Vi—x2 = Vi—sin? = Vcos? t = \cost\fcost cost

=t+ca
_ | Subst. x = cost|xe(—1;1) |dx = —sintdt, sint >0 pre t € (0; ) _ [—sintdt__ dt
t =arccosx |t€(0;m) |V1—x2 = V1—cos?t = Vsin?t = |sint| =sint sint

=—t+ 0o
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Metoda substitucie

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\ 7cost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + ¢, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x
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Metoda substitucie

% — arcsin x + ¢; = — arccos X + ¢

1—x?

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x
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Metoda substitucie

% — arcsin x + ¢; = — arccos X + ¢

1—x?

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.
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Metoda substitucie

= arcsin X + ¢; = — arccos X + ¢
xe(=1;1)

dx = cos tdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t = \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.
x€(—1;1)

dx = — sin tdt, sint >0 pre t € (0; ) _ [—sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sin t

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.
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Metoda substitucie

= arcsin X + ¢; = — arccos X + ¢
xe(=1;1)

dx = cos tdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t = \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.
x€(—1;1)

dx = — sin tdt, sint >0 pre t € (0; ) _ [—sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sin t

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.

o Pokial sme sa nepomylili, vysledky st rovnaké,
st vyjadrené v roznych tvaroch a moézu sa liSit o integraénii konstantu.
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Metoda substitucie

% — arcsin x + ¢; = — arccos X + ¢

1—x?

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.
@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.

o Pokial sme sa nepomylili, vysledky st rovnaké,
st vyjadrené v roznych tvaroch a moézu sa liSit o integraénii konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
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Metoda substitucie

% — arcsin x + ¢; = — arccos X + ¢

1—x?

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.
o Pokial sme sa nepomylili, vysledky st rovnaké,
st vyjadrené v roznych tvaroch a moézu sa liSit o integraénii konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
t. j. obe primitivne funkcie sa na intervale (—1;1) lia iba o konstantu 7.
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Metoda substitucie

% — arcsin x + ¢; = — arccos X + ¢

1—x?

x€(—1;1) |dx = costdt, cost>0prete(—%; % costdt dt
te(—%: %) | V1i—x2 = Vi—sin?t = Vcos?'t \cost\fcost cost
=t+ ¢ =arcsinx + ¢, xe(—1;1), g €R.

x€(—1;1)|dx = —sintdt, sint >0 pre t € (0; ) _ [=sintdt__ dt
te(0;m) |V1—x2=+V1—cos?t= Vsin?t=|sint| =sint sint

= —t+ ¢ = —arccosx + &, x€(—1;1), €R.

_ {Subst x =sint

t = arcsin x

_ | Subst. x = cos t
t = arccos x

o Pri integrovani sa ¢asto rézne metédy kombinujd,
pricom ich niekedy treba pouzit aj viackrat za sebou.

@ Pri réznych postupoch mézeme dostat zdanlivo rozne vysledky.

o Pokial sme sa nepomylili, vysledky st rovnaké,
st vyjadrené v roznych tvaroch a moézu sa liSit o integraénii konstantu.

Obe riesenia prikladu st spravne, pretoze arcsin x + arccos x = % plati pre vetky x € (—1;1),
t. j. obe primitivne funkcie sa na intervale (—1;1) lia iba o konstantu 7.

O spravnosti sa presved¢ime napriklad spatnym derivovanim vysledku.

(]
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Metoda substitucie

I:/coszxdx
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Metoda substitucie

I:/coszxdx

1-+cos 2x dx
2

Il
—
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Metoda substitucie

= /cos2 x dx
14-cos 2x _ [ dx cos 2x dx
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Metoda substitucie

| = /cos2 x dx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/2-|—/72 —[dxi%

t=2x
t

xX=3

NIX

teR

X€Ri|_
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Metoda substitucie

| = /cos2 x dx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/z-i—/i2 —[dxi%

t=2x

t
xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt
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Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
_/ 2 dX—/z"’/ 2 _LX:%

t = 2x

t
xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt
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Metoda substitucie

| = /cos2 x dx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/z-i—/i2 —[dxi%

_ X 1 _:
_5+Zsmt+c

t = 2x

t
xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt
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Metoda substitucie

I:/coszxdx: Isin2x+%+c

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/z-i—/i2 —[dxi%

_§+%Sint+cz§+%Sin2X+C,XER| CGR

t = 2x

NIX

xXER| __
x=3 |teR -

+i/costdt
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Metoda substitucie

/ :/cos3 x dx

— 1+cos 2x _ [dx cos2xdx __ [Subst. |t=2x|xeR|_ x | 1
_/ . dx—/2—|— =5 —in%xié teR}—Z—kM/costdt
=X+1isint+c=%+1sin2x+c x€ER, ceR.

J— u = cosx
’
V' = COos X
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Metoda substitucie

I:/coszxdx

— 1+cos 2x _ [dx cos2xdx __ [Subst. |t=2x|xeR|_ x | 1
_/ . dx—/2—|— =5 —in%xié teR}—Z—kM/costdt
=X+1isint+c=%+1sin2x+c x€ER, ceR.

J— u = cosx
v/ = cos x

’_ : .
Y *5‘”}: sin X Cos x

v = sinx

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx

— 1+cos 2x _ [dx cos2xdx __ [Subst. |t=2x|xeR|_ x | 1
_/ . dx—/2—|— =5 —in%xié teR}—Z—kM/costdt
=X+1isint+c=%+1sin2x+c x€ER, ceR.

J— u = cosx
v/ = cos x

v = sinx

! . . .
Y *S'”X}: snnxcosx+/sm2xdx
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Metoda substitucie

I:/coszxdx

Pr.l Pr.ll Pr.lll Pr.IlV Pr.V

:/1+cgs2x dx= /d7x+
S

— x4 1 _ X
_2+4S|nt+c_2

X 1
§+ﬁ/costdt

sin2x + ¢, xéR, ceR.

J— u = cosx
v/ = cos x

v = sinx

u'= *5‘”} = sinxcosx+/sin2xdx: 3 sin2x+ [ (1—cos? x) dx

beerb@frcatel.fri.

iza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
_/ 2 dX—/z"’ 2 _LX,%
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

%sin2x+c, xX€ER, ceR.

— x4 1 _ X
_2+4S|nt+c_2

v = sinx

u'= *5‘”} = sinxcosx+/sin2xdx: 3 sin2x+ [ (1—cos? x) dx

— | u =cosx
v/ = cos x

1

2

sin2x + x — [ cos® x dx

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb
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Metoda substitucie

I:/coszxdx

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
_/ 2 dX—/z"’ 2 _LX,%
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

%sin2x+c, xX€ER, ceR.

— x4 1 _ X
_2+4S|nt+c_2

v = sinx

u'= *5‘”} = sinxcosx+/sin2xdx: 3 sin2x+ [ (1—cos? x) dx

— | u =cosx
I= |:\/:cos><
1
2

sin2x + x — [ cos? x dx= %sin2x+xfl
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Metoda substitucie

I:/coszxdx

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
_/ 2 dX—/z"’ 2 _LX,%
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

%sin2x+c, xX€ER, ceR.

— x4 1 _ X
_2+45|nt+c_2

u'= *5‘”} = sinxcosx+/sin2xdx: 3 sin2x+ [ (1—cos? x) dx

— u = CosXx
v/ = cosx|v =sinx
_ 1 2 2 d S e 2 /
= 5sin X + x — [ cos® x X= 5 sin X + X —
L sin 2x+x
= /=2 +c

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb
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Metoda substitucie

I:/coszxdx: Isin2x+%+c

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/2-|—/72 —[dxi%

:§+%sint+c:§+%sin2x+c,xER, ceR.

t = 2x

x =L

xXER| _ x 1
teR]— §+ﬁ/costdt

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

— LI*COSX
V—COSX vV = sIinx
_ 1 2 2 d S e 2 /
—Esm X + x — [ cos® x X= 5 sin X + X —
2sm2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.
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Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t=2x|xeER|_ x | 1
et teR]— 2+2,2/costdt

2

:§+%sint+c:§ %sin2x+c,xER, ceR.

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

— LI*COSX
V—COSX vV = sIinx
_ 1 2 2 d S e 2 /
—Esm X + x — [ cos® x X= 5 sin X + X —
2sm2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

— u = cos x
V/ = COS X

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+4S|nt+c_2 7

u'= *5‘”} = sinxcosx+/sin2xdx: 3 sin2x+ [ (1—cos? x) dx

v = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

’ A
vi =cosx |v =sinx

— = —si i
— |:u =cosx |u' = sz:|:s|nXCOSX
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+45|nt+c_2 7

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

vV = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

v = sinx

— u = cos x
- ’
v’ = cos x

’__ . . .
Y= ‘.S'”X}: smxcosx+/sm2xdx
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+45|nt+c_2 7

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

vV = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

v =sinx v’ = sinx

— u = cos x
- ’
v’ = cos x

P . . .
v .S‘”X}:smxcosx+/sm2xdx: [“ﬁsf"x

—sinxcosx—i—{ }

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+45|nt+c_2 7

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

vV = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

u'= cos x
vV = — COs X

v =sinx v’ = sinx

— u = cos x
- ’
v’ = cos x

P . . .
v .S‘”X}:smxcosx+/sm2xdx: [“,*5!”

—sinxcosx—i—{—sinxcosx }
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+45|nt+c_2 7

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

vV = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

u'= cos x
vV = — COs X

v =sinx v’ = sinx

— u = cos x
- ’
v’ = cos x

P . . .
v .S‘”X}:smxcosx+/sm2xdx: [“,*5!”

= sin x cos x+ { = sinxcosx—i—/cos2 xdx}
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mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

I:/coszxdx
_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
= 2 dx= [T+ 2 |dx= g
2
+

t = 2x
t

xX=3

xXER| _ x 1
teR]— §+ﬁ/costdt

sin2x + ¢, xéR, ceR.

— x4 1 —_ x4 1
_2+45|nt+c_2 7

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

— LI*COSX
V—COSX vV = sIinx
_ 1 2 2 d S e 2 /
—Esm X + x — [ cos® x X= 5 sin X + X —
2sm2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

’
vi =cosx |v =sinx v’ = sinx

— Ve . . — g
I= {“ C s .S‘”X}:smxcosx+/sm2xdx: [“,*5!”

u'= cos x
V = — Cos X

= sinxcosx—|—{—sinxcosx+/cos2xdx}: /
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Metoda substitucie

I:/coszxdx: Isin2x+%+c

_ [ 1+cos2x _ [dx cos2x dx __ | Subst.
—/ 5 dx—/2-|—/72 —[dxi%

:§+%sint+c:§+%sin2x+c,xER, ceR.

t = 2x

xXER| _ x 1
teR]— §+ﬁ/costdt

xX=3

u'= *5‘”}: sinxcosx+/sin2xdx: %sin 2x+ [(1—cos® x) dx

vV = sinx

— LI*COSX
V—COSX
Lsin2 2xdx= 1sin2 I
Esm X + x — [ cos® x X= 5 sin X + X —

2 sin 2x+x

= | = —|—c——sm2x+ +c, xéER, ceR.

u'= cos x
V = — Cos X

= sin x cos X+ { — sin x cos x—l—/cos2 xdx} = [, +.j. tato cesta nevedie k cielu.

v =sinx v’ = sinx

— u = cos x
- ’
v’ = cos x

P . . .
v .S‘”X}:smxcosx+/sm2xdx: [“,*5!”

v
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Metoda substitucie
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Metoda substitucie

Subst. t=Inx
dt = dx
x

x € (0; o)
teR
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Metoda substitucie

Subst. t=Inx
dt = dx
x

x € (0; o) _ tdt
teR

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

Subst. t = Inx
dt = 9
X

x € (0; o) _ tdt
teR
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Metoda substitucie

Subst. t = Inx
dt = dx
X

x€(0;00) | __ _ﬁ
! }—/tdt— Ce
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Metoda substitucie

Subst. t = Inx
teR

dt = dx
- x

Xe‘o‘*’}: /tdt: Etc=1mx4c xe(0;0), ceR.
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Metoda substitucie

Subst. t = Inx
teR

dt = dx
- x

Xe‘o‘*’}: /tdt: Etc=1mx4c xe(0;0), ceR.

<_T
XI= 3
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Metoda substitucie

Subst. t = Inx
teR

dt = dx
- x

Xe‘o‘*’}: /tdt: Etc=1mx4c xe(0;0), ceR.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

07

Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

x€(0;00) | __ 2 _ In® x 5
o }_/tdt L +c="%4c x€(0;,00), ceR.
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

x€(0;00) | __ 2 _ In® x 5
o }_/tdt L +c="%4c x€(0;,00), ceR.

1
u'= }:InQX—/lLde
v =Inx X

_ u =Inx
/_ |:v/: 1

X

beerb@frcatel.fri.uniza.sk
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Metoda substitucie

Subst. t = Inx
dt = dx
X

Xe‘o‘*’}: /tdt: Etc=1mx4c xe(0;0), ceR.

teR

%X}:InQX—/'"Tdeé I:%+c,x€(0;oo), ceR.
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Metoda substitucie

Subst. t = Inx
dt = dx
X

Xe‘o'*)}: /tdt: Etc=1mx4c xe(0;0), ceR.

teR

%X}:InQX—/'"Tdeé I:%+c,x€(0;oo), ceR.
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

S+tc= '”;X+c,xe(0;oo), ceR.

x € (0; o) _ tdt
teR

f/m%dxélz%+c,xe(0;oo), ceR.

.2 2
Subst. t=tgx|dt = —9x — smxFcos x gy — (tg2 x41)dx = (£+1)dx, tER
— cos? x cos? x
x = arctg t |dx = 2‘“1, x € (=% +2km; T +2kn), kEZ
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

S+tc= '”;X+c,xe(0;oo), ceR.

x € (0; o) _ tdt
teR

f/m%dxélz%+c,xe(0;oo), ceR.

.2 2
Subst. t=tgx|dt = —9x — smxFcos x gy — (tg2 x41)dx = (£+1)dx, tER B
— cos? x cos? x - £
x = arctg t |dx = t;’fl, x € (=L +2km; T +2km), kEZ t2+1
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

S+tc= '”;X+c,xe(0;oo), ceR.

x € (0; o) _ tdt
teR

f/m%dxélz%+c,xe(0;oo), ceR.

.2 2
Subst. t=tgx|dt = —9x — s xFcos x gy — (tg2 xy1)dx = (£+1)dx, tER B
— cos? x cos? x - i
x = arctg t dx:tfi:_l, X € (=5 +2km; 5 +2km), kEZ tt+
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

x € (0; 00) In2 )
o }:/tdt:%—i—c: X +¢, x €(0;00), ceR.

%X}:InQX—/'"Tdeé I:%+c,x€(0;oo), ceR.

.2 2
Subst. t=tgx|dt = —9x — s xFcos x gy — (tg2 xy1)dx = (£+1)dx, tER B
— cos? x cos? x - z
x = arctg t |dx = t;’fl, x € (=L +2km; T +2km), kEZ t2+1
5
_ [t+t—tdt
- t2+1

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri.uniza.sk /users/beerb
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07

Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

_ |:Subst. t=Inx
- d
dt = <X

x€(0;00) | __ 2 _ In® x 5
o }_/tdt_jJrc— 5> 4 ¢, x € (0;00), ceR.

f/m%dxélz%+c,xe(0;oo), ceR.

.2 2
Subst. t=tgx|dt = —9x — s xFcos x gy — (tg2 xy1)dx = (£+1)dx, tER B
cos? x cos? x - it
x = arctg t |dx = t;’fl, x € (=L +2km; T +2km), kEZ t°+

_ [ EB4t—tdt 1 [2tdt
*/ t2+1 */tdt 2/t2+1

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri.uniza.sk /users/beerb
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1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

07

Metoda substitucie

'”;X + ¢, x € (0;0), ceR.

X oo 2
S )}:/tdtZ S+tc=

Subst. t = Inx
teR

dx
dt = &

_ | subst. t=tgx|de= S = %dx:(thXJrl)dx:(tZJrl)dx, teR | = [34r
= - 2
x = arctg t [dx = th?l' X € (=5 +2km; 5 +2km), kEZ t2+1
t4t—tdt__ 1 [2tdt __ (P+1)’
/ 211 /tdt 2 [ 2+1 /tdt / t2+1

http:/ /frcatel.fri.uniza.sk /users/beerb
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07

Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

|:Subst. t=lInx
d
dt = <X

x€(0;00)] __ _ 2 _ In’x .
o }_/tdt_jJrc— 5> 4 ¢, x € (0;00), ceR.

.2 2
Subst. t=tgx|dt = —9x — s xFcos x gy — (tg2 xy1)dx = (£+1)dx, tER B
— cos? x cos? x - it
X = arctg t dx*tf?l, x € (=% +2km; T +2kn), kEZ to+

t4+t—tdt 1 [2tdt (t°+1) t2 2
/W /tdt_i 241 /tdt /r2+1 *2_|”(t+1)+c

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri.uniza.sk /users/beerb
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1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

07

Metoda substitucie

} /tdt=%2+C=In;X—‘rC,XG(O;OO),CER.

_ | Subst. t=Inx|xe(0;00)|__
B dt = & |ter B

' %X}:InQX—/'"TdeéIz%+6,x€(0;oo), ceR.

.2 2
— Sin“xFcos X gy — (tg2 x+1)dx = (t2+1)dx, tER 3 e
= [ 241

dt = =& —
COSZX COSZX
ok x € (— % +2km; & +2kn), kEZ

x = arctg t [dx = —5—,
3 t?+1

d d (t°+1) 2
= [Pt frar -4 [ /““ [ () o
—In(tg?x + 1) + ¢, x€ (—F+2km; 3+2km), keZ, ceR.

|:Subst. t=tgx

_ te’x
=3

http:/ /frcatel.fri.uniza.sk /users/beerb

beerb@frcatel.fr
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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1.MS Pr.l Pr.ll 2.MS Pr.1
Metoda substitucie

Pr 1l Pr.1ll

Pr.IV Pr.V

XER

t € (0; 00)

. [Subst. t=e~

dx — dt ¢2x
x=Int

T.eT =t

(nt) =1

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri

niza.sk/users/beerb
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07

1.MS Pr.l Pr.ll 2.MS Pr.1
Metoda substitucie

Pr 1l Pr.1ll

Pr.IV Pr.V

XER

t € (0; 00)

. [Subst. t=e~

dx — dt ¢2x
x=Int

dt g2x — 42 dt
t = —_——
(nt) =1>o0 } /t\/t2+t+1

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri

niza.sk/users/beerb
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07

1.MS Pr.l Pr.ll 2.MS Pr.1
Metoda substitucie

Pr 1l Pr.1ll

Pr.IV Pr.V

XER

t € (0; 00)

o [Subst. t=e*

dx — dt ¢2x
x=Int

4t e = ¢ dt
t =
(nt) =1>o0 } /t\/t2+t+1

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri

niza.sk/users/beerb
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07

1.MS Pr.l Pr.ll 22.MS Pr.l Pr.ll Pr.1ll
Metoda substitucie

Pr.IV Pr.V

XER

t € (0; 00)

o [Subst. t=e*

x=Int

<€ =& _ dt
(nt) =1>o0 tVt2+t+1

beerb@frcatel.fri

niza.sk http:/ /frcatel.fri

niza.sk/users/beerb
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|te(0; c0) (lnt)/:%>0 tV/ 2 +t+1
Subst. u=1|re(0;00) [ =—L<0|VEFErT= /2 +1+1= Rt
t=1lue(0;00)|dt=-% VItutu?=/1+1+4=Yo04

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t =e*|x€eR dxdety(_,QxitQ _ &
x =Int|te(0; c0) (Int)/:%>0 V2t 1
Subst. w=1|te(0j00) [ = -L<0|VEFEFI=\/E+141= VEuE2
t:% u€(0;00) |dt = —% vm:\'l.‘;}%:viﬁ %

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =e*|x€eR dxdety(_,QxitQ _ &
x =Int|te(0; c0) (lnt)/7%>0 V2t 1
Subst. u*% te(0;00) [[2] = -4 <0|vVEZtt+1= %Jr%Jrl:@
t:% u€(0;00) |dt = —% vm:\'l.‘;}%:viﬁ %7

beerb@frcatel. . i.uniza.sk/users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

07

Metoda substitucie

_ [Subst. t =e*|x€eR dxdety(_,QxitQ _ o
x =Int|te(0; c0) (lnt)/:%>0 V2t 1
Subst. u=1|te(0i00) |[A =-%<0|VPFEFI= /B +1+1=YEEE]
t=1lue(0;00)|dt=-% vm:\'l.‘;}%:viﬁ %

i.uniza.sk/users/beerb

beerb@frcatel.
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t =e*|x€eR dxdety(_,QxitQ _ &
x =Int|te(0; c0) (lnt)/:%>0 V2t 1
Subst. w=1|te(0j00) [} =-L<0|VEFEFI=\/h+1+1= VuE2
t:% u€(0;00) |dt = —% vm:\'l.‘;}lzviﬁ %
= —7(1[}
ViFut

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/: %>O tvVt2+t+1
Subst. u=1|re(0;00) (A =—L<0|VEFEFT= /2 +1+1= e
t=1lue(0;00)|dt=-% VItutu?=/1+1+4=Yo04

_ —du du
Vitutu? V@w+i)2+1-1

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/: %>O tvVt2+t+1
| Subst. u= % te(0;00) A =-%<0|VE+t+1= \,/%+%+1: T
t=1lue(0;00)|dt=-% ﬁw,uz:w.l,lzw’im
_ —du du __ | Subst. v:u+% 1+u+u2:v2+%
V1tutu? \/(u+%)2+1_% du=dv|u € (0;00), VE(%,’)O

beerb@frcatel. . i.uniza.sk/users/beerb
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07 1.MS Pr.l Pr.ll 2.MS Pr.l Pr.ll Pr.lll

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt

_|: x =Int|t€(0; c0) (lnt)/:%>0 }_ tvVt2+t+1

_ [subst. u=1|te@oo) |y =-t<o|vEFETi=\fR i r1=vEER]

B t=1|ucoo)|dt=-% |VIFaF@=1+i+i=EEE|

_/ —du __/ du __ | Subst. v:u+% 1+u+u2:v2+%

T Vituter \/(u+%)2+1—%7|: du=dv|u € (0;00), VE(%“J)}

Pr.IV Pr.

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0;00)|(In t)/ = % >0 tVt2+t+1
_ | subst u=1|te(000) |[A) =-E<0|VEFEFI= /L +li1 =Rl |
t=1lue(0;00)|dt=-% VItute?=/1+1}+§ =Y
_ —du du __ | Subst. v:u+% 1+u+u2:v2+%
Vitutu? \/(u+%)2+1_% du=dv|u € (0;00), v € (};00)

beerb@frcatel. . i.uniza.sk/users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/: %>O tvVt2+t+1
_ | subst u=1|te(000) |[A) =-E<0|VEFEFI= /L +li1 =Rl | =4
t:% u€ (0;00) |dt =—% vmzvl.‘;}l VEFE %\/1+uu+u2
_ —du du __ | Subst. v:u+% 1+u+u2:v2+%
Vitu+u? V(w+ir+1-1 du =dv|u € (0;00), v € (5i0)
d
= [2_=—In (v+ v2+§)+c1
\VVvetg

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0;00)|(In t)/ = %>O tvVt2+t+1
_ | Subst. u=7|t€(000) |[) = <0 N N Rl =4
t:% u€ (0;00) |dt =—% vm:w.‘;»%:iﬁ;m 1+u”+u2

— —du — _ du _ Subst. v:u+%

Vitutu? V@w+i)2+1-1 du = dv

= [ A= (V+ V2+g) +a=—In(u+i+Vitutdd) + o
VvViTa

1+u+u? =v?+
u € (0;0), VE(%,T)O)

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/:%>0 tvVt2+t+1
_ | Subst. u=7|t€(000) |[) = <0 N N Rl =4
t:% u€ (0;00) | dt = % vl{u}uzzvl-%}%:% 1+u”+"2

1+ u+u? =2

u€ (0;00), ve %,’x;):|

— —du — _ du _ Subst. v =u+ %
Vitutu? V@w+i)2+1-1 du = dv

— dv = g _ 1

== 7/@ =—1In (V+ V2+z>+C1——|n (u+§+v1+u+u2)+c1

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/:%>0 tvVt2+t+1
_ | Subst. w=3|t€(0i00) |[) = <0 N N Rl =4
t:% u€ (0;00) | dt = % vl{u}uzzvl-%}%:% 1+u”+"2

1+ u+u? =2

u€ (0;00), ve %,’x;):|

— —du — _ du _ Subst. v =u+ %
Vitutu? V@w+i)2+1-1 du = dv
dv = _|p (v+ v2+%>+c1:—ln (u—!—%—i-\/l—&—u—&—uz)—!—cl

= —in (1434 4

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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Metoda substitucie

1.MS Pr.l Pr.dl 2.MS Pr.| Pr.ll Pr.lll Pr.IV Pr.

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x=Int|te(0;00)|(Int) =1>0 tvt2+t+1
Subst. u*% te(0;00) [[2) =-L<0|VE2 +t+1:\/—+ 41 = Viuens u+u _d7u
t=21|ue(0;00)|dr=—% Vitut iR = \/ﬁ VT %\/1+u+u

_ —du du _
Vitutu? V@w+i)2+1-1

T-ﬁ —In (v+
—in (L4134 EH) 4 ¢

|:Subst. v=u+ 5

14 u+u? :V2+%
u € (0;0), VE(%,’)O

du = dv

v2—|—%> +a=—In(u+3+V1i+u+?) + o

beerb@frcatel.fri.uniza.sk

http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0;00)|(In t)/ = %>O tvVt2+t+1
_ | Subst. u=7|t€(000) |[) = <0 N N Rl =4
t:% u€ (0;00) |dt =—% vm:w.‘;»%:iﬁ;m 1+u”+u2

— —du — _ du _ Subst. v =u+ %
Vitutu? V@w+i)2+1-1 du = dv

dv =2 3 _ 1
7/@ =—1In (V+ V2+z)+C1——|n (u+§+v1+u+u2)+c1

1+u+u? =v?+
u € (0;0), VE(%,T)O)

1,1 t24t+1 2
— —n (?+§+7W)+C1:—'”L YEERFL | ¢

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0;00)|(In t)/ = %>O tvVt2+t+1
_ | Subst. u=7|t€(000) |[) = <0 N N Rl =4
t:% u€ (0;00) |dt =—% vm:w.‘;»%:iﬁ;m 1+u”+u2

— —du — _ du _ Subst. v =u+ %
Vitutu? V@w+i)2+1-1 du = dv

dv =2 3 _ 1
— 7/@ =—1In (V+ V2+z)+C1——|n (u+§+v1+u+u2)+c1

1+u+u? =v?+
u € (0;0), VE(%,T)O)

1,1 t24t+1 2
— —n (?+§+7W)+C1:—'”L YEERFL | ¢

2t
n 2+t+2Vt2+t+1 o Ll

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|t€(0; c0) (lnt)/: l>O tvVt2+t+1
Subst. u=1lte(0;00) [ =-% \/t+t+17\%+%+1:v1+/+w' —E’Tg
t=1lue(000)|dt= L VIitut@ = [1+14 % = Lo %v1+uu+u2

— —du — _ du :|:Subst. v:u+%
V1tutu? V(uti)+1-1 du = dv

1/v‘zrs —In (v+ v2+%> +a=—In(u+3+Vi+u+?) + o

1+u+u2:v2+%
u € (0;0), VE(%,T)O)

1,1, Vi?4t4l 24t42VE2 441
—In (,+,+4)+q:_|nu+cl

— _ 2
=2 — o =In2+Int—In(2+t+2VE2+t+1) + o

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb
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Metoda substitucie

1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

_ [Subst. t =e*|x€eR dx*d?t,e
x =Int|t€(0; c0) ('”t)/:

| Subst. u=1|te(0o0) [l =-%
t=1lue(0;00)|dt= i

2] _ dt
1s0 }_/t\/t2+t+1

<O VEFEFT= L+ 11 = Vi —%
vm:\’l FLlil = YT %\/1+uu+u2

v:u+%

_ —du du _
Vitutu? V@w+i)2+1-1

v2—|—%> +a=—In(u+3+Vi+u+?) + o

T-ﬁ —In (v+

—In (l+l+7\/f2+f+1) + =
2+t+2\/W + ¢ =In2+Int—In(2+t+2vE2+t+1) +
- {c:w'”?} = x—In(2+e*+ 2/ +e*+ 1) 4+ ¢, xR, ceR.

ceER, cgER

du = dv

|:Subst.

1+u+u2zvz+%
u € (0;0), VE(%,T)O)

2
—In 2+t+2\/t +t+1 + a

beerb@frcatel.fri.

iza.sk /users/beerb
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o7 1.MS Pr.l Pr.ll 2.MS Pr.| Pr.ll Pr.lll Pr.lV Pr.V

Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x =Int|te(0; c0) (lnt)/:l>0 tV/ 2 +t+1
Subst. u=1|re(0;00) (A =—L<0|VEFEFT= /2 +1+1= e —4
t=1|ue(0;00)|dt= 7 Vitur@#=yf1+1+% = 1 Vibuh?

1+u+u2:v2+% :|

— —du — _ du _ Subst. v:u+%
V1tutu? V(uti)+1-1 du=dv|u€ (0oo), ve(}ioo)

Tw —In (v+ v2—|—%) +a=—In(u+3+Vi+u+?) + o

1,1 t24+i+1 2+t42V 12+ t4+1
_|n(,_~_,+£)+q:_|nu+cl

_ 2
2+t+2\/W+C1 =In24Int—In(2+t+2Vt2+t+1) + ¢
= {Ze:reclcllen;} = x—In (24+e*+2ve>+e*+ 1) + ¢, xER, cER.
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Metoda substitucie

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x=Int|t€(0; c0) (lnt)/:l>0 tvt2+t+1
Subst. u=1lte(0;00) [ =-% \/t+t+17\%+%+1:v1+/+u" —4
t=11ue(0;00)|dt= L ViTut@=f1+1+ L= Ao %@

1+u+u2:v2+% :|

— —du — _ du _ Subst. v:u+%
V1tutu? V(uti)+1-1 du=dv|u€ (0oo), ve(}ioo)

Tw —In (v+ v2—|—%) +a=—In(u+3+Vi+u+?) + o

1,1 t24+i+1 2+t42V 12+ t4+1
_|n(,_~_,+£)+q:_|nu+cl

_ 2
2+t+2\/W+C1 =In24Int—In(2+t+2Vt2+t+1) + ¢
= {Ze:reclcllen;} = x—In (24+e*+2ve>+e<+ 1) + ¢, xER, cER.
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Metoda substitucie

[t =x—m@+e+ 2/ FeE T +c

_ [Subst. t =eX|xeR dx = 4t o2 =27 dt
x=1Int|te(0;00)|(Int) = %>O tVt2+t+1
Subst. u*% te(0;00) [[A) =-%< \/t2+f+1—\,/%+%+1:\/1+/*’“: _?Tg
t=1lue(0;00)|dt=-% v1<u»u2:\'1.‘;}%:w’1m 1+uu+u2

— —du — _ du :|:Subst. v:u+%
V1tutu? V(uti)+1-1 du = dv

dv > 3 . q
_ \/TT%__In(V+ V2+Z>+C1__In(“+§+m)—|—cl

1+u+u? =v?+
u € (0;0), VE(%,T)O)

1,1 t24+t+1 2+t4+2V 12+t 41
= —in ($++ YT 1 o= i 22T 4,

In s+ a = n2+Int—n 2+t +2VP+t D) +
- {Ze:f:lcllen;} = x—In (24+e*+2ve>+e<+ 1) + ¢, xER, cER.
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na sucet polynému a rydzej racionélnej funkcie.

beerb@frcatel.fri.uniza. frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.Il Pr.lll Pr.IV Pr.V

Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

__ | Subst. t=x—a
te(—o0;0)

dt = dx

t € (0; o0)

XG(a;oc):|
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

_ | Subst. t=x—a
te(—o0;0)

dt = dx

x€(ajo0) | _ dt
te(0;00) |
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

_ | Subst. t=x—a
te(—o0;0)

dt = dx

A= [

x€(ajo0) | _ dt
te(0;00) |
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

__|Subst. t=x—a|x€(—o0;a)
dt = dx | t€(—o0;0)

h= /i;:|n|t|+c

x€(ajo0) | _ dt
te(0;00) |
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

_ | Subst. t=x—a
te(—o0;0)

dt = dx

te(0;00) | =

x€(aj00) | _ dt
tn

h= /i;: In[¢|+ ¢ = In|x—a| + ¢, xe R—{a}, c€R, n=1.
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

_ | Subst. t=x—a
te(—o0;0)

dt = dx

te(0;00) | =

x€(aj00) | _ dt
tn

h= /Tf: In[¢|+ ¢ = In|x—a| + ¢, xe R—{a}, c€R, n=1.

Ih= /tf”dt
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na stcet polynému a rydzej racionalnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

aceR, neN

X € (—o0; a)

_ | Subst. t=x—a
te(—o0;0)

dt = dx

te(0;00) | =

x€(aj00) | _ dt
tn

h= /Tf: In[¢|+ ¢ = In|x—a| + ¢, xe R—{a}, c€R, n=1.

_ —n ot n+1
/,,f/t dt=t— +¢
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Integraly racionalnych funkcii

o Poditat integraly racionalnych funkcii (podiel dvoch polynémov)
nie je zlozité, ale vacsinou velmi pracne.

o V mnohych pripadoch musime integrovani funkciu zjednodusit
na sucet polynému a rydzej racionélnej funkcie.

o Rydzu racionélnu funkciu (stupen Citatela je mensi ako menovatela)
rozloZime na parcialne zlomky, ktoré integrovat nie je problém.

/n:/(xdf,.,,)n_ M+c[a,~nf23 .., h=In|x—al+¢c, a€eR, neN

__|Subst. t=x—a|x€(—o0;a)
dt = dx | t€(—o0;0)

x€(aj00) | _ dt
t€(0:oc):|_ t =

h= /i;: In[t|+ ¢ = In|x—a| + ¢, x€ R—{a}, cER, n—1.

In= /t "dt= o= g2 o= - D= +
x€R—{a}, ceR, n=234,....
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Integraly racionalnych funkcii
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Integraly racionalnych funkcii

_ dx _ dx
| XP+Ax+4+1 T | (x+2)2+1

dx . dx _ dx
xX2+4x+3 T | x2+4x+4—1 — [ (x+2)>—1
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08 Intl Pr.l Pr.ll Int2

Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX®+4x+4+1 T | (x+2)2+1

Pr.l Int3 Pr.l Pr.ll Pr.lll Pr.IV Pr.V

__ | Subst. t = x+2|xER
dt =dx|teER

dt =dx|te R—{0}

_ |:Subst t=x+2

xeRf{—Q}}

dx dx _ dx
xX2+4x+3 T | x2+4x+4—1 — [ (x+2)>—1

x€R—{—1,— 3}
teR—{+1}

__ | Subst. t = x+2
dt = dx
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Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX®+4x+4+1 T | (x+2)2+1
xXER| _ dt
ter |~ [ t2+1

_ | Subst. t = x+2
dt = dx

_ | Subst. t = x+2
o dt = dx

x€ER—{—2}|_ [dt_ [,—2
teR— {0} }—/tz—/f dt

dx dx _
xX2+4x+3 T | x2+4x+4—1 — [ (x+2)>—1

xeR—{—1,-3}| _ " de
te R—{£1} - ] #=1

_ | Subst. t = x+2
o dt = dx
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Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX®+4x+4+1 T | (x+2)2+1

_ | Subst. t = x+2|xeR| _ dt
_[ teR}_/tZH_arctgt—FC

dt = dx

dx _ dx
x2+4x+4 — [ (x+2)?

x€R—{=2}|_ [dt__ =2 Qo
teR—{0} }_/ﬂ_/t dt= 5 +c

dx _ dx —
xX2+4x+3 T | x2+4x+4—1 — [ (x+2)>—1

xeR—{-1,-3y]_ [ dt _ 1y.|t-1
teR—{+1} }_/t2—1—2|”|t+1’+c

__ | Subst. t = x+2
dt = dx

_ | Subst. t = x+2
o dt = dx
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Integraly racionalnych funkcii

dx _ dx _ dx
x2+4x+5 T | xX®+4x+4+1 T | (x+2)2+1

__ | Subst. t = x+2|xER| _ dt
{ teR:|_/t2+1 arctgt + ¢

_ dt = dx

dx _ dx
x2+4x+4 — [ (x+2)?

xeR—{-2}|_ [dt_ [1—2 4, 7> _ 1
teR— {0} }_/ﬂ_/t dt= Sy te= —g+c

dx _ dx —
xX2+4x+3 T | x2+4x+4—1 — [ (x+2)>—1

__ | Subst. t =x+2|xeR—{—-1, —3} [ _ dt 1 _ 1 x+2—1
_[ teR—{+1} }_/tQ—l_ |”|t+1’+c |n|x+2+l|+c

__ | Subst. t = x+2
dt = dx

dt = dx
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Integraly racionalnych funkcii

' dx _ dx _ ‘ dx _
/m—/m—/m—amtg(x“HC

_ | Subst. t = x+2
dt = dx

XGR}:/@' =arctgt+ c = arctg(x+2) + ¢, x€R, ceR.

teR t24+1

dx _ dx 1
/x2+4x+4 - /(><+2)2 — x+2 +c

__ | Subst. t = x+2
dt = dx

XGR*{*Q} 2 _77 — __1
teR—{0} /tZ_/t dt= = 2+1+C s X+2+C'

eR {-2}, ceRr.
‘ dx . dx _ dx
/x2+4x+3 _ /x2+4x+4—1 _ /(x+2)2—1 =
xeR—{—1,—3}| ‘dt _
te R—{£1} - ) =1

=3In|53| + ¢, xeR—{-1,-3}, ce

In| &l +e= 2 [55a]+c

_ | Subst. t = x+2
o dt = dx

;U r\m—\
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Integraly racionalnych funkcii
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Integraly racionalnych funkcii

— dx _ dx
- /x274x+4+2_ /(X,2)2+(\/§)2
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Integraly racionalnych funkcii

x€ER
teR

_ dx _ dx _ | Subst. t = x—2
X2—Ax+4427 [ (x—2)2+(v2)2 dt = dx

xER—{2 £ 2}
teR—{£2}

— dx — dx __ | Subst. t = x—2
x2—4x+4—2 (x—22—(v2)2 dt — dx
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Integraly racionalnych funkcii

x€ER
teR

_ dx _ dx _ | Subst. t = x—2
X2—Ax+4427 [ (x—2)2+(v2)2 dt = dx

_ dt
- /t2+(\/§)2

xER—{2 £ 2}
teR—{£2}

— dx — dx __ [Subst. t = x—2
x2—4x+4—2 (x—22—(v2)2 dt — dx
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Integraly racionalnych funkcii

_ dx _ dx _ | Subst. t = x—2
X2—Ax+4427 [ (x—2)2+(v2)2 dt = dx
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Integraly racionalnych funkcii

‘ —2x3+41
/X4+2)§<3+X3 dx
_ —2x*+1 _ =234 g B o )
= /xz(x2i2x+1) dx= /xz(:Jrl)Z dx= /{%+?+m+(x+l)2 dx

—2=a+vy |0=2a+B8+7+6|0=a+238|1=p
—28 |B=1

—2x3 + 0x% + 0x + 1
= ax(x+1)% + B(x+1)? + yx?(x+1) + 6x> ¥y=—a—2(0=2at+l+vy+d |a=
= a(x®+2x2+x) + B(x®+2x+1) + v(x>+x2)+6x> a=-2
= (a+7)x3 + Qa+B+v+8)x® + (a+28)x + 8
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Integraly racionalnych funkcii

‘ —2x3+41
/X4+2)§<3+X3 dx
_ —2x*+1 _ =234 g B o )
= /xz(x2i2x+1) dx= /xz(:Jrl)Z dx= /{%+?+m+(x+l)2 dx

—2=a+vy |0=2a+B8+7+6|0=a+238|1=p
—28 |B=1

—2x3 + 0x% + 0x + 1
= ax(x+1)% + B(x+1)? + yx?(x+1) + 6x> ¥y=—a—2(0=2at+l+vy+d |a=
= a(x®*+2x%+x) + B(x*+2x+1) + v(x3+x2)+6x> |y =0 a=-2
= (a+7)x3 + Qa+B+v+8)x® + (a+28)x + 8
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72X3+1
/)<4Jr2><3+><2 dx

_ —2x3+41 _ | =2x34 _ B 5
= /xz(x2i2x+1) dx= /XZ(XXJ)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
= a(3+2x%+x) + B(x2+2x+1) + 73 +x2)+6x2 |y =0 0= —4+1+40+6 |a = —2

= (a+7)x3 + Qa+B+v+8)x® + (a+28)x + 8
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Integraly racionalnych funkcii

72X3+1
/)<4Jr2><3+><2 dx

_ —2x3+41 _ | =2x34 _ B 5
= /xz(x2i2x+1) dx= /XZ(XXJ)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
= a(x®*+2x%+x) + B(x*+2x+1) + v(x3+x2)+6x> |y =0 0= —4+1+0+6 [ = —2
= (u+7)x3 + (2(\Aﬂ+ﬁ,+5)x2 + (a+2B8)x+ B 5=3
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—2x°3 +1
/ 442x34x2 dx

_ —2x3+41 _ | =2x34 _ B 5
= /xz(x2i2x+1) dx= /XZ(XXJ)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
:o(x312x2}x){3(x{2><11){'j/(><3}><2){6><2 ¥=0 0= —4+1+0+6 [ = —2
= (u+~/)x + (2a+B8+~ +5) + (a+2B8)x+ B 6=3

:/[ + 3+ 2+ i o

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

08 Intl Pr.l Pr.ll Int2 Pr.l Int3 Pr.l Pr.ll Pr.lll Pr.IV Pr.V

Integraly racionalnych funkcii

—2x°3 +1
/ 442x34x2 dx

_ —2x3+41 _ | =2x34 _ B 5
= /xz(x2i2x+1) dx= /XZ(XXJ)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
:o(x312x2}x){3(x{2><11){'j/(><3}><2){6><2 ¥=0 0= —4+1+0+6 [ = —2
= (u+~/)x + (2a+B8+~ +5) + (a+2B8)x+ B 6=3

- [l aeter o -2ttt o
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Integraly racionalnych funkcii

—2x°3 +1
/ 442x34x2 dx

_ —2x3+41 _ | =2x34 _ B 5
= /xz(x2i2x+1) dx= /XZ(XXJ)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
:o(x312x2}x){3(x{2><11){'j/(><3}><2){6><2 ¥=0 0= —4+1+0+6 [ = —2
= (u+~/)x + (2a+B8+~ +5) + (a+2B8)x+ B 6=3

- [l aeter o -2ttt o

b 1) 2+
= —2In x|+ g +3CH— 4 ¢
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—2x°+1 _
/4+2X3+X_ dx = —2In |x|
_ —2x311 2341 4 flay B v 5
— /xz(x2+2x+1) dx= /xz(erl)2 dx= X +x2 +x+1 + (x+1)2 dx
—_2x3+0><2+0><+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
= a(x3+2x%+x) + B(x? {2><11) F v +x2)+6x% |y =0 0= —4+1+40+6 |a = —2
= (a+7)x% + Qa+B+~v+8)x% + (a+28)x + B §=3
_ iy =2 2
_/[ +3 +X+1+(X+1)}dx /[ 214 x243(x+1)72] dx
—241 (x41)~2F 3
_ x (x+1) " _ _1_ 3
= =2In|x|+55+3Y 55 fe= 21n|x| =3 €
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Integraly racionalnych funkcii

—2x°+1 _
/4+2X3+X_ dx = —2In |x|
_ —2x311 2341 4 flay B v 5
— /xz(x2+2x+1) dx= /xz(erl)2 dx= X +x2 +x+1 + (x+1)2 dx
—_2x3+0><2+0><+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)2 + gj(x+1)2 + ’7’X2(X+1) + 5x2 ¥y=—a—2|0=2a+1+v+6 |a=—-28 |B=1
= a(x3+2x%+x) + B(x? {2><11) F v +x2)+6x% |y =0 0= —4+1+40+6 |a = —2
= (a+7)x% + Qa+B+~v+8)x% + (a+28)x + B §=3
_ iy =2 2
_/[ +3 +X+1+(X+1)}dx /[ 214 x243(x+1)72] dx
—241 (x41)~2F 3
_ x (x+1) " _ _1_ 3
= =2In|x|+55+3Y 55 fe= 21n|x| =3 €

—|nx2—[%+%+l] +c
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Integraly racionalnych funkcii

—2x°+1 _
/4+2X3+X_ dx = —2In |x|
_ —2x311 2341 4 flay B v 5
— /xz(x2+2x+1) dx= /xz(erl)2 dx= X +x2 +x+1 + (x+1)2 dx
—_2x3+0><2+0><+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)% + B(x+1)? + yx?(x+1) + 6x> ¥y=—a—2(0=2at+l+v+d |a=—28
= a(x3+2x%+x) + B(x? {2><11) F v +x2)+6x% |y =0 0= —4+1+40+6 |a = —2
= (a+7)x% + Qa+B+~v+8)x% + (a+28)x + B §=3
_ iy =2 2
_/[ +3 +X+1+(X+1)}dx /[ 214 x243(x+1)72] dx
—241 (x41)~2F 3
_ x (x+1) = _ _1_ 3
= =2In|x|+55+3Y 55 fe= 21n|x| =3 €
= 2_[1 2 x+143x
In x [x+x+1] +c=—lInx x(x+1) +c

B=1
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Integraly racionalnych funkcii

442x34x2 x+1 x2+x

I Pr.ll Int2 Pr.l Int3 Pr.l Pr.ll Pr.lll Pr.IV Pr.V

/de——2|n|x|—f——+c— cad s il e

_ —2x3+41 2341 _ B 5
= /xz(x2i2x+1) dx= /xz(:Jrl)Z dx= /{%‘F?‘U%‘F(XH)Z dx

—2x3 4+ 0x® +0x+1 —2=a+vy |0=2a+B8+~v+6|0=0a+28]|1=23
= ax(x+1)% + B(x+1)? + yx?(x+1) + 6x> ¥y=—a—2(0=2at+l+v+d |a=—28
:(\(X312X}X){S(x{2x11){’:«'(x3}x2){6><2 v=0 0= —4+1+40+6 |a = —2

= (a+7)x3 + Qa+B+~+8)x% + (a+28)x + B

:/[ +% +X+1+(X+1)}dx /[ 214 x

6=3

“243(x+1)72| dx

— 2ln|x|+ 5430 | o ojn|x—1- 3 4 c
— =[S ] He=— '“X2_% e

= iﬁi —Inx®+c, xeR-{0,—1}, ceR.

B=1
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.

o Mnohé sa dajud wv. racionalizovat,
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

beerb@frcatel.fri.uniza. frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

Am 2 3 __ nf/ax+b
Substitticia t = v e
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.
Substiticia t = ¢/ 242, 7 = 24

n _ ax+b

th= dx+e
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

] _ n/ax+b . gn _ ax+b
Substitticia t = A e v BT =52,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

] _ n/ax+b . gn _ ax+b
Substitticia t = A e v BT =52,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b

= dxt" —ax=b—et" = (dt"—a)x =b— et"
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

R _ n/ax+b . in _ ax+b _ b—et"
Substiticia t = (/£E2, v t" = 22, x = &5,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b

= dxt"—ax=b—et" = (dt"—a)x=b—et" = x=

b—et"
dt"—a-
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

R _ n/ax+b . in _ ax+b _ b—et"
Substiticia t = (/£E2, v t" = 22, x = &5,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
b—et"

= dxt"—ax=b—et" = (dt"-a)x=b—et" = x= 7.
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

R _ n/ax+b . in _ ax+b _ b—et"
Substiticia t = (/£E2, v t" = 22, x = &5,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
b—et"

= dxt"—ax=b—et" = (dt"-a)x=b—et" = x= 7.

_ [bh—et"7/ - (ofnet"’l)(dt"faf b—et")(ndt""1—0
dx = [£25]' de = e e dt
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

R _ n/ax+b . in _ ax+b _ b—et"
Substiticia t = (/£E2, v t" = 22, x = &5,

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
b—et"

= dxt"—ax=b—et" = (dt"-a)x=b—et" = x= 7.

_ Tb—et"1 4, _ (0—net" 1)(dt"—a)—(b—et")(ndt" 1 —0
dx = [GF%5] dt = e de
2n—1

__ —ndet®" "1t naet" "1 —nbdt" " 4 ndet dt
- (dtn—a)2
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Integraly iracionalnych funkcii |

o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

et _ n/axtb . in _ ax+b _ b—et" _ nt""!(ae—bd)
Substiticia t = ¢/ £X2, v t" = 32, x=gz5,, dx = —@m—ay  dt.

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
b—et"

= dxt"—ax=b—et" = (dt"-a)x=b—et" = x= 7.

dx — [bfet”]/dt _ (0—net"~1)(dt"—a)—(b—et")(ndt"~1—0) dt

dt"—a (dt"—a)?
__ —ndet*" "4 naet" "' —nbdt" "'t ndet®>" ! dt = nt"~!(ae—bd) dt
= (G —2)? = “(dr—ap :

v
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o Poditat integraly iracionalnych funkcii je vacsinou zlozité.
o Mnohé sa dajud wv. racionalizovat,
t j. vhodne substituovat na integraly racionalnych funkcii.

Integraly typu /f(x, of f;i’;) dx, abd.ecR, ae—bd #0, neN.

et _ n/axtb . in _ ax+b _ b—et" _ nt""!(ae—bd)
Substiticia t = ¢/ £X2, v t" = 32, x=gz5,, dx = —@m—ay  dt.

t"= 24D = t"(dxte)=ax+b = dxt"+et"=ax+b
b—et"

= dxt"—ax=b—et" = (dt"-a)x=b—et" = x= 7.

dx — [bfet”]/dt _ (0—net"~1)(dt"—a)—(b—et")(ndt"~1—0) dt

dt"—a (dt"—a)?
__ —ndet*" "4 naet" "' —nbdt" "'t ndet®>" ! dt = nt"~!(ae—bd) dt
= (G —2)? = “(dr—ap :

v
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= |:><—x2 =x(1—x)>0

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV
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x>0,1—-x>0 & 0<x,x<1, t j x€(0;1)

J }xE(O;l)UV) = xe(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

= |:x—x2 =x(1—x)>0 {

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

:|:x7x2:x(1—x)>0{ }xe(O;l)uw = xe(0;1)

1—x
. — dx
o /\/X(lfx)

t=1

X

_ | Subst.
_ dx = —4dt

1
WS g
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

_ X dx 1 gx
o \/X(lfx)_ \/lez—x

:|:x7x2:x(1—x)>0{ }xe(O;l)uw = xe(0;1)

1y —dt

_ {Substv t=1 |xe(0;1) } (1-2)=
- |

x=1 |dx=-9|te(1;00) % %,%2
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

1 gx IXdx LX dx
\/X(l x) \/le g x4/ 1;X

:|:x—x2:x(1—x)>0{ }XE(O;I)UV) = x€(0;1)

1 —dt _
_ | Subst. |[t=1 x€(0; 1) (1_7) _ _% dt
x=1 |dx=—9|te(1; \/,,7 2 /ft;21
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

= |:x—x2 =x(1—x)>0 {

}xE(O;l)UV) = XE(O;I):|

l_X dx l_x dx 1_Txd>< _ | Subst.
\/X(l x) \/x217X X 1XX x

o 1412)2

(1-})=* (t l)dt

/ t—l
1 t*l
z 7** Ve Vi1

t=1
x

dt
dx=—%

_ {Substv

1
WS g
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_ X7X2:X(17X)>0{x>0,17x>0 & 0<x,x<1tjx€(0 1)}X€(0;1)UV) = xe(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

. 1 gx 1 gx X dx [ subst. f:\,f§:vg 12 =1ox | 2 —1-x
\/x(1 x) \/XZH x x= iz dx = 2 xe(0;1) | te(1;00)
t2 —2tdt

_/ (1+2)2

= 1

1+12
1 _ (1_1)—dt t—l
| Subst. [t=12 x&(O‘l) (t l)dt Vt=1dt
x=1 |dx=—-%|te(l;00 \/,,7 /t*1
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_ X7X2:X(17X)>0{x>0,17x>0 & 0<x,x<1tjx€(0 1)}X€(0;1)UV) = xe(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D
1—x 1_4

o l_X dx l_x dx =X dx | Subst. t:\/’TX: V/% 1 t?x =1-x
\/X(l x) \/XZFX x x= iz dx = 2 €(0;1) | te(1;00)
2 —2tdt
_ 22 [ —22dt
- Lt T
Tlapie

_ [subst. [e=12 x&(O‘l) -H= [-t2d (t l)dt Vi—1dt
T x 1 |dx te(l; o0 \/,,7 /t*1
— | Subst. u=+vt—1l=,/-—-1|t>1

t=1+0?|dt =2udu u>0

beerb@frcatel.fri

niza.sk

niza.sk/users/beerb
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Pr.IV Pr.IV Pr.IV

_ X7X2:X(17X)>0{x>0,17x>0 & 0<x,x<1tjx€(0 1)}X€(0;1)UV) = xe(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D
1—x 1_4

l_x dx l_x dx LX dx __ | Subst. t:\/’TX: V/% 1 t?’x =1-x
\/X(l x) \/xz Tx X x =iz |dx = &fﬁfﬁ €(0; te(1;00)
f2 —2tdt

o (1+t2)2 —2¢2 dt
- Lt 1+¢2
14t

_ | Subst.
x=%

t=1
x

x€(0;1) }_ (1—1)_dt

—=1d (t 1de_ Vi—1dt
dx 4| te(1;00) % ?,7 /t:21 Vi—1 t

— | Subst. u=+t 1:\r§ 1t>1|— _ [ u2udu
t =1+0? |dt = 2udu u>0 I+u?
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niza.sk
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

1-x gx Ixdx [ Xdx [subst.
\/X(l x) \/le = x«/lzx x =iz

t2 —2tdt 5
_ are2? [ —2t?dt_ 2 (1—t*—1)dt
- Tlf?t - 1+t2 1+¢2

:|:x7x2:x(1—x)>0{ }xe(O;l)uw = xE(O;l):|

—d
_[subst. |t=1 |xe(1) ]_ (1-})=" (t l)dt i—1dt
x=1 |dx=—9%|te(l;00) - l ?,7 t*1
— | Subst. u=+t-1= \’i t>1 | _ fu2udu__ 2 (1—U —1)d“
t =1+0? |dt = 2udu u>0 1+u? 1+u?
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IV Pr.IV Pr.IV

= |:x—x2 =x(1—x)>0 {

x>0,1-x>0 & 0<x,x<1, tj x€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D

1—x gy x gy i d>< B
\/X(l x) \/le g
2 —2tdt

{Subst
_ (1+:2)2 _ /—2t dt

Lt
1+12

}xE(O;l)UV) = XE(O;I):|

— fl=x _ 1
t=4/% =yx71
—2tdt

dx—qu)z

x€(0;1)
1-t2—1)d
I+22 :2/( I+t2) “= 2/(1it2_1)dt

t=1
X

_ | Subst.
x=3

— | Subst.
t=1+0?

x€(0:1) (1_1)_“ —udt = 1)dt \/7dt
dx = —4dt 0 1_ 1

| te :
u=viT=1-1|e>1] o u~2udu:2 (1 u —l)d
dt = 2udu u>0 1+u?

1+u? - %/(14»u2 1)dU
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Intl Pr.l Pr.ll Pr.lll

nych funkcii |

Pr.IV Pr

IV Pr.IV

x>0, 1-x>0 & O<X‘X<1't‘j'xg(0'1)}XE(O'I)UV) = xe(;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D ' '
1 gx X dx 1_dei Subst. r:\,’gf [lo1]@ =12 —1-x
\/X(l x) \/le = xv/ = e dx= 2 xe(0;1) | te(1;00)
2 —2tdt
_ (1+r2)2 _ —2t2dt __ (l—t —l)dt_ 1
- Lt _/ 1+t2 _2/ 1+¢2 =2 (1+t2 l)dt
Tlapie
=2(arctgt —t) + ¢
—d
_ [subst. |« xe(0;1) (1—1) . —th t l)dt i—1dt
- a L te(lioo) | 1_1
[
Subst. u=+t 1:\ri t>1 [ _ u~2udu:
t =1+0? |dt = 2udu u>0 1+u?

=2(arctgu —u) + ¢

beerb@frcatel.fri

1—v—1)du
2/( ;HZ)

= 2/(1“2 1)du

iza.sk /users/beerb
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x>0,1-x>0 & 0<x,x<1,t jx€(0;1)
x<0,1-x<0 <& 0>x,x>1,t.j.x€D
dx — =2tdt

—X dx I=X gx - 1_TX dx | Subst.
1—x 1—x
\/X(l x) \/xz = x\/ == o= e

t2 —2tdt 5
_ (1+t2)2 _ —2t2dt __ (1—t"—1)dt __ 1
- / 1+1t2t - / 1+t2 2/ 1+¢t2 =2 (1+t2 1) dt

=2arctgt —t) + ¢ = 2arctg /=X — 2, /1% 4 ¢, x€(0; 1), ceR.

:|:x7x2:x(1—x)>0{ }xe(O;l)uw = xE(O;l):|

fi=x _ /1
f*\,x Vi1

_ {subst ¢ xe(0;1) } (1—1)_dt /——1 dt t 1)dt /«/ Tdt
dz te(1;00) ?77

— | Subst. u= -1 il | = 2udu __ (1 u _1) —

- E:blt» w? dtf\g/di v :/g}_ _/ul:uzu_ 2/ 1+u> ﬂ1+u2 1)du

=2(arctgu — u) + ¢ = 2arctg /1 -1-2,/2—1+c¢, x€(0;1), ceR.
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dx
/x+1+3x+1
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dx
/x+1+3x+1
_ Subst. = \6/x+1 Vx4 :(\6/>< [ 1)3 = x € (—1; 00)
0 = x41|6t5dt =dx| Ix+1=(Ix+1)?=1|te(0;00)
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dx
/x+1+3x+1

_ | Subst. t= A1 |Vx+i=(Ix+1)P =1|xe(~-1,00)] _ 6t° dt
0 = x41|6t5dt =dx| Ix+1=(Ix+1)?=1|te(0;00) t3+t2
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dx
/x+1+3x+1

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 £3dt
0 = x41|6t5dt =dx| Ix+1=(Ix+1)?=1|te(0;00) 342 t+1
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dx
/x+1+3x+1

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 £3dt
0 = x41|6t5dt =dx| Ix+1=(Ix+1)?=1|te(0;00) 342 t+1

" 3 2 2
— Attt —t4t41-—1
- 6/ t+1 dt

u=t+1=IxFi+1

— | Subst.
dt = du

t=u—1

t € (0; 00)
u € (1; 00)
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dx
/x+1+3x+1

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 £3dt
0 = x41|6t5dt =dx| Ix+1=(Ix+1)?=1|te(0;00) 342 t+1

_ lt3+t27t27t+t+171 _ lt3+171
_6/ t+1 dt_6 t+1 dt

u=t+l= YxFi+1

— | Subst.
dt = du

t=u—1

te(ioo) | — 6 (u—1)3du
u € (1; 00) u

beerb@frcatel.fri.uniza. .fri.uniza.sk/users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

09

Integraly iracionalnych funkcii |

Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

dx
/x+1+3x+1

_ | Subst. t= Ux+1 | Vx | 1:(\6/>< { 1)3 = x€(—1;00) | _ 6t5dt_
0 = x41|65dt =dx| Ix+1=(Ix+1)2=1t2|te(0;00) t34+¢2

£3dt
6/f+1

" 3 2 2
_ Attt —t4t41-—1 _
- 6/ t+1 dt=

6/%dt:6/(t27t+1

,L)dt

t+1

u=t+1=¥xF1+1
dt = du

t € (0; 00)

_ (u—1)3du
uE(l;rx:‘)}_ 6/ u

— | Subst.
t=u—1

— 6/u373u2+3u71 du

u
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dx
/x+1+3x+1

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 3 dt
0 = x+1|685dt =dx | Ix+1=(Ix+1)2=1¢2|te(0;c0) t34-t2 t+1

3,2 2 1-1 4, B4l g, ‘ I
/%dt—6/%dt—6/(t2*t+1*m)dt

= (§—§+t—ln\t+1\)+c

u=t+l= YxFi+1
dt = du

t=u—1

= 6/(u2—3u—|—3—%) du

— {Subst.

te(00) [— 6 (u=1)>du -6 v’ —3u’4+3u—1 du
u € (1; 00) u u
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dx
/x+1+3x+1

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 3 dt
0 = x+1|685dt =dx | Ix+1=(Ix+1)2=1¢2|te(0;c0) t34-t2 t+1

l3 2__ 42 _ l3 _ '
:6/—“” B 1dt:6/7fj+111dt:6/(t2—t+1—¢11)dt
6

—6(L — L ft—In[t+1])+c=23—3t2+6t—6In(t+1)+c

u=t+l= YxFi+1

— | Subst.
dt = du

t=u—1

te(00) [— 6 (u=1)>du -6 v’ —3u’4+3u—1 du
u € (1; 00) u u

3

= 6/(u2—3u+3—%) du = 6(%—%+3u—ln lul)+c
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/ﬁzzx+ _3Yx AT+ 6UxT1—6In(VxFI1+1)+c

__ [subst. t= 9T [Vxtl=(¥xT1)° =1t |xe(-Lico)|_ [62dt__ 6 3 dt
0 = x+1|685dt =dx | Ix+1=(Ix+1)2=1¢2|te(0;c0) t34-t2 t+1

3,2 2 _ 3,4 "
:6/%{““1&:6/%&:6/(1‘2—t+1—?11)dt
—6(L — L ft—In[t+1])+c=23—3t2+6t—6In(t+1)+c
=2/x+1—-3/x+1+6Vx+1—6In (\6/X+1+1)+C,X6(—1;Oo), ceR.

te(00) [— 6 (u=1)>du -6 v’ —3u’4+3u—1 du
u € (1; 00) u u

= 6/(u2—3u+3—%) du = 6(”?3—%+3u—|n lul)+c
=2(Vx+1+ 1) —9(v/x+1+1)> + (¥Vx+1+1) —6In(vx+1+1) +c,

x€(—1;00), ceR.

u=t+l= YxFi+1

— | Subst.
dt = du

t=u—1
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2 3_,2
—1)(t+1 +1 1
D )7t 1 (& )!4 =t—1 T7t71+%72l2+r73774

t4(t+1)
6/(t—1+%—$+713—t—ﬂ)dt:6/(t—1+%—t—2+t—3—t—4)dt
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E=DIEMIE) _ g 4 (@ 14 =t—1+ == =t-1+ -S4+ 5
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—t—14 ¢
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t
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0 = x| 6t° dt = dx | VX2 = (Ix)? = (¥x)* = t* | t€(0; ) (B+t4)t thtt
Az R s | tt—1 (tzfl)(t2+1)
. Rozklad na parcialne zlomky 54 - B4 =1l 4¢ 58 = fi=1l 9F W

(12+1)

2 3_;2
=1 1 1 1
E=DIEMIE) _ g 4 (@ 14 =t—1+ == =t-1+ -S4+ 5

t4(t+1)

6/(t—1+%—$+713—t—ﬂ)dt:6/(t—1+%—t—2+t—3—t—4)dt

—t—14 ¢

—6(5 —t+n|t| -S4+ 5 +5) +c
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‘ _ 12
/(f-s—?ﬁ) dx = 3¥/x 6f+|nx+f \T+I+C

_ [subst. |t=&x |vx= ()P =1 x€(0;00)] _ (t6—1)6t5dt_6 (t°—1)dt
T8 = x|65dt = dx | Va2 = (¥x)2 = (Ix)* =t | te (0 00) | (GEED 448

6 6., (5 (5_ 44,4 2 2
Rozklad na parcilne zlomky: o=k — £——t'+e7-1 . 4, £-1 . 4 (£7-1)(741)
= ‘ e rr;y 5+t4 2t5+t4 T B u t4(t+1)
—1)(t+1) (2 +1) (t=1)(2+1) B_24e—1 11,1 1
= =il 4 & =t—1 =t—1 -14+1-L4+L L
+ ) t—1+ o t—1+ 7 t—1+i-Sn L

6/(t—1+%—$+713—t—ﬂ)dt:6/(t—1+%—t—2+t—3—t—4)dt
—6(5 —t+n|t| -S4+ 5 +5) +c
=3t2—6t+6lmt+8 -2+ 184

=3t2 —6t+Int®+ 98— F+ 8 +c=[c= 2= x| = vx|f=x]

—3f—6\f—i—|nx+6 —f—l-f—ﬁ—c x€(0; ), ceR.
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1 N VX

z2 t
= -4~ + ——— —ar + c= VI—x VI—x A=x)VX _ o
3 @y arctgt+c |:t2r+llxxl X = i - X}

=2z + zfg —arctgt +c

beerb@frcatel.fri.uniza. http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Vi-VE — — 2 _ VX
/W dx = —2y/1—x + Vx—x? — arctg i +c
:|:\/;€R-x€<0;00) x€<0;1>i|: M WSV —[x#l:xe(O;l)}

1—/x>0: xe(0;1)

\/Tﬁ

_ ( \f dx— dx [ /xdx _ dx X dx
1— ( V1-x V1—x V1—x 1—Xx
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=i
1+t dt

te1)| _ [2(1—=2%)z —4zdz
ce(01) 2241 (22+1)?

_ VXER: x € (0; 00) ; Subst. |t = /X x € (0; 1) —
[kﬂzo:xe(o;n XC<O'1>HX:8 dx = 2tdt te<o;1>} /2t

_ izt fmime . [2
Subst Z=/1m =T = v ==l
2z(2* \1) (1-2%)-2z 4zd
@y 92= Gy

2(1+t) =1t

[,

Z
741

8 (Z —Z Z Rozklad na parua\ne zlomky:
= 5 = ER ¢
Z +1) (i +1)3 = \1) ’(z”?ly’zﬂlu
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)
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x€(0;1) | __ —iF
t6<0;1>}_/2t Lty
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. ceon| | L @A
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— | VX€ER: x€(0;00) . Subst. |t = /X x € (0;1) _ —f
[Pﬂzo:xew:n XEOD N 2| dx = 20t | te (0 1) 2t\/ 15 dt
Subst. z= \'H =y 21t \“%—1 Z%(1+t) = 1-t| te(0;1) _ 2(1—22)1 —4zdz

2222 (\;)H(yl )2y (Z/.‘Zf)z =iz 2e(0:1) 2241 (22+1)?
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t = /X
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— | VXER: x€(0; x0) ) Subst.

_{17\/;20:xe<0;1> x€O || 2
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d
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2(1+t) =1t
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t6<0;1>}_/2t Lty
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t— 22(2+1)—(1-2%)-2z dz — —4zdz
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ER: x€E Subst.
VA x € (0; 00) x € (0;1) S
dx = 2tdt

x€(0;1) ] __ —t
—V/x>0: x€(0;1) = te<o;1>}_/2t 1+tdt
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- 2 2 2
-0 et e (1) 2241 (22+1)
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VIVE G - 0 A 4 VX2 ViV
/de— 2y/1—x+ Vx—x +2arctgm+
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:\/1—x+\/x—x2—3\/1—x+2arctg\/7”+c
_\/x—x2—2\/1—x+23rctg\/7”f+c x€(0;1), ceR.
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajticeho prikladu IV st spravne:
_ _ 2 \/} .
1—\/§d { 2m+\/ﬁ arCtgm—kche«)'l)' c€R,

Y _ V. dx =
Vitx _2m+m+2arctg%+m,X€(0:1>:C2€R-
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:
{—2\/1—x + Vx—x2 — arctg\/‘l/% +aca, x€(0;1), R,

—2V/1—x+V/x—x2+ 2arctg7M + ¢, x€(0;1), cx€R.
14/

VIZVX gy —
\V 1+v/x

Skontrolujeme derivovanim:
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

Vi—x
VTV “2VT=x + Vx—x? + 2arctg Y= 1 6, x€(0:1), o ER

—2/T=x + Vx—x2 — arctg—2= + ¢, x€(0;1), a1 €R,
VISR 4
XYY dx = A
14/

Skontrolujeme derivovanim:

[Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]

/
{ — arctg \/‘1/% +c1}

[2 arctg 1-vx

I
oy +C2]
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

{—2\/1—x + Vx—x2 — arctg—L + ¢, x€ (0;1), c1 €R,

V1—x

—2v/1—x + v/x—x2% + 2 arctg Y + o, xe(0;1), meR.

VIZVX gy —
1-v/x
14/

V1+/x

Skontro|ujeme derivovanim: [Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]
N
. VX __ Lla—x?
[ arctg T +c|= ——)
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09

Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

VIZVX gy —
\V 1+v/x

—2y/1—x + V/x—x2 — arctg
—2y/1—x + v/x—x2 + 2arctg

Lt o, xe(01), aER,

V1-vx
vV 1+vx

+ o, XE(O; 1>, oEeER.

Skontrolujeme derivovanim:

[Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]

r 2 }/ ptaxtan -ty
_ VX __la—xtl 2 =
[ arctg \/E+C1 =" =51 %
Vi , [(l—x%)%}l 1a—xd) b hahi—a-xhi e iaxd
1-—v/x _ plashi]l Tl
[2arctgﬁ+c} =2 =V =2 1— /xtlty/x
[ERVES 1+v/x

beerb@frcatel.fri.uniza.sk
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Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

VIZVX gy —
\V 1+v/x

—2v/1—x+ Vx—x2% — arctg\/‘l/% +a, x€(0;1), a €R,
—2¢/1—x +Vx—x2 + 2arctg7M + o, xe(0;1), meR.

vV 1+vx

Skontrolujeme derivovanim:

[Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]

3 U 1 101 1 \/:Jr VX

Jx / [( “);} 1x 3(1-x)2 —x311-x)"3(=1) ﬁ( \/):
— £ = — HO=gpd 1—x _ _ _2=x
{ arctg ﬁl_x—kq} ="z EeiE: me

7 1.1, 4 1 1.1, 1.1, -1
3(1=x2)"2(—3x 2)(1+x2 2 (1 x2)2 3(14x2)72(3x72)

\/T_\/i

2VXV1—VX  2VX 14V
_ 1+v/x
2

1+

beerb@frcatel.fri

— 2 1+><2

1—/x+1+/x
1+v/x
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:
_ — B — VX .
ﬁdx: 2V1—x + Vx—x arctgm—i—cl,xe(o,l), cER,

VIV _2m+m+2arctg%+m,X€(0:1>,C2€R-

Skontro|ujeme derivovanim: [Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]
7 _1 11 _1 Viox, VX
Jx / [(1" )%} IxT2(1-x)2—x23(1—x)"2(-1) J;(l \/)E
— arct +c } = = — T = — =X
[ - arcte -+ 51 g =
VI—x i Vx VI—x 4 VX
__Vx Vi-x | 1—x _ _ _Jx 1—x
2(1—x) T 2
, [(l—x%)%}l 1a-x3)" 3 (—1x d)axd) i —(ioxd) i 1) ax )
[2 arctg ViZvX + C2:| =7 (x2)?) 2 1ix3
V1tvx e Iy
VX 1+/x
_zﬂlifﬂ_zﬁl\;fﬁ SR SR
_ 1+J/x __2/1-vE Rk
= 5 =
1++/x 2
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Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

VIZVX gy —
V1+/x

—2/T=x 4+ Vx—x2 — arctg—L= + ¢1, x€ (0;1), c1 €R,

V1—x

—2v/1—x + v/x—x2% + 2 arctg Y + o, xe(0;1), meR.

1-v/x
14/

Skontrolujeme derivovanim:

[Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]

3 U 1 101 1 Viox, VX

Jx / [( “)L} 1x 3(1-x)2 —x311-x)"3(=1) ﬁ( /*)H
o X _ _la-x2) T=x _ _ _2=x
[ - arcte e = S S =

VX | X N
_E NS xR — _ _ _l-x4x
2(1—x) 1 /X VI—xX
VI—vx 1 [“’X%)f ba—x) b hanhi-ahiiand) hgah)
|:2 arctg VizvXx + C2:| =92 (1+x2)2 =9 14x32
=V 1=/t /x
Vitvx — JE-I3EN g
VitVx Vi Jx
T s /iR Vitx | Vi-vR
= 14X __2/iVE 2 /invx 1 xHl—y /X
a # B 2 _ 4/x/1—x

beerb@frcatel.fri
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09 Intl Pr.l Pr.ll Pr.lll Pr.IlV Pr.IV Pr.IV

Integraly iracionalnych funkcii |

Obe riesenia predchadzajiceho prikladu IV st spravne:

VIZVX gy —
V1+/x

—2/T=x 4+ Vx—x2 — arctg—L= + ¢1, x€ (0;1), c1 €R,

V1—x

—2v/1—x + v/x—x2% + 2 arctg Y + o, xe(0;1), meR.

1-v/x
14/

Skontrolujeme derivovanim:

[Prvé dve &asti sii rovnaké, je zbytoéné ich derivovat.]

L 1 11 _1 Loy
Jx / [(1" )%} IxT2(1-x)2 —x21(1-x)"2(-1) J;(l \/)E
—arctg X—+c | = ——2-=— 1 =— =
[ 8 1_X+ 1j| =11 = =
\/1—x+ VX V1-x VX
__x Vix | l=x _ _ _Vx —~x . _ _1—x+x _ 1
2(1—x) 1 2v/x7/1—x Do
, [(l—x%)%}l 1a-x3)" 3 (—1x d)axd) i —(ioxd) i 1) ax )
[2 arctg ﬁvl_\/; 4 c2:| =9 (H\xﬁ)% -2 \}jx% -
Tt /x 11: ) I—/xtltJ/x
VX 1+/x
_zﬂlifﬂ_zﬁl\;fﬁ SR SR
_ 1+/x S/ VA SV R X/ VA RV N S SVE S  SakVe S 1
= P W= o

beerb@frcatel.fri
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx,
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx,

o 1. Eulerova substitticia

o 2. Eulerova substitticia

o 3. Eulerova substitticia
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx,

o 1.Eulerova substiticia +/ax?+ 8x +v =t + ax

o 2.Eulerova substiticia /ax? + fx +v = xt £,/7

X—a

o 3.Eulerova substiticia t=./a;—;
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.

o 3. Eulerova substitiicia t = 1/oﬁ—‘f7 sa pouziva pre 3,bE R, a# b

X—

(dva rézne reélne) korene polynému ax2 + ﬁX + Y-
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
t = ax? + Bx + v Fax,

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
f = v ax?+Bx+yF /Y

= i
o 3. Eulerova substitiicia t = 1/a% sa pouziva pre 3,bE R, a# b
(dva rézne reélne) korene polynému ax2 + ﬁX + Y-
2 _  x—a
t° = as—,
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
2_
t=ax®+ Bx +yFJax, x= ﬁ

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
- v ax?+Bx+yF /Y %= +2,/4t—B

X o a—t2 !
o 3. Eulerova substiticia t =, /a% sa pouziva pre 3,bE R, a# b
(dva rézne reélne) korene polynému ax2 + ﬁX + Y-
2 _  x—a _ aa—bt?
t =®Tp XT ame2
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
— o _ _it= _ 2AFVat’+t8Fy/a)
= ax +,8X+’Y:F\/ax, X—Wjat, dX—Wdt

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
£ \ x4+ Bx+yF /T X — +£2,/74t—f dx — 2(+/Ft*—Bt+a/7) dt.

X ! a—t2 ! (a—t2)?
o 3. Eulerova substitiicia t = 1/a% sa pouziva pre 3,bE R, a# b

(dva rézne reélne) korene polynému ax2 + ﬁX + Y-
aa—bt? _ 2a(a—b)t
et dx = o) dt.

t? =aX=2, x=
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
— o _ _it= _ 2AFVat’+t8Fy/a)
= ax +,8X+’Y:F\/ax, X—Wjat, dX—Wdt

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
£ \ x4+ Bx+yF /T X — +£2,/74t—f dx — 2(+/Ft*—Bt+a/7) dt.

X o a—t2 ! (a—t2)?
o 3. Eulerova substiticia t =, /a% sa pouziva pre 3,bE R, a# b
(dva rézne reélne) korene polynému ax2 + ﬁX + Y-
2 _
12 — ox=2 x — aa—bt dx — 2c(a—b)t dt.

a—t? ! = (a—t?)?

o Eulerove substiticie st sice G¢inné, ale aj velmi pracne.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
— o _ = _ 2AFVat’+t8Fy/a)
= ax +,8X+’Y:F\/ax, X—Wjat, dX—Wdt

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
£ \ x4+ Bx+yF /T X — +£2,/74t—f dx — 2(+/Ft*—Bt+a/7) dt.

X o a—t2 ! (a—t2)?

o 3. Eulerova substitiicia t = 1/oﬁ—‘f7 sa pouziva pre 3,bE R, a# b

X—
(dva rézne reélne) korene polynému ax2 + ﬂX + Y-
—bt? 2a(a—b)t
as—b® gy — (;_tz)g dt.

t? =aX=2, x=

o Eulerove substiticie st sice G¢inné, ale aj velmi pracne.

Niekedy mézeme pouzit iba jednu ES a niekedy aj vSetky tri ES.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il — Eulerove substiticie

Integraly typu /f(x, ax? + Bx + v) dx, a,B,7ER, a #£ 0.

o 1.Eulerova substitiicia /ax?+ Bx +v =t £ Jax sapousivape @ > 0.
— o _ = _ 2AFVat’+t8Fy/a)
= ax +,8X+’Y:F\/ax, X—Wjat, dX—Wdt

o 2.Eulerova substitlicia /ax2+ fx + 7 =Xt £ /7 s pousivapre 7 > 0.
£ \ x4+ Bx+yF /T X — +£2,/74t—f dx — 2(+/Ft*—Bt+a/7) dt.

X o a—t2 ! (a—t2)?

o 3. Eulerova substitiicia t = 1/oﬁ—‘f7 sa pouziva pre 3,bE R, a# b

X—
(dva rézne reélne) korene polynému ax2 + ﬂX + Y-
—bt? 2a(a—b)t
as—b® gy — (;_tz)g dt.

t? =aX=2, x=

o Eulerove substiticie st sice G¢inné, ale aj velmi pracne.
o Niekedy méZeme pouzit iba jednu ES a niekedy aj vSetky tri ES.
o Casto pomdze substitiicia goniometrickou, rsp. hyperbolickou funkciou.
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il
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10 Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il

2.ES Va?—x?2=a—xt|t x€(—2a;0), te(—1;0), resp. x€(0;a), te(0;1) [ x—*a
2 .2 2 A5 2at 2a(t*+1)—2at-2t 2a(1—t?) dt
_|ax a®—2axt+xt° | x Fosy dx Wdt B Cz=ya t—+1
= —_— 2 > 2
2axt = x*t2+x2 = 2at = xt?+x, x£0 | Va2 —x2 = a—xt = a— F2Lt = A La2at E(L]z ’1)
2k (@)} (2
x—0: t=lim?2 :IimM:{LHEJ:Hmw:Hm
x—=0 x—0 x 4 x—0 x—0
__ | Subst. x=asint|sint =% xe(—aja) Va2 —x2=Va(1—sin’t)
dx = acostdt |t = arcsin % | t€( = av/cos? t = alcos t| = acos t
__ | Subst. x=acost|cost=7% x€(—a;a) | Va2 —x2 = Va2(1 — cos? t)
dx = —asintdt |t = arccos X | te(0;7) = aVsin®t = alsint| = asint

beerb@frcatel i B i sk/users/beerb
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10 Int2 Pr.l Pr.ll Pr.lll

Integraly iracionalnych funkcii Il

Pr.IV Pr.V Pr.V Pr.VI Pr

2.ES Va—x2=a—xt|t

x€(—2a;0), te(—1;0), resp. x€(0;a), te(0;1) [ x—*a

2
> 5 2a(1—t°)dt
2 2 2 2.2 2at 2a(t?+1)—2at-2t 2a(1—t*)dt ol G B LY
2’ —x® = a®=2axt+x°t? | x = 575 dx = =gy — dt = e t—+1 (2+1)2
2axt = x*t2+x2 = 2at = xt?+x, x#0 | Va2 —x2 = a—xt = a— 22t at’+ "(LL ) a(1—t2)
2
e PRI 1)} (= to+1
x = 0: t=lim 2V a=@)? {LHEJ = lim —2&=x) (=29 xl) 229 _ i =
x—0 X x—0 x b x—0 x—0 y/a2—x2

__ | Subst. x=asint|sint =% x€(—a;a) |Va®—x2=+Va*1—sin’t) __ [ acostdt
dx=acostdt|t=arcsin% | tc(—5;5)| =aVcos’t=alcost| = acost acost

Vi

__ | Subst. x=acost|cost=2% x€(—a;a) | Va® — x2 = Va2(1 — cos? t) _ —asin tdt
dx = —asintdt |t = arccos X | te(0;7) = aVsin®t = alsint| = asint asint
4
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V Pr.V Pr.VI Pr

Vi

2.ES Va?—x?2=a—xt|t €(—a;0),te(—1;0), resp. x€(0; 2), t€(0;1) | x—£a 1-22)
2a(1—t<)dt
o 22—x? = a®—2axt+x%t? | x f?i dx %dt 2’((27‘71))7‘“ t—£1 ) (2+1)2
T ] 2axt = x2£24x2 = 2at = xt24x, x£0 | VA —x2 = a—xt a— 22t at’+ £ "(LL £) _ a(1—t2)
2
—y 1 1223~ te+1
XHO:t:Iimﬂzlimﬂz{m%:ﬁmw:ﬁm £ =@
x—0 & x50 = Xm0 g x=0 \/a2—x2
__ [2dt
2+1
. . . —_— e
__ | Subst. x=asint|sint =% x€(—a;a) |Va®—x2=+Va*1—sin’t) _ [ acostdt__ dt
dx = acostdt |t =arcsin% |t€(—5;3) = avcos? t *a\cost\*acost acost
__ | Subst. x=acost|cost=2% x€(—a;a) | Va2 —x% = Va2(1 — cos? t) _ —asintdt __ dt
dx = —asintdt | t = arccos % t’r,(O;ﬁ) = aVsin®t = alsint| = asint asin t
y
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2.ES Va?—x?2=a—xt|t x€(—2a;0), te(—1;0), resp. x€(0;a), te(0;1) [ x—*a 1-22)
2 P 2a(1—t“)dt
2 .2 2 R 2at 2a(t*41)—2at-2t 2a(1—t*)dt il Gl ALY
_ a‘—x a®—2axt+xt° | x z?au dx Wdt B Cz=ya ‘ t~>)+1 . (2+1)2
2axt = x*t2+x2 = 2at = xt?+x, x#0 | Va2 —x2 = a—xt = a— 22t at’+ "(LL ) a(1—t2)
2
= 22} L2 3o to+1
x =01 t=lim V2 2@ )2 {LHEJ = lim Z2E=X) 229 _ iy x
x—0 & x—0 & T x50 L x=0 \/a2—x2

= /%: 2arctg t+c;

Subst. x = asint

. 3 P TR Y
sint =2 x€(—a;a) |Va®—x2=+Va*1—sin’t) _ [ acostdt__ dt
dx=acostdt|t=arcsin% | tc(—5;5)| =aVcos’t=alcost| = acost acost

t+c

__ | Subst. x =acost|cost=7% x€(—a;a) | Va® — x2 = Va2(1 — cos? t) _ —asintdt __ dt
dx = —asintdt | t = arccos % te(0;m) :a\sinzt:a\sint = asint asint
= ={rC
y
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E()
2ES V@2 =a—xt|t=2VE2 | c(_20),te(—1;0), wpx€(0;a), tE(0;1) | x—+a )

2 .2 2 A5 2at 2a(£*+1)—2at-2t 2a(1—t?) dt 2a(1—t7) dt
_|ax a®—2axt+xt° | x o dx Wdt Gzmd t—+1 . (2+1)2
2axt = x*t2+x2 = 2at = xt?+x, x#0 | Va2 —x2 = a—xt = a— 22t ‘"74[;’12‘" "(LL ’17) a(12*f2)
te+1

1 2_.2—%
af\/:27x2 — lim 37(32;)(2)2 _ {LH%J — lim =1 —xl) 3(=2x) _ lim X7 —0

x—=0 x—=0

—/%: 2arctg t+c¢ = 2arctg V2 ”jzfxz—i—cl, x€(—a;0)U (0;a), . ER.

Va2 — x2 =+/a?(1—sin”t) _ acostdt dt
= aV/cos? t = acos t| = acos t acost

=t+c =arcsin 2+, x€(—a;a), 2ER.

x—0: t=lim
x—0

—a;a)
5i3)

x€(
te(

sint =%

a

_ {Subst. Xx = asint

dx = acostdt

t = arcsin

__ | Subst. x =acost|cost=7% x€(—a;a) | Va® — x2 = Va2(1 — cos? t) _ —asintdt __ dt
dx = —asintdt |t = arccos X | te(0;7) = aVsin®t = alsint| = asint asin t
= —t+c3 = —arccos X +cs, x€(—a;a), gER.
y
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[1.ES Vx?—aZ=t—x
x2—a? = t2—2tx+x?
VXP—22 = t— thf‘ 2223

= x—\ x2—a2

x——o0: t=_lim (x+vx2—22) =
x=—00

[3.ES t=,/22= x€(—o00;

t?(x+a) = t’x+t?a=x—a xfw x€(a;00),t€(0;1): Vx2—2a2 =
2at(1—t?)—a(1+t)(—2t) 4azdr _
dx = e dt = ey xX——a

| Va2t = \/32(1 2P 2 a\/(”’zii‘f)?'z’z _

-y
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[1.ES VxZ—2Z=t—x|t=x+Vx2—22
x2—a? = t2—2tx+x?

— | V2=t — et

x——00: t= lim (x+Vx2=2a%) = lim (x+vx2—a?)>—Y—= =
L x——00 x——00 x—y/x2—a
[3.ES t=/52=\1-2 x € (—o0; x—a:t—0 rord
N a
_ t?(x+a) = t’x+t?a=x—a xfd(lli"ﬂ) x€(a;00), te(0;1): Vx2—a? = 22 | x s +oo: t—1 _ (1—12)2
- 2at(1—2)—a(1+3)(—2t) 4atd / = = - 2at
dxfﬁdtfﬁ X——a tfxljmf\‘%f\o—afx/;fx |1—t2|

. (1412)2 . 1+¢2)2—(1—¢2)2 14282444 —(1-2624¢4) _
| vE=E= \/"2(1—r2)2’32 - "’\/( o = a\/ o = 3y @y = 2
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1.ES Vx2—a2=t—x|t=x+Vx2—a2

x?—a% = t2—2tx+x?

Int2 Pr.l Pr.ll Pr.lll Pr.IlV Pr.V Pr.V Pr.VI Pr

funkcii 1l

Vi

x=Ex
= | Voo g wepes =
t
x——00: t= lim (x+Vx2=2a%) = lim (x+vx2—a?)>—Y—= =
L x——00 x——00 x—y/x2—a
— [dt
t
[ _ [x=a_ [1_2a ~ ~
3.ES t V== \‘1 s “Xi)( o0; —a), t € (1; 00) ot de
a1+ . P
_ (x+a) = t2x+12a=x—a|x = L) | xe(a;00), t€(0;1) _ (1—12)2
- 2at(1—2)—a(1+£2)(~2t) 4atdt _ - __2at__
dx = e dt = ey xX——a r= ; Ijma |1—t2|

2dt

Vo ) 1+¢2)2 14+£2)2—(1—¢2)2 142624 ¢4 —(1-2¢2+ ¢4
== \/"2((1—#))2’32 = "’\/( o = a\/ o = ay/ e =
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[1.ES VxZ—2Z=t—x|t=x+Vx2—22
X2 = 22t x? | x = EE2
= | VA=t g T2_2
2t
x——o0: t=_lim (x+vx2—22) =
L x——00
dt
= [F=In[t|+c
[3.ES t*\‘ﬁf\“l = x € (—00; —a), t€(1; o) ot de
N a
t?(x4a) = t’x+t?a = x axfw x€(a;00),te(0;1 — 122
— i (1—t2)
Ay = 2at(1 z'() a(/l)\'!")( Q:)dt (/mzdg) X——a t= lim / / |123:2|
xo—a —
5 T (1_2)R e (122
| VX3—a? = \/828 22))2*32 = a\/““(i,t(zl)z 2y a\/l L +(1,S)z i) _

- [2%= 2In|t+1|+c2

2dt __
2—1

3In|l e
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[1.ES VX2—a =t—x|t=x+VxT—a |xe(—o0; —a), te(—a;0), rep x € (a;00), t € (a; 00)

2 _ 2e2e— m+; ) e —

2
x?—a% = t2—2tx+x? x— +a
T | VxE—@=t-tir = otes _tos |y 00 tf\lm(x—\xz—av)fxﬁ»xfxtﬂia -
2t
et 2ol >
x——coi t=_ I|m x+vVx2—2a%) = I|m X+VXZ—a2)XVX 2 _ i X=X 4a 3
L (x+V3E=2) = lim (x+ Vs M e = e

:/th: In|t|+c =In ‘x+\/x2—a2‘+c1, x€(—o0;—a)U (a;0), a€R.

r [x=a _ | 22
3.ES t=/3% \‘1 s

x = 52 dx

X €(—o0; —a), zr'(l‘ x)

t?(x+a) = t’x+t?a=x—a xfw x € (a; 00)

4atdt

()

— 2at(1— %) —a(1+£3)(—2t) 4atd =) = - _2at__
dxfi( o dt = (3 g) X——a tfxljmf\xa*\ofa*\/;’x /ll—t2|

| V:2-2% = \/32 ((i S);faz = a\/(lﬂait(zl);ﬁ)z = a\/1 thﬁftl) ZEZTE) a\/(lafz)z = i
_ 2dt 2 VT
— S In|t+1|+c:2—f|n n+1‘+c:2,xe(a ), @ ER,

= t1 2|n|1:+1|+‘:2 In

/x e

i ‘+C2, x€(—o0;—a), oER.

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

10 Int2 Pr.l Pr.ll Pr.ill Pr.IlV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

10 Int2 Pr.l Pr.ll Pr.ill Pr.IlV Pr.V Pr.V Pr.VI Pr

Integraly iracionalnych funkcii Il

1.ES Vx2+a2 =t—x|t=x+Vx2+a?|x€(—o0;0), te(0;00)
? 2

2, 2 2 2 t?—a 2t-2t—2(t? 2422 t2+a?
x“+a te—2tx+x T dx = =——5——dt 3 dt - dt
— > 2 2,2 pa2 ) P

Vx2+a2 tf% dicifaer % x—o0: t= lim (x+vx2+a%) = co+0co = 00

X—>00
. — . —_— e ’
x——00: t= lim (x+Vx2+a?) = lim (x+Vx2+a2)2L222 — |im
x——00 PR x—Vx?+a

X——00 X

S YWY IS
__ | Subst. x =asinht|sinht =% XER | VX2 + a2 = \/a2(sinh? t + 1)
dx = acoshtdt |t = argsinh % | tER = aVcosh® t = a|cosh t| = acosh t
y
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1.ES Vx2+a2=t—x|t=x+Vx2+a?|x€(—o0;0), te(0;00)
2

2t-2t—2(t? 2422 t2+a?
dx = ==——""dt 2 dt = S5 dt

x2+a% = 2 —2tx+x? &
_— 2 2 2 2,2 2, 2
2 2 _t—a 2t°—t"+a t°+a
VXeta t pT: == T

. ——s
x—o0: t= lim (x+vx2+a%) = co+0co = 00
X0

. — . —_— e ’
x——00: t= lim (x+Vx2+a?) = lim (x+Vx2+a2)2L222 — |im
x——00 X300 VR xooo x

Vi

PE—
__ | Subst. x = asinht|sinht =% x€R|VXZ+ a2 =/ a(sinh® t + 1) _ acosh tdt
dx = acoshtdt |t = argsinh % | tER = aVcosh®t = a|cosh t| = acosh t acosh t
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1.ES V/x2+

=t—x|t=x+vVx2+a% | x€(—o0;0), te(0;00)
x2+a% = t2—2tx+x2 2 2425

e 2t-2t— z(r —g)dt

L Za 24a?
dt = S5H5-dt
JL

— 22 2.2 e
Vx2+a2 tf% QT’Z% % x—00: t= lim (x+yx~7a>) 00400 = 00
t X—00

S T /2132 — i 2 2\ x=Vx’+a% _ | x*=x _ a2
or oo 62l (ot V) = lim (TR = i S = o <o
I S P
- 2422 t
2t
—~— BT T
__ | Subst. x = asinht|sinht =% x€R|VXZ+ a2 =/ a(sinh® t + 1) _ acoshtdt dt
dx = acoshtdt |t = argsinh % | tER = aVcosh® t = a|cosh t| = acosh t acosh t
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1.ES Vx2+a% =t—x|t=x+vVx2+a%|x€(—o0;0), te(0;00)
x2+a? = t2-2tx+x2 2 dx = 2220 gy 28428 gy - £a gy
| Vx2¥a? tf% % % x—00: t= lim (x+yx~7a>) 00400 = 00
X—hoc
a0 = If /x2+32) = i 21 52 ZEE . [f 2 S ER
X——00: tfxﬂq\k(x}\x ‘3)7XHT\(X<VX Fa?)x= V/Xiwfxﬂlnx: \;ﬂfix#k =0
dt
_ 2r2 dt __
- 2422 t In t + C]'
2t
P
__ | Subst. x = asinht|sinht =% x€R|VXZ+ a2 =/ a(sinh® t + 1) _ acoshtdt dt
dx = acoshtdt |t = argsinh % | tER = aVcosh® t = a|cosh t| = acosh t acosh t

=t+o
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7 = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

1.ES Vx2+a2=t—x|t=x+Vx2+a?|x€(—o0;0), te(0;00)
202422

22 (2 2 2, 2
X2 4a% = t2—2tx+x° 2 dx = 22T gy — 204288 gy — Laal gp
= [ — 22 2 2.2 pap . ——
Vxlta? =ttt =2ttt o the i o0r t I|m (x+Vx2+a?) = co+o00 =00
. . /x2+a2 . 2 2 2
X——00: t= lim (x+vx2+a%) = lim (x{yxz}az)%: lim ——= _
—oo X—b—00 X242 xm—00 x—y/x2—a —EE=GE

d
:/722” tf/d—tt =Int+c =In(x+vx2+a?)+c, xeR, a€R.
T2t

Vi

xeER
ter

sinht = %
a

__ | Subst. x =asinht
dx = acosh tdt

S YWY IS
VXZ+ a2 =/ a(sinh? t + 1) — acosh tdt dt
= aV/cosh? t = a|cosh t| = acosh t acosh t

t = argsinh %

= t+c= argsinh 2 + ¢,
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F%= = In(x+Vx2+a%)+c = argsinh X+

1.ES Vx2+a2=t—x|t=x+Vx2+a?|x€(—o0;0), te(0;00)
2624222

22 (2 2 2, 2
X2 4a% = t2—2tx+x° 2 dx = 22T gy — 204288 gy — Laal gp
= [ — 22 2 2.2 pap . ——
Vxlta? =ttt =2ttt o the i o0r t I|m (x+Vx2+a?) = co+o00 =00
. . /x2+a2 . 2 2 2
X——00: t= lim (x+vx2+a%) = lim (x{yxz}az)%: lim ——= _
—oo X—b—00 X242 xm—00 x—y/x2—a —EE=GE

d
:/%7/%: =Int+c =In(x+vx2+a%)+c, xER, c;€R.
2t

Vi

xeER
ter

sinht = %
a

__ | Subst. x =asinht
dx = acosh tdt

S YWY IS
VXZ+ a2 =/ a(sinh? t + 1) — acosh tdt dt
= aV/cosh? t = a|cosh t| = acosh t acosh t

=t+e=argsinh 2+ = In (2+,/(2)>+1)+c

t = argsinh %
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% = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

Xx“+a
1.ES Vx2+a% =t—x|t=x+vVx2+a%|x€(—o0;0), te(0;00)
) _ 2, 2
x2ta? = 12— 2tx+x° £ dx = 22AED) g _ 20425 gy — Coa gy
= = 2 2 2 2.2 pap ——s
Vx24+ a2 tf% QT}% % x—00: t= lim (x+yx~7a) 00400 = 00
X300

. — —s s 222 2
X —00: t= lim (x+vx2+2a2) = lim (x+V/x2+a2)XVte — |im X=X ===
x—>— n( R x—— \( i )X*x X2+ x——o0 x—\/x¥—a2  —O0T®

d
:/722” tf/d—tt =Int+c =In(x+vx2+a?)+c, xeR, a€R.
T2t

Vi

xeER
ter

_ {Subst x = asinht|sinht =%

dx = acosh tdt

t = argsinh %

S YWY IS
VXZ+ a2 =/ a(sinh? t + 1) — acosh tdt dt
= aV/cosh? t = a|cosh t| = acosh t acosh t

= t+c=argsinh 2+ = In (2+./(£)?+1)+c=In ( + X2+32)+C2
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% = In(x+Vx2+2a%)+c; = argsinh 2+ ¢,

Xx“+a
1.ES Vx2+a% =t—x|t=x+vVx2+a%|x€(—o0;0), te(0;00)
) _ 2, 2
x2ta? = 12— 2tx+x° £ dx = 22AED) g _ 20425 gy — Coa gy
= = 2 2 2 2.2 pap ——s
Vx24+ a2 tf% QT}% % x—00: t= lim (x+yx~7a) 00400 = 00
X300

. — —s s 222 2
X —00: t= lim (x+vx2+2a2) = lim (x+V/x2+a2)XVte — |im X=X ===
x—>— n( R x—— \( i )X*x X2+ x——o0 x—\/x¥—a2  —O0T®

d
:/722” tf/d—tt =Int+c =In(x+vx2+a?)+c, xeR, a€R.
T2t

Vi

xeER
ter

_ {Subst x = asinht|sinht =%

dx = acosh tdt

VXZ+ a2 =/ a(sinh? t + 1) — acosh tdt: dt
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5 2 2
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2, .2 2 2 e 2t-2t—2(t*—a) 2624222 2422
x“t+a t<—2tx-+x T dx = ==—5——dt = &% dt = 57 dt
= JEE— > 2 2,2 pa2 ) —_—
VxP+a =ttt —2-tds _ t4a |y yog t = |im (x+Vx2+a?) = co+o00 =00
2t 2t 2t gimy
. —s s 222 2
X =00 t= lim_(x x2+a2) = lim (x+V/x2+32)x=vxte lim X===2 — —4_—9

d
:/722” tf/d—tt =Int+c =In(x+vx2+a?)+c, xeR, a€R.
T2t

xeER
ter

_ {Subst x = asinht|sinht =%

dx = acosh tdt

VXZ+ a2 =/ a(sinh? t + 1) — acosh tdt: dt
t = argsinh % = aVcosh® t = a|cosh t| = acosh t acosh t
= = argsinh 24+, = In (2 +/(X)2+1) + o= e
=t+o=argsinhZ+o =In(24+/(3)?+1)+=In(3+ +0o
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__ | Subst. x=asint|sint =% x€(—a;a) |Va? —x2=Va2(1 —sin’t)
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Subst. x =asint|sint =% x€(—a;a 2?2 —x2=va*(1—sin"t
= : (=aa) |V - VA 71) — [2cos2tdt
dx = acostdt |t =arcsin X |te(—%;5)| =aVvcos’t=alcost|=acost

a® dx —x-x dx

_ a’—x* _
- /1 JR—s dx a2—x2 + Va2—x2
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__ | Subst. x=asint|sint=2% xe(—a aﬁ) Va? xzfxaz(l sin® t) _ 2C052 tdt
dx = acostdt |t =arcsin X |te(—%;5)| =aVvcos’t=alcost|=acost

— a2/1+c;s2t dt

— a’—x? dx = a% dx —x-xdx __ |u=x u'=

- 5 dX = |V =" |v=Va-x2
£ a?—x? \/32—)(2 \/aZ—X2 V2-x2
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Subst. x = asint|sint =% x€(—a;a 22 —x2=+/a2(1 —sin’t
= ; (=a2) | -V ) |= [a?cos? tdt
dx = acostdt |t =arcsin X |te(—%;5)| =aVvcos’t=alcost|=acost

__ 42 | 14cos2t __ 2(t sin 2t
_a/ 22t dt=a?(§ + 233t) + ¢

a® dx —x-x dx [U =X
=,
1

_ x4y —
T Ja2_x2 _ a2—x2 Va2—x2
= /732 I+ xva2—x2 — /\/az—x2 dx

a2 —x2
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Subst. x =asint|sint =% x€(—a;a 2 —x2= a1 —sin’t
= ; (=a2) | -V ) |= [a?cos? tdt
dx = acostdt |t =arcsin X |te(—%;5)| =aVvcos’t=alcost|=acost

2 .
— a2/1+cgs2t dit= 32(% 4 sm2t) 4 c= a t + 2a sm4tcost +c

a® dx —x-xdx __ [U
=\,

— 32_X2 d —
T Ja2_x2 X = a2—x2 Va2—x2

|= [ —2dx 4 v /32 X2 /32—x2dx_
[ v [vEe
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Subst. x =asint|sint =% x€(—a;a 2?2 —x2=va*(1—sin"t
= : (=aa) |V - VA 71) — [2cos2tdt
dx = acostdt |t =arcsin X |te(—%;5)| =aVvcos’t=alcost|=acost

__ 42 | 14cos2t __ 2(t sin 2t _ a2t 2a%sin t cos t
=a 2t dt=2%(5 + 393°) + o= 5t + 4 +c

— % + asint»zacost 4 c

Pr

Vi

a® dx —x-x dx [U =X
=,
1

a’—x? u'=1
= dx = 5 =
B2 2_2 B2 v=va-x
as—x \/a —X \/a —X Va-x2

= / /;de = + xv/a?—x2 — /\/az—x2 dx= /4/732:)( = +xva?—x? — |,
ar—x a?—x

a®dx

t.j. rovnica s neznamym parametrom /: 2/ = xv/a? —x2 + [ 22
/327)(2

beerb@frcatel.fri.uniza.sk http:/ /frcatel.fri.uniza.sk /users/beerb


mailto:beerb@frcatel.fri.uniza.sk
http://frcatel.fri.uniza.sk/users/beerb

10 Int2 Pr.l Pr.ll Pr.lll Pr.lV Pr.V Pr.V Pr.VI Pr.VI

Integraly iracionalnych funkcii Il

. : .
/ :/32—x2 dx = % arcsin %

x€(

sint =% a;
te(=3:3)

V@ = = V(1 —sint) }/a2cosztdt

= aVcos? t = acos t| = acos t

t = arcsin £
a

__ | Subst. x=asint
dx = acostdt

— a2 1+c;)s2t dit= 32(1 4 sm2t) 4 c= QTt + 2a sm4tcost +c

2:2

2 e o 2 . x4/ a2 —x2
£L | asntgcost | o= Zarcsin £ + Y5— 4 ¢, xe(—a;a), cER.

x2

_ a’—x? dx = a% dx —x-xdx __ |u=x
T 2x2 a \/aQ—x2 \/32—x2 - ,:ﬁ
= /732 I+ xva2—x2 — /\/az—x2 dx= /7"’%2‘1:;2 + xva?—x? — |,

a®dx

t.j. rovnica s neznamym parametrom /: 2/ = xv/a? —x2 + [ 22
/327)(2

u=1
2
v=+a

2_X2 s P—s® 2 .
= + % arcsin X + ¢, x€(—a;a), cER.

\/QQ,XQ - 2

v
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x
cosht =7

x
t = argcosh %

PE—
x€(a;00) | VxZ — a2 = \/a?(cosh? t — 1)

te(0; o0)

__ | Subst. x = acosht
>0 | —
dx = asinh tdt

aV/sinh? t = a|sinh t| = asinh t
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x€(a;00)

te(0; 00)

x
cosht =7

/x2 — 32 2 2 -
o :{Subst X = acosh t Vx2—a \/ a(cosh® t — 1) }:/32S|nh2 tdt

aV/sinh? t = a|sinh t| = asinh t

dx = asinh tdt | t = argcosh %
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x€(a;00)

te(0; 00)

x
cosht =7

/x2 — 32 2 2 -
o :{Subst X = acosh t Vx2—a \/ a(cosh® t — 1) }:/32S|nh2 tdt

aV/sinh? t = a|sinh t| = asinh t

dx = asinh tdt

— a2/cosh221:—1 dt

x
t = argcosh %
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cosht =% x€(a;00)

- __ | Subst. x = acosh t
-
dx = asinh tdt te(0; o0)

_ 2 [cosh2t—1 4, _2(sinh2t _ t
—a/ 2=l = g2 (o2t _ 1) 4 ¢

t = argcosh % aVsinh? t = alsinh t| = asinht

VX2 — a2 = \/a*(cosh® t — 1) }:/azsinhztdt
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—

cosht =% x€(a;00) | Vx2 — a2 vaz(coshgt—l

- __ | Subst. x = acosh t
-
dx = asinh tdt te(0; o0)

_ 2 [cosh2t—1 4, _2(sinh2t _ t 2a%sinhtcosht _ a’t
—a/ 2=l = g2(soh2t _ 1) 4 = 4 St ia

a?sinh? tdt

t = argcosh % aVsinh? t = alsinh t| = asinh t}
2
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acosht|cosht =% X € (a; 00 x2 — a2 a2 costh—l . 2
: {aic0) | v vl a’sinh® tdt
asinh tdt | t = argcosh % | te (0; 00) aVsinh® t = alsinh t| = asinh t
2

_ 2 [cosh2t—1 4, _2(sinh2t 2a%sinhtcosht _ a’t
—a/ 2=l = g2(soh2t _ 1) 4 = - St ia

__ asinht-acosht 2t
== 7 ~— = ra
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acosht|cosht =% X € (a; 00 x2 — a2 a2 costh—l . 2
: {aic0) | v vl a’sinh® tdt
asinh tdt | t = argcosh % | te (0; 00) aVsinh® t = alsinh t| = asinh t
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_ 2 [cosh2t—1 4, _2(sinh2t 2a%sinhtcosht _ a’t
—a/ 2=l = g2(soh2t _ 1) 4 = - St ia

— asinhtacosht _ 2%t _ x/xe-a2
- 2 2 Tas

2
a X
o =5 argcosh sta
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2
a X
: =5 argcosh sta

_ {Subst x=—t
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dx = —dt | te(a;00)
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- 2 2 Tas
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x€(a;00)
te(0; o0)

acosht|cosht =%

asinh tdt

x
argcosh %

sinh2t
2.2

dx t

__ 52 | cosh2t—1 _ 32
= /72 dt= a(

2
at _

3 + = >
(ZP-1) =

X — n(x
0| argcosh % In(g +/ (5

_ asinht- acosht _

2 >

x+vVx2—a2

xX=—t

Subst:
dt

t € (a; 00)

dx =

[

argcosh - L argcosh —*

)+C:235|n

x4/ x2—2a?

o= [P R dt= -

Pr.l Pr.ll Pr.ill Pr.IlV Pr.V Pr.V Pr.VI Pr

Int2

h funkcii 1l

R
Vx2 — a?

aVsinh? t

a?sinh? tdt

V az(cosh2 t—1)

alsinh t| = asinh t}
2

htcosht  a°t
4 T +a

2
a X
=5 argcosh sta

I, = x+y/x2—a? Vv )
x,  [x—a = G R
V= } In===— =In(x+vx2—a%)—Ina

2
a t
< argcosh ~+c¢;

VXP—2—x /X2 —a+x
a

In
Vx2—a+x

x+vVx2—a2 <
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acosht|cosht =% X € (a; 00 x2 — a2 a2 costh—l . 2
: {aic0) | v vl a’sinh® tdt
asinh tdt | t = argcosh % | te (0; 00) aVsinh® t = alsinh t| = asinh t
2

_ 2 [cosh2t—1 4, _2(sinh2t 2a%sinhtcosht _ a’t
—a/ 2=l = g2(soh2t _ 1) 4 = - St ia

inh t- 2 x/ x2—a? 2
__ asinh tzacosht _ aTt + = 5 _ i argcosh % +q

:{x\yxz a®> > 0| argcosh X = In(2+/(%)2 1):|n7(7 X\ijﬂz In (x+v/x2—a?) Ina} = (*)
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1
i H 2sin £ cos £ cos? % 2tg X
SiNXx=2siN3COS3= 5522 + —1>= —552
27027 sin?Stcos? 5 T tg?5+1
2
2 2 5 2
— 2 x . D x  cos*5—sin®5 o’ X 1—tg" %
COS X= COS™ 5 —SIN~ 5= = 5 = £
2 2 sin? ¥ 4cos? X coség 2 5+1
v
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x € (—m + 2km; 0 + 2km), te€(—o0;0)
x € (0 + 2km; 7 + 2k), te(0; 00)

sin x#0
x#km, keZ

= X
t=1tg5
2dt
t24+1

_ dx
- n = X
2sin 5 cos 5

: 2
sinx = 557

{ucs

dx =

__ [ sinxdx
sin? x
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t=tg3

: 2
sinx = 557

2dt
t24+1

— dx —
= — x =
2sin 5 cos 5

dx =

_ {ucs

_ [sinxdx __ sin x dx
sin? x 1—cos? x
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UGS Pr.1

Pr.ll

Pr.lll Pr.IV Pr.V Pr

\%

2dt
UGS t=tg3 x € (—m + 2km; 0 + 2km), te(—o0;0) | sinx#0 _ 241 dt
dx = 29 |sinx = 2+ | x€ (0 + 2km; 7 + 2k7), te(0;00) | x#km, keZ r22i1 t
_ dx Subst. t =3 |x€(0+kmm+kn) |sinx#0, keZ | _ dt
2sm2cos2 dt = & | te Z4Ar) | xAtkm, t£EE sin t cos t
_ (cos t+sin’t) dt
- sin t cos t
_ [sinxdx__ [ sinxdx __ [Subst. t=cosx|x&(0+km;m+km)|sinx#0
sin? x 1—cos? x dt = —sinxdx | te(—1;1) x#km, keZ
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2dt
_ | UGS t=tg3 x € (—m + 2km; 0 + 2km), te(—o0;0) | sinx#0 _ 241 dt
— dt | o 2 L Nt e (0 ez | 2t Tt
dx = 395 | sinx = 227 | x€(0 + 2km; w + 2kn), t€(0; 00) x#km, keZ ] t
=In|t|+ a
_ dx __ | Subst. t=3|xe(0+kmmtkm)|sinx#0, keZ |__ dt
~ [ 2sinjcosiy dt = & | te (0+4x; 74 kx) — sint cos t
2., 2 .
_ [ (costtsin"t)dt _ [costdt [ —sintdt
sin t cos t - sin t cos t
— sinxdx __ sinxdx __ [Subst. t=cosx|xe(0+km;m+kn)|sinx#0 _ —dt __ dt
sin? x 1—cos? x dt = —sinxdx | te(—1;1) x#km, keZ 1—#2 t2—1
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2dt
_ | UGS t=tg3 x € (—m + 2km; 0 + 2km), te(—o0;0) | sinx#0 _ 241 dt
— i 2 . ~ (0" o ez | 2t ra
dx =2 z*+1 sinx = 225 | x€ (0 + 2km; w + 2kn), t€(0; 00) x#km, keZ ) t
=In|t|+ a
_ dx __ |Subst. t=%|xe(0+kmm+km)|sinx#0, keZ | _ dt
2sin 5 cos 5 dt = & | t€ (0+AF; T+55) | x#km, t#A4E sintcost

[ (cos’t+sin’t)dt _ [costdt [ —sin tdt
- / sin t cos t - sin t cos t In |S|n t|7|n |COS t|+C1

=In|tgt|+c
_ sinxdx: sinxdx __ [Subst. t=cosx sin x#0 dt
sin? x 1—cos?x dt = —sinxdx x#kn, keZ 1

1 1
- |n|1:+1}+c2 lnl+1:+c2

X € (0+km; m+ k)
te(—1;1)
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2

—In‘tg |+C1—*| 17Cﬂ—i—C2

sin x 1+4-cos x

t=tg3

sinx = o2¢
T 241
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