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About what ?

We study a nontraditional model for the real-world situation which
can occur in bus scheduling problem.

It is motivated by the question: What minimal shortenings of the
driving time should be made in some sections of an existing bus
schedule (on a given transport network) to obtain optimal schedule?

• We show how this problem can be solved via an inverse
optimization using linear programming (LP).

• Our approach is based on a nontraditional model for the
computation the distance matrix in the transport network.

• We present computational experiments with the instance of
public bus service for slovakian city Martin.
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Inverse LP problem (Xu & Xu, 2013)

The inverse models describe the situation, when is known a feasible
solution x0, which is not optimal with respect to the objective
function. Unlike conventional optimization methods are not looking
for the optimal solution to this problem but the objective function
is looking for the smallest possible adjustment coe�cients of this
after which the feasible solution be the optimal solution.

Given a general LP problem (LP):: min{cx|Ax = b, x ≥ 0}, where
c ∈ Rn,A ∈ Rm×n. Let x0 be a feasible solution, we need to
change the vector c as least as possible and let x0 become an
optimal solution of the adjusted LP. If we de�ne

F (x0) = {c ∈ Rn|min{cx|Ax = b, x ≥ 0} = cx
0},

then the inverse problem of LP can be expressed as

min{‖ c− c ‖ | c ∈ F (x0)}.
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LP model for distance matrix

We model the transport network by a connected weighted digraph
G = (V ,E , d) whose vertices V are nodes in the transport network
formed by bus stops or crossroads and oriented edges E are
evaluated with length d(e), e ∈ E in minutes.

Denote a set A = {(i , j)|i ∈ V , j ∈ V , i 6= j} and between its
elements (i , j) we will search lengths of the shortest i − j paths
z(i , j). Lengths of the shortest paths in network can be calculated
through (DLP):∑

(i ,j)∈A

z(i , j)→ max

z(i , k) + z(k , j) ≥ z(i , j), ∀(i , k) ∈ E ,∀(k , j) ∈ A,∀(i , j) ∈ A :

i 6= j 6= k 6= i ,

z(i , j) ≤ d(i , j), ∀(i , j) ∈ E ,

z(i , j) ≥ 0, ∀(i , j) ∈ A.
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Lexicographic bus scheduling problem

Let be given the set of bus trips T = {t1, t2, . . . , tn} on the
considered bus network, which is modeled via connected
time-weighted digraph G = (V ,E , d). The trip ti is de�ned by
ordered quadruple ti = (tdi , t

a
i , p

d
i , p

a
i ), i ∈ N = {1, 2, . . . , n}, where

• tdi � departure time of the trip ti ; tdi ∈ 〈0, 1440〉,
• tai � arrival time of the trip ti ; tai ∈ 〈0, 1440〉,
• pdi � departure place of the trip ti ; pdi ∈ V ,

• pai � arrival place of the trip ti ; pai ∈ V .

Let's have two trips ti and tj . We will say trip ti precedes the trip
tj , and we will write ti ≺ tj , if

tai + d(pai , p
d
j ) ≤ tdj ,

where d(pai , p
d
j ) is the minimum travel time from place pai to place

pdj in the bus network G .
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A bus schedule is a set of running boards covering set given of trips
T .

time

1.bus

2.bus

A B B A C A

B C A B

t1 t3 t5

t2 t4

Figure 1: Bus schedule: t1 ≺ t3 ≺ t5, t2 ≺ t4.
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Our goal is to �nd the bus schedule with minimum number of
running boards qmin which has minimum total travel times between
trips.

Let xij , (i ∈ N, j ∈ N) be a decision variable,

xij =


1 if ti ≺ tj or ti is a last trip and

tj is a �rst trip in running boards,
0 otherwise,

weighted by cost

cij =

{
d(pai , p

d
j ) if ti ≺ tj ,

M otherwise,

where M is a big penalization constant.
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We can solve our problems the same way as known assignment
problem (AP):∑

i∈N

∑
j∈N

cijxij → min (1)

∑
j∈N

xij = 1 ∀i ∈ N, (2)

∑
i∈N

xij = 1 ∀j ∈ N, (3)

xij ≥ 0 ∀(i , j) ∈ N × N. (4)

Minimum number of running boards qmin is given by the number
values M in value of object function

qmin =

⌊∑
i∈N

∑
j∈N cijxij

M

⌋
.
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For the inverse model we utilize the dual formulation of the
assignment problem (DAP):∑

i∈N
ui + vi → max (5)

ui + vj ≤ cij ∀(i , j) ∈ N × N. (6)

Let xij , ui , vj be variables of optimum solutions for problems AP
and DAP. Then all (i , j) ∈ N × N must satisfy following
complementarity conditions:

xij = 1⇒ ui + vj = cij , (7)

xij = 0⇒ ui + vj ≤ cij . (8)
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Inverse model for bus scheduling problem

The bus trips T given on the bus network are modeled by the
time-weighted digraph G = (V ,E , d). But we suppose we do not
know the exact time evaluating its edges, only its upper limit
d(i , j), (i , j) ∈ E is known.

Without any loss of generality, we will assume that the set of bus
trips T = {(tdi , tai , pdi , pai )|i ∈ N} is ordered by departure times:

td1 ≤ td2 ≤ · · · ≤ tdn .

We assume that the bus schedule is given in form of permutations
ψ on the set of the trip-indices N, connections with following
interpretation: Let be j = ψ(i), then either

• ti ≺ tj and exist empty trip from trip ti to trip tj in some
running board ,where i < j , or

• ti is last trip and tj is the �rst trip in running boards ( or even
the same running board ), where i ≥ j .
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Our main goal is to �nd the smallest maximum reduction δ length
of edges of the bus network, after which ψ becomes optimal bus
schedule.

time

1.bus

2.bus

A B B A C A

B C A B

t1 t3 t5

t2 t4

Figure 2: Bus schedule ψ : ψ(1) = 3, ψ(2) = 4, ψ(3) = 5, ψ(4) = 2,
ψ(5) = 1.

Next we use variables z(i , j), ui , vj from previous models, new
nonnegative variable δ and index sets A and B .
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ILP model

∑
(i,j)∈A

(z(i , j)− δ)→ max

z(i , k) + z(k , j) ≥ z(i , j), ∀(i , k) ∈ E ,∀(k , j) ∈ A,∀(i , j) ∈ A :

i 6= j 6= k 6= i ,

d(i , j)− δ ≤ z(i , j) ≤ d(i , j), ∀(i , j) ∈ E ,

ui + vψ(i) = z(mp
i ,m

o
ψ(i)), ∀i ∈ N : i < ψ(i),

ui + vψ(i) = M, ∀i ∈ N : i ≥ ψ(i),
ui + vj ≤ z(mp

i ,m
o
j ), ∀(i , j) ∈ B,

tpi + ui + vψ(i) ≤ toψ(i), ∀i ∈ N : i < ψ(i),

z(mo
i ,m

p
i ) ≤ tpi − toi , ∀i ∈ N,

z(i , i) = 0, ∀i ∈ V ,

z(i , j) ≥ 0, ∀(i , j) ∈ A,

ui , vi ≥ 0, ∀i ∈ N,

δ ≥ 0.
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Computation experiments

We applied the DLP, AP and ILP to a data sets of urban bus mass
transit system for slovakian city Martin.
Our experiment has four phases:

1 We solved the DLP for digraph G = (V ,E , d), where
• V = {pdi |i ∈ N} ∪ {pai |i ∈ N},
• E = {(pdi , pai )|i ∈ N},
• d(i , j) = mink∈N{(tak − tdk )}|i = pdk , j = pak},

with distance matrix D = (dij), (i , j) ∈ A as the optimum
solution.

2 We solve the AP with given set of bus trips T and distance
matrix D = (dij).

3 We simulated 5 current bus schedules like this: In optimum
solution X from 2. phase we random, step by step modify X
so that we might receive permutations ψ1, ψ2, . . . , ψ5

representing feasible running boars.

4 We solved the ILP for 5 instances.
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Experiments were conducted on HP XW6600 Workstation (8-core
Xeon 3GHz, RAM 16GB) with OS Linux (Debian/jessie). We used
Python-based tools and the Python interface to commercial solver
Gurobi.

As expected execution time for |T | = 726, |V | = 33, |E | = 98 was
very short, for the DLP 0.02 sec., for the AP 1.87 sec. and for the
ILP 0.03 sec.

Table 1: Computational characteristics for the ILP.

Instances 1 2 3 4 5

δ (min) 16 16 16 16 15
Reduced edges 10 10 10 10 9
Objective 29084 28408 27196 23846 26644

We expect that the next calculations will lead to further re�nement
of our model. One of the possible re�nement could be replacing the
maximal value by which we can decrease the lenght of an edge by
values dependent on the edge. It is also possible to demand �xed
travel time.
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Thank you for your attention...

Stráne, konečná

40 41 42
Kol.Hviezda ATC

23 33

Pamätnik Karvaša
a Bláhovca

24

D.Záturčie, sídlisko

11 3115

33

30

34

Bystrička - Lázky

62

Turčianske Kľačany

27

VÚ SIM

22

Paneláreň

14 51

Ľadoveň

10 11

41

20 23

44 56

SAD

50

24

7

51

27

12

52

30 34

15 22

55

33 40

21 23

ŠD LFUK

55

Tomčany

52

Nákl.nádražie

7 21

Vrútky aut.stan.

20

10

24

21

11

27

22

12

23

14

55

D
.Z

áturčie II.
D

.Z
áturčie I.

P
o
d
h
á
j I.

P
o
d
h
á
j II.

P
o
d
h
á
j III.

H
o
rn

é
 Z

á
tu

rčie

Rybníky

Chata T SNP

Brezová alej

Ul.Hollého III.

Ul.Hollého II.

Ul.Hollého I.

Ul.Mládeže

Lesný závod

Bystrička - obchod

Agáty

Odtoky, kúpalisko

Hrby

Košúty, sídlisko

14

52

50

56

51

ZŤS Tepláreň
ZŤS, AB

ZŤS, závod 04

Ekonomická škola

ZŠ Turč.Kľačany

Turč.Kľačany - most

L
ip

o
ve

c

D
O

N
G

 JIN

S
kŠ

 L
ip

o
ve

c

Dolné Vrútky

Ul.Karvaša 
a Bláhovca I.

Ul.Karvaša 
a Bláhovca II.

NOVOMANIP
Košúty, ECCO

K
o
šú

ty, B
IL

L
A

K
o
šú

ty, ko
sto

l

S
e
ve

r II.

S
e
v
e
r, o

b
ch

.d
o
m

K
ošúty, nadjazd

K
o
š
ú
ty, z

d
r.stre

d
.

Ul.Č.Armády
Hlavná pošta

OÚNZ
Ul.A.Pietra

Biotika

52 55

Prieložtek

Ul.Jesenského

PRIO
R

Turčan

Záhradníctvo

7

30

23

50

27

56

R
á
zce

stie
 K

.a
 B

.

U
l.F

r.p
a
rtizá

n
o
v

H
ô
rka

Kol.Hviezda I.

Kol.Hviezda II.

Š
ta

d
ió

n

H
o
te

l T
U

R
IE

C

N
á
ro

d
n
ý
 c

in
to

rín

D
o
m

 s
m

ú
tk

u

Z
Š

 J
a
h
o
d
n
íky

U
l.A

le
x
a
n
d
ro

v
o
v
a

U
l.H

v
ie

z
d
o
s
la

v
o
v
a

D
o
jč

e
n
s
ký

 ú
s
ta

v

GALIMEX

Autoservis 
COMPELPriekopa II.

Matušovičovský rad

Nábrežná ul.

Ul.1.Čsl.brigády

Priekopa III.

ŽOS Vrútky

11 12 20

P
rie

ko
p
a
 I. ko

l.

Ul.Lipová

P
rie

ko
p
a
 I.

ko
l. o

b
.

ZŠ Lipová

U
l.M

e
d
ň
a
n
ské

h
o

Z
Š

 M
.R

.Š
te

fá
n
ika

Čachovský ra
d

NADAS, u
l.Š

verm
ova

M
äs

op
rie

m
ys

el

Ul.M.R.
Štefánika

Ul.sv.Cyrila
a Metoda

prev.ZŤS
- bater.

Sládkovičova

Kolónia Hviezda

AS Martin

Mestská hromadná doprava Martin, Vrútky a okolie

Linka zastávkou len prechádza Občasná trasa linky (prerušovaná čiara)

Zastávka autobusu (s názvom)

Jednosmerná zastávka autobusu (s názvom)

Zastávka diaľkovej dopravy

Železničná stanica / zastávka

Konečná / východzia zastávka pre linku Pravidelná trasa linky (plná čiara)

V

Z

JS

informácie: www.mhdmartin.sk    www.sadza.sk

42 44

44

44

31

42

Priekopa I. 11,15,30,31, 
33,34,44

6
2

62

15,34,44

7,10,12,14,20,21,

22,23,24,27,55

11
,3

3

33

11

2
4
,2

7

2
3
,3

3

24,27

11,15,30,31, 
33,34,44

4
0
,4

1
,4

2
,4

4

7,23,27,30,50,56

2
3

52

7,10,12,15,20,21,
22,23,24,27,34,
44,50,51,52,55,56

7,10,11,12,15,20,21,
22,23,24,27,30,31,33,
34,40,41,44,50,51,52,
55,56,627

,1
0
,1

2
,1

4
,1

5
,2

0
,2

1
,2

2
,

2
3
,2

4
,2

7
,3

4
,4

4
,5

5

2
7

27

27

27

7,12,22

12
,2

1

10,11,14,20,21,
23,24,27,55

10,1
4,2

0,2
1,

23,2
4,2

7,5
5

7,12,22

1
2
,2

2

2
3
,2

4
,2

7

2
3
,2

4
,2

7

7,12,22

7,2
1

14,50,
51,52,56

1
4
,5

1

5
5 7,10,11,12,15,20,

21,22,23,24,27,
30,31,33,34,40,
41,44,50,51,52,
55,56,62

10
,1
1,

20
,2

3,

31
,4

1,
42

,4
4,

56

7,10,11,15,21,24,
27,30,50,52

7
,1

0
,11

,1
5
,2

1
,2

4
,

2
7
,3

0
,5

0
,5

211
,1

2,
20

,2
3

11,12,20,23

44

Priekopa,
ROVER

Nová Neografia

22

1
2
,2

2

22

1
0
,2

1
,2

7
,5

2
,5

5

U
l.S

ta
v
b
á
rska

Figure 3: Bus network of city Martin.
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