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Walk, trail, path

Definition
Let G = (V, H) be a graph.

A walk (a vi—v, walk) in graph G is arbitrary alternating sequence of
vertices and edges in the form:

[.L(Vl, Vk) = (Vlv {V17 V2}, V2, {V2a V3}a V3, .ty {Vk—17 Vk}a Vk)' (1)
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A trail (a vi—vi trail) in graph G is a vi—vy walk in graph G with no
repeated edges.
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A trail (a vi—vi trail) in graph G is a vi—vy walk in graph G with no
repeated edges.

A path (a vi—v, path) in graph G is a vi—vi walk in graph G with no
repeated vertices.
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Walk, trail, path

Definition
Let G = (V, H) be a graph.

A walk (a vi—v, walk) in graph G is arbitrary alternating sequence of
vertices and edges in the form:

“(Vla Vk) = (V17 {V17 V2}7 V2, {V27 V3}7 V3, .ty {Vk—lu Vk}a Vk)' (1)

A trail (a vi—vi trail) in graph G is a vi—vy walk in graph G with no
repeated edges.

A path (a vi—v, path) in graph G is a vi—vi walk in graph G with no
repeated vertices.

We allow so called trivial walk, having only one vertex i.e. k =1, i.e.
walk in form (vy).
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Directed walk, directed trail, directed path

Definition
Let 8 (V, H) be a digraph.

A directed walk (a directed vi—v,walk) in digraph Cis arbitrary
alternating sequence of vertices and arcs in the form:

(ve, vi) = (vi, (vi, v2), va, (vo, v3), v, .., (Vi—1, Vi) Vi) (2)
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Directed walk, directed trail, directed path

Definition
Let G = (V,H) be a digraph.

A directed walk (a directed vi—v,walk) in digraph Cis arbitrary
alternating sequence of vertices and arcs in the form:

(ve, vi) = (vi, (vi, v2), va, (vo, v3), v, .., (Vi—1, Vi) Vi)

A directed trail in digraph 8 is a directed vi—vi walk in 3 with no
repeated arcs.

(2)
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Directed walk, directed trail, directed path

Definition

Let G = (V,H) be a digraph.

A directed walk (a directed vi—v,walk) in digraph Cis arbitrary
alternating sequence of vertices and arcs in the form:

(ve, vi) = (vi, (vi, v2), va, (vo, v3), v, .., (Vi—1, Vi) Vi) (2)

A directed trail in digraph 3 is a directed vi—vi walk in E with no
repeated arcs.

A directed path in digraph 8 is a directed vi—vy swalk in 8 with no
repeated vertices.
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Quasi-walk, quasi-trail, quasi-path in a digraph

Definition

Let G = (V, H) be a digraph.

A quasi-walk (a vi—v, quasi-walk) in digraph 8 is arbitrary alternating
sequence of vertices and arcs in the form:

w(vi, vi) = (vi, hi,vo, o, ooy Vit i1, Vi),

in which every arc h; is incident with both vertices v;, vj1 such that
one of them is a head and one of the is the tail of the arc h;.
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A quasi-trail (a vi—vi quasi-trail) in digraph 8 is a vi—v quasi-walk

in G with no repeated arcs.
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Quasi-walk, quasi-trail, quasi-path in a digraph

Definition
Let G = (V, H) be a digraph.

A quasi-walk (a vi—v, quasi-walk) in digraph 8 is arbitrary alternating
sequence of vertices and arcs in the form:

w(vi, vi) = (vi, hi,vo, o, ooy Vit i1, Vi),

in which every arc h; is incident with both vertices v;, vj1 such that
one of them is a head and one of the is the tail of the arc h;.

A quasi-trail (a vi—vi quasi-trail) in digraph 8 is a vi—v quasi-walk
in G with no repeated arcs.

A quasi-path (a v;—vj quasi-path) in digraph 8 is a vi—vy quasi-walk

in G with no repeated vertices.
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Examples

Obr.: Walk, trail an path in a graph.

a) 1-3 walk: (1,{1,2},2,{2,5},5,
{5,6},6,{6,5},5,{5,7},7,{7,6},6,{6,5},5,{5,2},2,{2,3},3).
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Examples

Obr.: Walk, trail an path in a graph.

b) 1-3 trail: (1,{1,2},2,{2,5},5,{5,6},6,{6,7},7,{7,5},5,{5, 3}, 3).
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Examples

Obr.: Walk, trail an path in a graph.

c) 1-3 path: (1,{1,4},4,{4,6},6,{6,7},7,{7,5},5,{5, 3}, 3).
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Examples

1 2 3 _4 5 1 _2 3 4 5 6
a) b)

Obr.: Directed path and quasi-path in a digraph.
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Examples

1 2 3 4 5 1 2 3 4 5

a) b)

Obr.: Directed path and quasi-path in a digraph.

a) 1-5 directed paths: (1,(1,2),2,(2,3),3,(3,4),4,(4,5),5).
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Examples

1 2 3 _4 5 1 _2 3 4 5 6
a) b)

Obr.: Directed path and quasi-path in a digraph.

b) 1-6 quaSi'path: (17 (17 2)7 27 (37 2); 37 (47 3)) 47 (47 5)7 53 (5, 6)7 6)
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Examples

1 2 3 4 5 1 2 3 4

a) b)

Obr.: Directed path and quasi-path in a digraph.

We allow to write instead of
(v, vii) = (vi, by, va, oy oo Vi n, i, vi),
a shortened notation in the form:
N(Vh Vk) = (V1, V2,..., Vk),

namely in cases when it can not come to misunderstanding.
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Closed walk

T Definition
A walk (quasi-walk, trail, quasi-walk)
w(vi, vie) = (vi, by, va, hoy oo vieea, i1, vi)

is closed, if vi = vg.
Otherwise, a walk (quasi-walk, trail, quasi-walk) u(v1, vk) is open.
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Closed walk

T Definition
A walk (quasi-walk, trail, quasi-walk)
w(vi, vie) = (vi, by, va, hoy oo vieea, i1, vi)

is closed, if vi = vg.
Otherwise, a walk (quasi-walk, trail, quasi-walk) u(v1, vk) is open.

Remark

Closed path can not be defined similarly since a path must not contain
repeated vertices.
We have a cycle instead of closed path.

Definition
Cycle (directed cycle, quasi-cycle) is non trivial closed walk (directed
walk, quasi-walk) in which every vertex but the first and the last appears

at most once.
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Concatenation of walks

T Definition
Let
H(Vl, V,) = (Vla {V17 V2}7 Vo, {V27 V3}a V3, ..., {Vrfla Vf}7 Vr)a
l’l’(le WS): (W17 {W17 W2}7 wa, {W27 W3}7 W3,..., {stlv WS}) W5)7
let v, = wy.
Concatenation of walks pu(vy, v,), p(wy, ws) is the walk
l"(vla Vr) D /J’(le WS) =
- (V17 {V].a V2}a V2,..., {Vr—17 VI’}? Ve = Wi, {W17 W2}a Wo, ..., {WS—17 Ws g, Ws)~

Concatenation of directed walks is defined by the same way.

Remark

Concatenation p(u, w) @ pu(w, v) of two paths p(u, w) pu(w, v) need not
be a paths — the result can be a walk.

v
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Reachability

Definition

Let G = (V, H) is a graph, resp. digraph, let u, v € V.

We say that the vertex v is je reachable from the vertex u in a graph,
resp. digraph G, if there exist a u—v walk in graph G, resp. if there exists
a directed u—v walk in digraph G.
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Reachability

Definition

Let G = (V, H) is a graph, resp. digraph, let u, v € V.

We say that the vertex v is je reachable from the vertex u in a graph,
resp. digraph G, if there exist a u—v walk in graph G, resp. if there exists
a directed u—v walk in digraph G.

v

Theorem

If there exists a u—v walk in graph G = (V/, H) then there exists a u—v
path in G.
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Connectivity

Definition
We say that graph G = (V, H) is connected, if there exists a u—v path

for every pair of vertices u,v € V. Otherwise, the graph G is said to be
disonnected.
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Connectivity

Definition

We say that graph G = (V, H) is connected, if there exists a u—v path
for every pair of vertices u,v € V. Otherwise, the graph G is said to be
disonnected. )

Definition
A component of a graph G = (V, H) is a maximal connected subgraph
of the graph G.

v
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Connectivity

Definition
We say that graph G = (V, H) is connected, if there exists a u—v path

for every pair of vertices u,v € V. Otherwise, the graph G is said to be
disonnected.

Definition
A component of a graph G = (V, H) is a maximal connected subgraph
of the graph G.

v

Definition
A bridge in graph G = (V, H) is such an adge removing of it results in
increasing of the number of components of G.
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Connectivity

Definition

We say that graph G = (V, H) is connected, if there exists a u—v path
for every pair of vertices u,v € V. Otherwise, the graph G is said to be
disonnected.

Definition
A component of a graph G = (V, H) is a maximal connected subgraph
of the graph G.

v

Definition
A bridge in graph G = (V, H) is such an adge removing of it results in
increasing of the number of components of G.

An articulation in graph G is such a vertex removing of it (together with
adjacent edges) results in increasing of the number of components of G.

4
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Connectivity of digraphs, component of a digraph

Definition
Let G = (V,H) be a digraph.
We will say that digraph 8 is weakly connected, if there exists a u—v

quasi-path in G for every pair of vertices u,v € V.
Otherwise we will say that digraph is G disconnected.
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Connectivity of digraphs, component of a digraph

Definition

Let G = (V. H) be a digraph.

We will say that digraph 8 is weakly connected, if there exists a u—v
quasi-path in G for every pair of vertices u,v € V.

Otherwise we will say that digraph is G disconnected.

We will say that digraph 8 is unilaterally connected /if there exists
a directed u—v path or a directed v—u path for every pair of vertices
u,veVv.
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Connectivity of digraphs, component of a digraph

Definition
Let G = (V. H) be a digraph.
We will say that digraph 8 is weakly connected, if there exists a u—v

quasi-path in G for every pair of vertices u,v € V.
Otherwise we will say that digraph is G disconnected.

We will say that digraph 8 is unilaterally connected /if there exists
a directed u—v path or a directed v—u path for every pair of vertices
u,veVv.

Digraph 8 is strongly connected, if there exist both a directed u—v
path and a directed v—u path for every pair of vertices u,v € V.
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Connectivity of digraphs, component of a digraph

Definition
Let G = (V. H) be a digraph.
We will say that digraph 8 is weakly connected, if there exists a u—v

quasi-path in G for every pair of vertices u,v € V.
Otherwise we will say that digraph is G disconnected.

We will say that digraph 8 is unilaterally connected /if there exists
a directed u—v path or a directed v—u path for every pair of vertices
u,veVv.

Digraph 8 is strongly connected, if there exist both a directed u—v
path and a directed v—u path for every pair of vertices u,v € V.

A component of digraph 8 is a maximal weakly connected subgraph
of
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Example

r—————0<——9  — > @

a) b) c)
Obr.: Digraphs with warious types of connesctivity.

a) weakly connected  b) unilaterally connected  c¢) strongly connected
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Tarry's algorithm

T Algorithm
Tarry's algorithm for creating a closed walk in a graph G = (V, H) starting in
arbitrary vertex s € V' and containing all edges of a component of G
determined by vertex s.
Resulting walk will be called Tarry’s walk.
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Tarry's algorithm

T Algorithm
Tarry's algorithm for creating a closed walk in a graph G = (V, H) starting in
arbitrary vertex s € V' and containing all edges of a component of G
determined by vertex s.
Resulting walk will be called Tarry’s walk.

@ Step 1. Start with arbitrary vertexs € V, set u:=s, T = (u).
{T is inicialised as a trivial walk containing only one vertex.}
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Tarry's algorithm

T Algorithm
Tarry's algorithm for creating a closed walk in a graph G = (V, H) starting in
arbitrary vertex s € V' and containing all edges of a component of G
determined by vertex s.
Resulting walk will be called Tarry’s walk.

@ Step 1. Start with arbitrary vertexs € V, set u:=s, T = (u).
{T is inicialised as a trivial walk containing only one vertex.}

@ Step 2. If possible, choose an edge {u, v} incident with last vertex u of
the walk T observing undermentione rules T1, T2 and include it into
walk T.

Mark the direction in which the edge {u, v} is used in T. If the vertex v
was not used in T till now denote the edge {u, v} as the first access
edge - FAE.

Rules for selection next edge:

T1: Every edge {u,v} € H can be used in one direction only once
(i.e. once in direction {u, v} and once in dirction {v, u}).

T2: First access edge - FAE - can be used only if there is no other
possibility.
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Example

(5
@ ©®©
@

[{1.27 {13} {2.3] 13.4] {45] {47} {56] {5.7[1 2 3 4 5 6 7]
[ D I

r ]
0 ]
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4 Example
T

11,27 {13} {23} {34] {45] {47} {56} (5.7}

1 2 3 456 7

131}

=
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4 Example
T

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7

{3.1} <=
{1.2} | =

N| = O =
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4 Example
T

r {12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7
0 .

1]{31 = °

2 [ {12 =

3 {23 —
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4 Example
T
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0 .

1]{31 = °

2 [ {12 =

3 {23 —

4 1{32 <

Stanislav Paltich, F.Lkulta riadenia a informatiky, Zilinska univerzita

Paths in Graphs

14/48



Example

1 {1,2} {1,3} {2,3} {3.4} {45} {47} {56} {57}[1 2 3 4 5 6 7
0 .

1 31 <= .

2 1,2 =

3 2,3 —

4 3,2 <—

5 2,1 —
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Example

11,27 {13} {23} {34] {45] {47} {56} (5.7}

1 2 3 456 7

3,1
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1,2
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7

3.1 <= .

3,2 <—
2,1 —

1,3 —

3,4 = .

~[ oo B o= S
N
[
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7

3.1 <= .
1,2 = .

3.2 <—
2,1 —
1,3 —

oo N o o B wf | =[S

4,5 = 0
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7

3.1 <= .
1,2 = .

3,2 <—
2,1 —

1,3 —

3,4 = .

4,5 = .
5,6 = .

©| oo N o| G B W N =S| =
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7
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3.2 <—
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Example

1 2 3 456 7

3,1

1,2

3,2

2,1

1,3

3,4

4,5

5,6

6,5

T4

=
2| 8| o] o~ oo & w| N =] S|

5,7
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Example

1 2 3 456 7

3,1

1,2

3,2

2,1

1,3

3,4

4,5

5,6

6,5

T4

5,7

| | |
ol 2| 8] ©| o N| o o | w| N =S

7.4
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7
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1,3 —
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Example

{12} {1,3} {23} {3.4} {45} {47} {56} {57}|1 2 3 4 5 6 7

3,1 <= .
1,2 = °
2,3 —
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2,1 —

1,3 —
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4,5 = .
5,6 = .
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11 | {5,7 = .
12| {7,4
13 | {4,7
14| {7,5 —

©| oo N o| G B W N =S| =

LT
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Example

r {1,2} {1,3} {2,3} {3.4} {45} {47} {56} {57}[1 2 3 4 5 6 7
0 .

1]{31 <= .

2 1,2 = .

3 2,3 —

4 ]{3,2 —

5 2,1 —

6 1,3 —

7| {3.4 = °

8 | {45 = °

9 5,6 = .
10 [ {6,5 <

11| {5,7 = .
12| {7.4 <

13| {4,7 =

14| {7,5 Py

15| {5.4 =
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Example

r {1,2} {1,3} {2,3} {3.4} {45} {47} {56} {57}[1 2 3 4 5 6 7
0 .

1]{31 <= .

2 1,2 = .

3 2,3 —

4 ]{3,2 —

5 2,1 —

6 1,3 —

7| {3.4 = °

8 | {45 = °

9 5,6 = .
10 [ {6,5 <

11| {5,7 = .
12| {7.4 <

13| {4,7 =

14| {7,5 Py

15| {5.4 =

16 [ {4.3 —
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Length of a walk

Definition

Let p(u,v) be a u—v walk (resp. directed walk resp. quasi-walk) in an edge
weighted graph G = (V, H, c) (resp. digraph 8 =(V,H,q)).

The length of the walk (resp. quasi-walk) p(u, v) or the cost of the walk
(resp. quasi-walk) is the sum of edge weights of all edges in p(u,v),

wheras the edge weight is added so many times how many times corresponding
edge occurs in the walk p(u, v).

The length of the walk p(u, v) will be denoted by d(p(u, v)).
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Length of a walk

Definition

Let p(u,v) be a u—v walk (resp. directed walk resp. quasi-walk) in an edge
weighted graph G = (V, H, c) (resp. digraph 8 =(V,H,q)).

The length of the walk (resp. quasi-walk) p(u, v) or the cost of the walk
(resp. quasi-walk) is the sum of edge weights of all edges in p(u,v),

wheras the edge weight is added so many times how many times corresponding
edge occurs in the walk p(u, v).

The length of the walk p(u, v) will be denoted by d(p(u, v)).

Remark

Definition of a walk allows also trivial walk having only one vertex. The length
of such a walk is zero.
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Length of a walk

Definition

Let p(u,v) be a u—v walk (resp. directed walk resp. quasi-walk) in an edge
weighted graph G = (V, H, c) (resp. digraph 8 =(V,H,q)).

The length of the walk (resp. quasi-walk) p(u, v) or the cost of the walk
(resp. quasi-walk) is the sum of edge weights of all edges in p(u,v),

wheras the edge weight is added so many times how many times corresponding
edge occurs in the walk p(u, v).

The length of the walk p(u, v) will be denoted by d(p(u, v)).

Remark

Definition of a walk allows also trivial walk having only one vertex. The length
of such a walk is zero.

Remark

Last definition defines also the length of trail, path, cycle and all directed
variants of these notions, since all are special cases of walk.
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Di¥ka tahu, dizka cesty

T Remark

Definition of length can be simplified for trail, cycle etc. i.e. for instances
of walk with no repeated edges as follows:

The length d(u(u, v)) of a trail (quasi-trail, path or quasi-path) p(u, v)
is the sum of edge weights of all edges of p(u,v), i. e.

du(wv)= 3 c(h).

hep(u,v)
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i Di¥ka tahu, dizka cesty

T Remark

Definition of length can be simplified for trail, cycle etc. i.e. for instances
of walk with no repeated edges as follows:

The length d(u(u, v)) of a trail (quasi-trail, path or quasi-path) p(u, v)
is the sum of edge weights of all edges of p(u,v), i. e.

du(wv)= 3 c(h).

Remark

Sometimes it is useful to define the length of a walk u(u, v) in a graph
G = (V,H), resp. digraph 8 = (V, H), which is not edge weighted. In
mentioned case, the length of a walk p(u, v) is defined as the number of
edges of the walk p(u, v).

Such defined length of walk is identical with the length of the walk in an
edge Weighted graph (resp digraph) G' = (V, H, c), where c(h) =1 for

ever! ,g
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Shortest path in graph and digraph

Definition
Shortest u-v path in an edge weighted graph G = (V,H,c) (resp. in an
arc weighted digraph G = (V, H,c)) is that u-v path in G (resp. that

directed u-v path in E ), which has the least length.

Agreement

@ All shortest path algorithms will be formulated for arc weighted
digraphs G = (V, H, ¢) with nonnegative arc weight c(h) > 0.

@ We will suppose that 0 ¢ V.
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Shortest path in graph

Shortet path in a non directed graph G = (V, H, c¢) can be found
as the shortest path in digraph G = (V, H, <), in which

H is the set of directed edges containing for every non directed
edge h = {u,v € H} two directed edges (u, v), (v, u), both with
the same edge weight equal to c(h) = c({u, v}), i.e

C(u,v) = (v, u) = c(h).
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Fundamental shortest path algorithm

T Algorithm
Fundamental point-to-all shortest path algorithm. This algorithm will find
all shortest u—v directed paths from a fixed vertex u € V into all reachable
vertices v € V in an edge weighted digraph ¢ = (V, H, c) with nonnegative
edge weight c(h) (and where 0 ¢ V).
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Fundamental shortest path algorithm

T Algorithm
Fundamental point-to-all shortest path algorithm. This algorithm will find
all shortest u—v directed paths from a fixed vertex u € V into all reachable
vertices v € V in an edge weighted digraph 8 = (V, H, ¢) with nonnegative
edge weight c(h) (and where 0 ¢ V).
@ Step 1. Initialisation.
Assign two labels t(i) a x(i) for every vertex i € V.
{Label t(i) is upper estimate of the till now the best found u—i path and
x(i) is it’s last but one vertex.}
Set t(u):=0, t(i):=oc0 forie€ V, i#uax(i):=0forallicV.

. v
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Fundamental shortest path algorithm

T Algorithm
Fundamental point-to-all shortest path algorithm. This algorithm will find
all shortest u—v directed paths from a fixed vertex u € V into all reachable

vertices v € V in an edge weighted digraph 8 = (V, H, ¢) with nonnegative
edge weight c(h) (and where 0 ¢ V).
@ Step 1. Initialisation.
Assign two labels t(i) a x(i) for every vertex i € V.
{Label t(i) is upper estimate of the till now the best found u—i path and
x(i) is it’s last but one vertex.}
Set t(u):=0, t(i):=oc0 forie€ V, i#uax(i):=0forallicV.

@ Step 2. Find out if there exists an arc (i,j) € H, for which it holds
t(j) > t(i) + c(i,J). (3)
If (i,j) € H is an arc for which it holds (3), set:
t(j) == t(i) + c(i,j), x():=i
and GOTO Step 2.

. v
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Fundamental shortest path algorithm

T Algorithm
Fundamental point-to-all shortest path algorithm. This algorithm will find
all shortest u—v directed paths from a fixed vertex u € V into all reachable

vertices v € V in an edge weighted digraph 8 = (V, H, ¢) with nonnegative
edge weight c(h) (and where 0 ¢ V).
@ Step 1. Initialisation.
Assign two labels t(i) a x(i) for every vertex i € V.
{Label t(i) is upper estimate of the till now the best found u—i path and
x(i) is it’s last but one vertex.}
Set t(u):=0, t(i):=oc0 forie€ V, i#uax(i):=0forallicV.

@ Step 2. Find out if there exists an arc (i,j) € H, for which it holds
t(j) > t(i) + c(i,J). (3)
If (i,j) € H is an arc for which it holds (3), set:
t(j) == t(i) + c(i,j), x():=i

and GOTO Step 2.

@ Step 3. If for no arc from (i,j) € H holds (3), STOP. &
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Fundamental shortest path algorithm

he shortest u—i path can be constructed backwards using labels x(i) as
the path going trough vertices

i, x(7), x(x(1), x(x(x(7))), ..., u

This shortest path can be written in form:

(s X)), (X)), X)) X)),

arc

(X(X(i)),x(i)),x(i)7 (x(i), i), i
~—_——— ———

arc arc

Finite value of label (i) after algorithm stopped represents the length of
the shortest u—i path.

If t(/) = oo, the the vertex i is unreachable from vertex u.
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Notation of shortest path

Agreement (about notation)

Array x( ) contains after finishing a shortest path algorithm for every vertex

i € V, such that t(i) < oo pointer to the last but one vertex of the shortest u-i
path.

Suppose that x( ) is the array of pointers obtained by a shortest path algorithm.
We define recursively X(k)( j) for j € V as follows:

o x(j) = x(j)

o x(j) = x(x" ()

K)( - .
xXPG) = x(x(. .. x(j) .- .))
N——
k-times
Then the sequence of vertices of the shortest u-j path can be written in reverse
order like this:

. 1), - 2) /- k) —
Js X( )(J)7 X( )(J)v X( )(J):uv
hence the shortest u-j path traverses through vertices

u=x00), x4 G, L xP0), xPG),
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Principle of fundamental algorithm

Theorem
Fundamental algorithm will stop after a finite number of steps for
arbitrary digraph G = (V, H, c) with nonegative arc weight.

till now t() .

X(j) — predposledny vrchol ]

tejto cesty x(i
t() - jej dizka 0o B
X[X()] c(i,))
X{X[X(J.]}/ t(|)

L !

N TR )
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Principle of fundamental algorithm

Theorem
Fundamental algorithm will stop after a finite number of steps for
arbitrary digraph G = (V, H, c) with nonegative arc weight.

Doteraz najlepsia u—j cesta t() .

X(j) — predposledny vrchol ]

tejto cesty x(i
t() - jej dizka 0o B
X[X()] c(i,))

x{;m o~ x(i) tejto cesty
X1 1) - jej dizka

/ i Doteraz najlepsia u—i cesta
u x(i) — predposledny vrchol
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Principle of fundamental algorithm

JTheorem

Fundamental algorithm will stop after a finite number of steps for
arbitrary digraph G = (V, H, c) with nonegative arc weight.

Doteraz najlepsia u—j cesta t() .
J

x(j) — predposledny vrchol Ak t(j) > t(i)+c(i.),
tejto cesty x(j) nasli sme lepsiu cestu do j
@

t(j) - jej dizka ato
X[X()] c(i,j) modru u-i cestu predizent
x{x[x(Jl]}/ (i) o hranu (i,j)
/ /i Doteraz najlepsia u-i cesta
u 0\ _ x(i) — predposledny vrchol
OO X0 tejto cesty

t(i) - jej dizka
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Principle of fundamental algorithm

JTheorem

Fundamental algorithm will stop after a finite number of steps for

arbitrary digraph

= (V, H, c) with nonegative arc weight.

Doteraz najlepsia u—j cesta
X(j) — predposledny vrchol

tejto cest i
t(j) - jejJ dizka / X(J)O
X))
)
u -
XX ()1} X[x()] X(i)

tQ) . e
I AKt() > t()+c(i.),
nasli sme lepsiu cestu do j
ato
c(i,j) modrd u—i cestu predizend
. 0 hranu (i,j)
t(i)

Zmenime znacky takto:
t() = t(i) + c(i.))
x() =i
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Principle of fundamental algorithm

Theorem
Fundamental algorithm will stop after a finite number of steps for
arbitrary digraph ¢ = (V, H, c) with nonegative arc weight.

Mame novu zlepsenu i {0 = 1) + (i
u-j cestu s dizkou 0 (i) + c(i.))
t(i)+c(i,j) a predposlednyry
vrcholom x(j)=i. c(is)

— x() =i L0

<

O X0
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

“l

h 1(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5.1) (5,2) (5,6)
c(h)| 30 30 10 60 80 20 30 90 150
h=0)ti)ch)] 1 2 3 4 5 6
t(v)Ix(v)
- [oo oof oo oof O] oof |
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
c(h)| 30 30 10 60 8 20 30 90 150

h=()t)cMm] 1 2 3 4 5 6
t(v)Ix(v)

- oo oo| oo oo 0] oo
(5,1) 0 30[30/5

|
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
c(h)| 30 30 10 60 8 20 30 90 150

h=0)ti)ch)] 1 2 3 4 5 6

30 t(v)lx(v)
02— =@
l a - oo oo| oo oo 0] oo
20 (5,1) 0 30{30/5
1 (5,2) 0 90 90|5
80
0 ©
60
3 150
30| L =B
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
c(h)| 30 30 10 60 8 20 30 90 150

h=(i,j) t(i) c(h)| 1 2 3 4 5 6
30 t(v)[x(v)
e a ——ry
l a - oo oo| oo oo 0] oo
20 (5,1) 0 30[305
1 (52) 0 90 90[5
%0 (5,6) 0 150 150[5
90  (®)150[5] |
60
3 150
30) S )
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Arc weight table for digraph 8
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
c(h)| 30 30 10 60 8 20 30 90 150

A=)t cmM[ 1 2 3 4 5 6
30 t(v)[x(v)
90|5(2)—*—==()120|2
! | - oo oo| oo oo 0] oo
20 (5.1) 0 30/30[5
1 (52 0 90 90[5
%0 (56) 0 150 150]5
90 (©1505| [ (1,3) 30 30 60[1
60|1 (2,4) 90 30 1202
60
3 150
30] L =B
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
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Example. Searching for all shortest paths for vertex 5.

Arc weight table for digraph 8

h |(1,3) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6)
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Arc weight table for digraph 8
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i Dijkstra’s algorithm

T Algorithm
Dijkstra’s point-to-point shortest path algorithm
This algorithm will find shortest u—v directed path from a fixed vertex
u € V into a fixed vertex v € V in an arc weighted digraph
= (V, H, c) with nonnegative arc weight c(h) (and where 0 ¢ V).

V.
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Dijkstra’s algorithm

T Algorithm
Dijkstra’s point-to-point shortest path algorithm
This algorithm will find shortest u—v directed path from a fixed vertex
u € V into a fixed vertex v € V in an arc weighted digraph
= (V, H, c) with nonnegative arc weight c(h) (and where 0 ¢ V).

@ Step 1. Initialization.
Assign two labels t(i) a x(i) for every vertex i € V.
{Label t(i) is upper estimate of the till now the best found u—i path
and x(i) is it's last but one vertex.}

Every label t(i) can be temporary — it can change in the course of
computing, or it can be final — it contains the length of shortest
u—i path and it can not change.

Set t(u) :=0, t(i) ;=00 fori € V, i # u and x(i) := 0 for all
ieV.

Set pivot vertex r := u and declare label t( ) assigned to pivot
vertex r = u as final. Declare other labels as temporary.

V.
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Dijkstra’s algorithm

T Algorithm
Dijkstra’s point-to-point shortest path algorithm
This algorithm will find shortest u—v directed path from a fixed vertex
u € V into a fixed vertex v € V in an arc weighted digraph
= (V, H, c) with nonnegative arc weight c(h) (and where 0 ¢ V).

@ Step 1. Initialization.
Assign two labels t(i) a x(i) for every vertex i € V.
{Label t(i) is upper estimate of the till now the best found u—i path
and x(i) is it's last but one vertex.}

Every label t(i) can be temporary — it can change in the course of
computing, or it can be final — it contains the length of shortest
u—i path and it can not change.

Set t(u) :=0, t(i) ;=00 fori € V, i # u and x(i) := 0 for all
ieV.

Set pivot vertex r := u and declare label t( ) assigned to pivot
vertex r = u as final. Declare other labels as temporary.

V.
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Dijkstra’s algorithm

Algorithm ( - continued)

@ Step 2. Ifr=v, STOP.

If t(v) < oo, then the label t(v) is equal to the length of the
shortest u—v path, which can be constructed in reverse order from
vertex z v using ponters x(i).

Otherwise for all arcs (r, j)) such that (r,j) € H*(r) do:
Ift(j) > t(r) + c(r,j), then t(j) := t(r) + c(r,j), x(j) :==r .
Keep all chainged labels as temporary.
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Dijkstra’s algorithm

Algorithm ( - continued)

@ Step 3. Find vertex i with minimal temporary label t(7).

Declare the label t(i) as finite and set the new pivot r := .

{If there are more vertices having minimal label t( ) equal to t(i),
only one label can be declared as minimal and chosen as pivot.
Other vertices with minimum label t( ) will be declared as final and

chosen as pivots one by one in following steps of computation.}
GOTO Step 2.

&

v
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Dijkstra’s algorithm

Algorithm ( - continued)

@ Step 3. Find vertex i with minimal temporary label t(7).

Declare the label t(i) as finite and set the new pivot r := .

{If there are more vertices having minimal label t( ) equal to t(i),
only one label can be declared as minimal and chosen as pivot.
Other vertices with minimum label t( ) will be declared as final and
chosen as pivots one by one in following steps of computation.}
GOTO Step 2.

&

v

Remark

If we change the stop condition in Step 2. of algorithm as follows:

If all labels t( ) are final, STOP,

we get a point-to-all version of Dijkstra’s algorithm which computes all
shortest paths from fixed vertex u to all reachable vertices.
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Dijkstra’s algorithm — Example

20

N

rox(r) t(r)] 1 2 3 4 5 6
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Dijkstra’s algorithm — Example

oo|— 30 = @ oo|—

20
4
80
0|— 10 00| —
60
3 20
00| — ool —
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - - Joof oo 0] oo oof oo ]
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Dijkstra’s algorithm — Example

40[3

0|]—

20

e oo|—

1 2 3 4 5 6

t(v)Ix(v)

oo oof 0] oo oof oo

| 403 80[3 603 oo
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Dijkstra’s algorithm — Example

40[3 0~ 80[3

0|— 10 0| —

3 20

oo|— e oo|—
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - - Joof oof O] oof oof oo
3 - 0 |oo] 403 80[3 60|13 oo
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Dijkstra’s algorithm — Example

403 0~ 80[3

0|— 10 0| —

3 20

00— L 60|3

rox(r)y t(r)| 1 2 3 4 5 6
t(v)Ix(v)
- - - foof oof O oof oof o9
3 - 0 |oo 403 80[3 603 oo
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Dijkstra’s algorithm — Example

403 0~ 80[3

0|— 10 0| —

3 20

00— L 60|3

rox(r)y t(r)| 1 2 3 4 5 6
t(v)Ix(v)
- - - foof oof O oof oof o9
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Dijkstra’s algorithm — Example

403 0~ 80[3

0|— 10 0| —

3 20

00— L 60|3

rox(r)y t(r)| 1 2 3 4 5 6
t(v)Ix(v)
- - - foof oof O oof oof o9
3 - 0 |oo 403 80[3 603 oo
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Dijkstra’s algorithm — Example

40[3 30 =2 702

00— L 60/3

rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - - Joof oof O] oof oof oo

3 - 0 |oo] 403 80[3 60|13 oo

2 3 40 | o0 7012 50|12 oo
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Dijkstra’s algorithm — Example

40[3 30 >Q2) 702

00| e 50/2

rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - - Joof oof O] oof oof oo

3 - 0 |oo] 403 80[3 60|13 oo

2 3 40 | o0 7012 50|12 oo
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Dijkstra’s algorithm — Example

40[3 30 >Q2) 702

00| e 50/2

rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - - Joof oof O] oof oof oo
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Dijkstra’s algorithm — Example

4013 0 _—qg P
20
4
80
0|— 10
60
3 20
00| e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - - Joof oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
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Dijkstra’s algorithm — Example

4013 0 _—qg P
20
4
80
0|— 10 0| —
60
3 20
80|5 B U 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - - Joof oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
5 2 50 | 805 7012 7005
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Dijkstra’s algorithm — Example

40[3 0 g P
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60
3 20
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Dijkstra’s algorithm — Example

40[3 0 g P
20
4
80
0— 10 70(5
60
3 20
80|5 e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - - Joof oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
5 2 50 | 805 7012 7005
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Dijkstra’s algorithm — Example

40[3 0 __@ 72
20
4
80
0— 10 70(5
60
3 20
80|5 e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - - Joof oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
5 2 50 | 805 7012 7005
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Dijkstra’s algorithm — Example

40[3 30 ~@ 702

20
4
80
0— 10 70(5
60
3 20
80|5 e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - oo oof O] oof oof oo
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Dijkstra’s algorithm — Example

40[3 30 ~@ 702

20
4
80
0— 10 70(5
60
3 20
80|5 e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)

- - oo oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
5 2 50 | 805 7012 7005
4 2 70 | 805 705
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Dijkstra’s algorithm — Example

Stanislav Palich, Fakulta

40[3 30 ~@ 702

20
4
80
0— 10 70(5
60
3 20
80|5 e 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)[x(v)
- - oo oof O] oof oof oo
3 - 0 |oo 403 80|13 603 oo
2 3 40 | o0 7012 50|12 oo
5 2 50 | 805 7012 7005
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Dijkstra’s algorithm — Example

Stanislav Palich, Fakulta

403 30 @ 70)2
20
4
80
0— 10 70(5
60
3 20
80|5 0 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)Ix(v)
- - - ool ool 0] oo oo o
3 - 0 |oco| 403 80|3 60|13 oo
2 3 40 | o© 702 50[2 oo
5 2 50 | 80|5 70|2 70
4 2 70 | 80|5 70
6 5 70 |80/5
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Dijkstra’s algorithm — Example

40[3 30 ~@ 702

20
4
80
0— 10 70(5
60
3 20
80|5 0 50/2
rox(r)y t(r)| 1 2 3 4 5 6
t(v)Ix(v)
- - - ool ool 0] oo oo o
3 - 0 |oof 40[3 80[3 60[3 oo
2 3 40 | oo 7012 5012 o~
5 2 50 | 80/5 702 70|5
4 2 70 | 80/5 70(5
6 5 70 | 80|5
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Distance matrix

Definition
A real function d defined on cartesian product V x V i called a metrics
on the set V, if it holds:

© d(u,v) >0 forevery u,v € V and d(u,v) =0 if and only if u = v.
@ d(u,v) =d(v,u) forevery u,v € V.
© d(u,w) <d(u,v)+d(v,w) for every u,v,w € V.
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Distance matrix

Definition
A real function d defined on cartesian product V x V i called a metrics
on the set V, if it holds:

© d(u,v) >0 forevery u,v € V and d(u,v) =0 if and only if u = v.
@ d(u,v) =d(v,u) forevery u,v € V.
© d(u,w) <d(u,v)+d(v,w) for every u,v,w € V.

Definition
Let G = (V, H,c) be a connected edge weighted graph resp. let

= (V, H,c) be a strongly connected arc weighted digraph, c(h) > 0.
The distance of vertices u,v € V d(u, V) is the length of the shortest
u—v path.
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Distance matrix

1 Remark
Since we have admitted trivial u—u path (containing single vertex u
having zero length), the distance d(u,u) =0 for every u € V.
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Distance matrix

1 Remark
Since we have admitted trivial u—u path (containing single vertex u
having zero length), the distance d(u,u) =0 for every u € V.

Theorem

If ¢(h) > 0 in a connected graph G = (V, H, c) then distance function
d:V xV — R is a metrics on the vertex set V.
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i Distance matrix

1 Remark
Since we have admitted trivial u—u path (containing single vertex u
having zero length), the distance d(u,u) =0 for every u € V.
Theorem
If ¢(h) > 0 in a connected graph G = (V, H, c) then distance function
d:V xV — R is a metrics on the vertex set V. )
Remark
Last theorem does not hold in digraphs — in digraphs need not hold
d(u,v) =d(v,u)).
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i Distance matrix

1 Remark
Since we have admitted trivial u—u path (containing single vertex u
having zero length), the distance d(u,u) =0 for every u € V.

Theorem

If ¢(h) > 0 in a connected graph G = (V, H, c) then distance function
d:V xV — R is a metrics on the vertex set V.

Remark

Last theorem does not hold in digraphs — in digraphs need not hold
d(u,v) =d(v,u)).

Remark

If graph G is disconnected, resp. digraf E) is not strongly connected then

it is possebl to define d(u,v) = oo for u € V, v € V such that v is not
reachable from u.

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinskd univerzita Paths in Graphs

29/48



Radius, center and eccentricity of a graph

Definition
Leth G = (V,H,c) be an edge weighted connected graph, c(h) > 0. We
define:

eccentricity of vertex v € V' e(v) = max{d(u,v) | v € V}
radius of graph G r(G) = min{e(v) | v € V}
diameter of graph G d(G) = max{e(v) | v € V}
Every vertex of graph G with minimum eccentricity e(v) is called

a central vertex of graph G, the set of all central vertices of graph is
called center of graph G.
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Radius, center and eccentricity of a graph

Definition

Leth G = (V,H,c) be an edge weighted connected graph, c(h) > 0. We
define:

eccentricity of vertex v € V' e(v) = max{d(u,v) | v € V}
radius of graph G r(G) = min{e(v) | v € V}
diameter of graph G d(G) = max{e(v) | v € V}

Every vertex of graph G with minimum eccentricity e(v) is called

a central vertex of graph G, the set of all central vertices of graph is
called center of graph G.

Remark

It can be easily shown that:

d(G) = max{d(u,v) |ue V,ve V}
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i Floyd’s distance matrix algorithm

~ 1 Algorithm

Floyd’s algorithm Distance matrix algorithm in an edge weighted graph or
digraph G = (V, H, c), where c(h) > 0.

@ Step 1. Create a matrix C = (c;j) with entries defined as follows:

ci=0 forall ieV

and for all i, j such that i # j

o delig), i i j} € H, resp. (i.j) € H
Y 00, if{i,j} ¢ H, resp. (i,j) ¢ H

Create a matrix X = (x;) with entries:
xij=1 forall ieV

and for all i, j such that i # j

i if{i,j} € H, resp. (i,j) € H
" oo, if{i,jt ¢ H, resp. (irj) ¢ H
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Floyd’s distance matrix algorithm

- T Algorithm ( - continued )

® Step 2. Forallk=1,2,...,n=|V|:
For all i # k such that cy # oo, and for all j # k such that ¢;; # oo do:
If cij > cik + cx the set:

Cij i= Cik + Ckj

Xijj = Xkj
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Floyd’s distance matrix algorithm

- T Algorithm ( - continued )

® Step 2. Forallk=1,2,...,n=|V|:
For all i # k such that cy # oo, and for all j # k such that ¢;; # oo do:
If cij > ci + ci; the set:

Cij i= Cik + Ckj

Xijj = Xkj
&4
Matrix C is the distance matrix of graph, resp. digraph G after finishing Floyd's
algorithm.
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Floyd’s distance matrix algorithm

- T Algorithm ( - continued )

® Step 2. Forall k=1,2,...,n=1V|:
For all i # k such that cy # oo, and for all j # k such that ¢;; # oo do:
If cij > ci + ci; the set:
Cjj = Cik + Ckj

Xijj = Xkj

&

y

Matrix C is the distance matrix of graph, resp. digraph G after finishing Floyd's
algorithm.

Matrix X contains for every pair i, j last but one vertex of the shortest i—j path
after Floyd's algorithm stops.
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Floyd’s distance matrix algorithm

- T Algorithm ( - continued )

® Step 2. Forallk=1,2,...,n=|V|:
For all i # k such that cy # oo, and for all j # k such that ¢;; # oo do:
If cij > ci + ci; the set:

Cij = Cik + Ckj

Xijj = Xkj

&

Matrix C is the distance matrix of graph, resp. digraph G after finishing Floyd's
algorithm.

4

Matrix X contains for every pair i, j last but one vertex of the shortest i—j path
after Floyd's algorithm stops.

If we need to find shortest i—j path we can make use of matrix X of pointers as
follows:

Last but one vertex ji of i—j shortest path is j;1 = xj. Last but two wertex from
behind is j> = xj;, last but three is j3 = x;j;, etc. until starting vertex i is
reached.
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Floyd’s distance matrix algorithm — Example

iigraf ¢ = (V, H, c) represented by diagram in the following picture.
Our task is to compute corresponding distance matrix using Floyd's
algorithm.

Matrix C
L [ 1 2 3 4 5]
1 0 6 3 2
3 4 2 | oo 0 5 oo 00
2 3o oo O co 7
4 || oo 3 00 0 4
5 1 0o 00 0 0
Matrix X
L [ 1 2 3 4 5]
1 1 1 1 1 o
2 | oo 2 2 oo 00
3|l co ™ 3 00 3
Obr.: Digraph 8 (V,H,c). 41l co 4 oo 4 4
5 5 coO 00 o0 5
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Floyd’s distance matrix algorithm — Example

Matrix C

L] 2

3
3
5
0
00

os~glB|w

Ewgoc\
g
Eoggwh

=88 8|e

Matrix X

5

I
1

2
1
2
[
4

o s wRlY

g
ngwn—w
nagg.-p

=888

Stanislav Palich, Fakulta riadenia a informatiky, Zilinskd univerzita

Paths in Graphs

34/48



Floyd’s distance matrix algorithm — Example

Matrix C Matrix C
after step 2 with k =1

[lTif2 3 4 5[] [[1[2][3 4 5]
10| 6 3 2 oo 106 3 2
2|lco| O 5 o0 o 2|loco[ 0| 5 oo oo
3||oco| co 0 oo 7 3{loco|co| 0 oo 7
4/lcol 3 oo 0 4 4|loo| 3 |[cc] O 4
5[ 1 |[oo][oo][oc] O 5011714 3 0
Matrix X Matrix X

after step 2 with k =1
[[il2 3 4 5] [Ji[2]3 # 5]
11| 1 1 1 oo 111|111 1 oo
2||oco| 2 2 oo oo 2|lco| 2| 2 oo oo
3l c0c 3 oo 3 3|loco|oo| 3 o 3
4|lcc| 4 oo 4 4 4lloc| 4 |[oo] 4 4
5| 5 [[oo][oe][ee] 5 s[s{1[ 1T 1 5
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Floyd’s distance matrix algorithm — Example

Matrix C Matrix C Matrix C
after step 2 with k =1 after step 2 with k =2
[MTif2 3 4 5[ [[1[2]3 4 5] [[1 2[3[4 5 ]
10| 6 3 2 oo 106 3 2 110 61(3]2 |0
2|loco| O 5 o o 2|loo| 0| 5 o0 oo 2|0 0 [5|co [o0]
3||oco| co 0 oo 7 3{loco|co| 0 oo 7 3lco 0|0l 7
4lloc| 3 o0 0 4 4|loo| 3 |[cc] O 4 4[co 3 (8]0 4
5[ 1 |[oo][oo][oc] O 5|1|7] 4 3 0 51 71(4/3 0
Matrix X Matrix X Matrix X
after step 2 with k =1 after step 2 with kK =2
[M1[2 3 4 5] [[1[2]3 4 5] [J1 2[3[4 5 |
1|1 1 1 1 oo 111 1 1 111 1111 o]
2||oco| 2 2 oo 00 2lloo| 2| 2 oo oo 2000 2 2|00 [0
3llco| 0 3 oo 3 3|loco|oo| 3 o 3 3loo oo|3|co 3
4lloc| 4 o0 4 4 4lloc| 4 |[oo] 4 4 4o 4 (2|4 4
5| 5 [[oo][oe][ee] 5 5[5/1[ 1T 15 5|5 1(1]1 5
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Floyd’s distance matrix algorithm — Example

Matrix C
after step 2 with k =3

11 23[4]5 ]

1[0 [o] 3] 2 [0
2lco 0 5loco| 12
3lco o© Ojoco| 7
400 3 8| 0| 4
5|1 [7]4][3] 0
Matrix X

after step 2 with k =3
L[t 2 3[4[ 5 |

1)1 [1]1] 1] [3]
2lco 2 2|oco| 3
3|0 oo 3|oco| 3
4o 4 2|4 4
5[5 [1]1]1] 5
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Floyd’s distance matrix algorithm — Example

Matrix C Matrix C
after step 2 with k =3 after step 2 with k =4
[[1 23[4]5 [ [[1 23 4[5]
1l o [6]3]2 110 5 3 216
2|00 0 5|oo| 12 2|[o] O 512
300 oo 0|oo| 7 3|[00][o0] 0 [0}l 7
4lco0 3 8|0 4 4flco|l 3 8 0 |4
5/ 1 43 0 501 6 4 3]0
. Matrix X

after st'g/;laatZrl\i(vii(l'l k=3 after step 2 with k =4
[Tt 2345 ] L[t 23 4]5]
] L
2|00 2 2|oo| 3 3 E3

3loo oo 3loo| 3 3|[00 ] [o0] 3 [o0]| 3
dlcc 4 2[4 4 Alloo] 4 4 4 |4
551 TS 55 4 1 1|5
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4 Floyd’s distance matrix algorithm — Example

Matrix C Matrix C Matrix C

after step 2 with k =3 after step 2 with k =4 after step 2 with k =5

[T 23[5] [IL 23 a[5] [[L234 5 ]

1] 0 32 1(]10 1] 0 5 3 2|6 1/0 5 3 2 6

200@500 2|[0] 0 5[o0]|12 2(13 0 515 12

4lco 3 8|0 4 4llco| 3 8 0 |4 45 380 4

51 [7]4[3] o 5/ 1 6 4 3 |0 5/1 643 0

. Matrix X Matrix X

after st';/;laatZrl\i(vii(l'l k=3 after step 2 with k = 4 after step 2 with k =5

[T essfsy L[f z3sps] [LI123¢ 51
1] 1 4 1 1 |4

1)1 [1]1] 1] [3] 2] 2 2[=|3 2|5 221 3

2lo0 2 2|co| 3 333 35 431 3

3|c0 © 3|co| 3 4 45 42 4 4
| 4 4 4 |4

4lco 4 2|4 | 4 S5 1 15 55 411 5

5[5 [1]1]1] 5
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Floyd'’s distance matrix algorithm — Example — Results

i-th row of resultin matrix X contain pointers for
construction all shortest i-j paths.

Le us search for the shortest 3-4 paths.

x3,4 =1 — last but one vertex of searched
path is vertex 1

x3,1 = b — last but two vertex is vertex 5

x3,5 = 3 — vertex 3 is the starting vertex of
searched path

Shortest 3-4 path is (3,(3,5),5,(5,1),1,(1,4),4) and its length is ¢34 = 10.

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinska univerzita

Matrix C
after step 2 with k =5
[ J1 2 3 4 5]
110 5 3 2 6
2|13 0 5 15 12
316 13 0 10 7
415 3 8 0 4
5| 1 6 4 3 0
Matrix X
after step 2 with k =5
[[1 2 35 & 5]
1]1 4 1 1 4
2 5 2 2 1 3
3|15 4 3 1 3
41 5 4 2 4 4
5 5 4 1 1 5
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Floyd'’s distance matrix algorithm — Example — Programm

Example
Floyd’s algorithm:
for(k=1; k <= n; k++)
for(i=1; i <= n; i++)
for(j=1; j <= n; j++)
if(c[i,j] > c[i, k] + c[k,j])
{ clij] = cli, k] + [k, jl;
x[i,j] = x[k,j}; }

The number of elementary operations following statment if in inner cycle
for(j=1; ...) (printed in blue) can be limited from above by a fixed
number K. This statement will be executed n3 times. The number of
elementry steps of Floyd's algorithm can be limited from above by Kn3.
Hence Floyd's algorithm is an O(n®) algorithm.
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i Label-set a Label-correct implementation

—1 Algorithm
Label-set a Label-correct implemention of point-to all shortest path
algorithm from a fixed starting vertex u € V into all vertices v € V in
an arc weighted digraph 8 = (V, H,c) with c(h) > 0. Suppose 0 ¢ V.
@ Step 1: Initializtion.
Set t(u):=0, t(i) ;=00 fori € V, i # u and x(i) := 0 for all
ieV.
Set £ .= {u}.
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i Label-set a Label-correct implementation

—1 Algorithm
Label-set a Label-correct implemention of point-to all shortest path
algorithm from a fixed starting vertex u € V into all vertices v € V in
an arc weighted digraph 8 = (V, H,c) with c(h) > 0. Suppose 0 ¢ V.
@ Step 1: Initializtion.
Set t(u):=0, t(i) ;=00 fori € V, i # u and x(i) := 0 for all
ieV.
Set £ .= {u}.

® Step 2: Extract a vertexr € &, set £ :=E& — {r}.
For all arcs (r,j) such that (r,j) € H*(r) do:
If t(j) > t(r) + c(r,j) then

t(j) ;= t(r) + c(r,j), x(j) :==r, E:=EU{j}.
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i Label-set a Label-correct implementation

—1 Algorithm
Label-set a Label-correct implemention of point-to all shortest path
algorithm from a fixed starting vertex u € V into all vertices v € V in

an arc weighted digraph 8 = (V, H,c) with c(h) > 0. Suppose 0 ¢ V.

@ Step 1: Initializtion.

Set t(u):=0, t(i) ;=00 fori € V, i # u and x(i) := 0 for all

ieV.

Set £ .= {u}.
® Step 2: Extract a vertexr € &, set £ :=E& — {r}.

For all arcs (r,j) such that (r,j) € H*(r) do:

If t(j) > t(r) + c(r,j) then

t(j) ;= t(r) + c(r,j), x(j) :==r, E:=EU{j}.

@ Step 3: If€ # ) GOTO Step 2.

If & = () then t(i) is equal to the length of the shortest u—i path for
every vertex | reachable from u.

Corresponding shortest u—i path can be created making use of

snitor raicn ROINEErS X( ) in the same way as in prior shortest path algorithms.

>

Bs/48



Label-set a Label-correct implementation

If we extract in the second step of last algorithm pivot r € £ arbitrarily
without any rule we get implementation of fundamental algorithm called
label correct algorithm.

If we extract in the second step of last algorithm pivot r € £ with the
least value of label t( ) we get implementation of Dijkstra’s algorithm

called label set algorithm.

It is convenient to organize the set £ as priority queue for label set
algorithm.
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Label-set a Label-correct implementation - Example

h 1(1,3) (1,7) (2,4) (3,2) (3,5 (43) (46) (51) (52) (56) (61) (7,3)
c(h)[ 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
[- [ 00]0 0|0 0]0 o00]0 o0[0 ocol0 o]0 |3
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Label-set a Label-correct implementation - Example

h 1(1,3) (1,7) (2,4) (3.2) (3,5 (43) (46) (51) (52) (56) (61) (7,3)
c(h)[ 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.(3 0 10|3 60|3 25
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Label-set a Label-correct implementation - Example

h [(1,3) (1,7) (2.4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)

c(h)[ 20 120 30 10 60

80 10 30

90 150 20 40

rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.3 0 10|3 60|3 25
2.2 10 402 5 4

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinska univerzita
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Label-set a Label-correct implementation - Example

h 1(1,3) (1,7) (2,4) (3,2) (3,5 (43) (46) (51) (52) (56) (61) (7,3)
c(h)[ 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.(3 0 10|3 60|3 25
2.(2 10 202 5 4
3.[5 60905 2105 716
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Label-set a Label-correct implementation - Example

h [(1,3) (1,7) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)
c(h)| 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)| 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.3 0 10(3 603 25
2.2 10 402 5 4
3.(5 60905 21005 416
4[4 40 504 16
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Label-set a Label-correct implementation - Example

h [(1,3) (1,7) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)

c(h)| 20 120 30 10 60 80 10 30 90 150 20 40
rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.(3 0 10|3 60|3 25
2.2 10 402 5 4
3.(5 60905 21005 416
4[4 40 504 16
5.1 90 21011]6 7
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Label-set a Label-correct implementation - Example

PN

h [(1,3) (1,7) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)
c(h)] 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)| 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 00l0 o0|0 0]0 ool0 0|0 0|0 0|0 |3
1.3 0 103 60|3 25
2.(2 10 402 5 4
3.5 60(90]5 210[5 416
4.14 40 50/4 16
51 90 21011]6 7
6./6 50|70]6 71

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinskd univerzita Paths in Graphs 40/48



Label-set a Label-correct implementation - Example

PN

h [(1,3) (1,7) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)
c(h)] 20 120 30 10 60 80 10 30 90 150 20 40

rot(r)| 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 00l0 o0|0 0]0 ool0 0|0 0|0 0|0 |3
1.3 0 103 60|3 25
2.(2 10 402 5 4
3.5 60(90]5 210[5 416
4.14 40 50/4 16
51 90 21011]6 7
6./6 50|70]6 71
7.7 210 1

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinskd univerzita Paths in Graphs 40/48



Label-set a Label-correct implementation - Example

PN

A [(1.3) (L7) (,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)
c(h)| 20 120 30 10 60 80 10 30 90 150 20 40
rot(r)] 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 0|0 o0[0 0]0 oo|0 ool0 o]0 o]0 |3
1.3 0 10|3 603 25
2.2 10 402 5 4
3.(5 60905 21005 416
4[4 40 504 16
51 90 210[1|6 7
6.6 50|70|6 71
7.7 210 1
8.1 70 190[1 |7
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4 Label-set a Label-correct implementation - Example

h [(1,3) (1,7) (2,4) (3,2) (3,5) (4,3) (4,6) (5,1) (5,2) (5,6) (6,1) (7,3)
c(h)| 20 120 30 10 60 80 10 30 90 150 20 40
rot(r)| 1 2 3 4 5 6 7
t(v)|x(v) the set £
- 00l0 o0|0 0]0 ool0 0|0 0|0 0|0 |3
1.3 0 103 60|3 25
2.(2 10 402 5 4
3.5 60(90]5 210[5 416
4.14 40 50/4 16
51 90 21011]6 7
6./6 50|70]6 71
7.7 210 1
8./1 70 190[1|7
9.7 190
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Cycle with negative cost in a digraph

T Algorithm
Algorithm for searching a cycle with negative cost in an arc weighted
digraph 8 = (V, H, c) with general arc cost.
@ Step 1: Initialization.
Set t(i) := 0 and x(i) := 0 for all i € V.
Set&:=V.
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Cycle with negative cost in a digraph

T Algorithm

Algorithm for searching a cycle with negative cost in an arc weighted

digraph 2 = (V, H, ¢) with general arc cost.
@ Step 1: Initialization.
Set t(i) := 0 and x(i) := 0 for all i € V.
Set&:=V.

@ Step 2: Extract r € £, set £ := € — {r}.
For every arc (r, ), (r,j) € H'(r) do:
Ift(j) > t(r) + c(r,j) then

set t(j) := t(r) + c(r,j), x(j) :=r, € := EU{j} and try whether vertex j

is an element of sequence:

x(7), x(x()), x(x(x(1))); ---

If yes you have just found a cycle with negative cost containing vertex j.

STOP.
If no then GOTO Step 3.
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Cycle with negative cost in a digraph

T Algorithm
Algorithm for searching a cycle with negative cost in an arc weighted
digraph 2 = (V, H, ¢) with general arc cost.
@ Step 1: Initialization.
Set t(i) := 0 and x(i) := 0 for all i € V.
Set £ :=V.
@ Step 2: Extract r € £, set £ := € — {r}.
For every arc (r, ), (r,j) € H'(r) do:
Ift(j) > t(r) + c(r,j) then

set t(j) := t(r) + c(r,j), x(j) :=r, € := EU{j} and try whether vertex j

is an element of sequence:

x(7), x(x()), x(x(x(1))); ---

If yes you have just found a cycle with negative cost containing vertex j.

STOP.
If no then GOTO Step 3.

@ Step 3: If€ # 0 then GOTO Step 2.

If € = () then STOP. Digraph E) does not contain a cycle with negative

Stanislav Palich, E@ita riadenia a informatiky, Zilinskd univerzita Paths in Graphs
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Cycle with negative cost in a digraph

Remark
The sequence
x(j), x(x(7)), x(x(x(j))), ---
in the second step of last algorithm is necessary to enumerate until it

contains vertex j or such vertex k = x(x(...x(j)...)) for which it holds
x(k) =0.
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)|x(v) the set &€
0|0@ [- [00 0j0 00 00 00 [12345 |
_40 0|0
|
10 XY = x(x(--. x(J) - x() - )
N——’
k-times
0jo [T () PG P60 <G <) |

0/0
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)|x(v) the set &€
- 00 00 00 00 00 12345
0jo ® 110 2345

i x() xP0G) O3 PG xO)

<;@
0 00
0/0 |
B 1o xW () = x(x(...x(j) ... x(j)...))
k-times
0[0
6
0[0
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 2 5
t(v)Ix(v) the set £
- 00 00 0o 00 00 [12345
1.1 0 2345
2.12 0 345
0|0
10 <Oy = x(x(.. . x(j) .- x() - )
—
k-times
0|0 i x() xP0G) O3 PG xO)
1. -
2. -

0[0
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)Ix(v) the set £
- 00 00 00 00 00 [12345
0|0 @ 1.1 0 2345
2.12 0 345
33 © —40[3 45
10
-40 0.|0
—I0\3 ‘
1 10 xO(G) = x(x(...x(j) ... x() - -.))
k-times
0|0 j X(_j) X(2)(j) X(3)(j) X(4)(]) X(5)(J)
1. -
2. | -
6 3 4 3 0
0|0
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)|x(v) the set &€
- 00 00 00 00 00 |12345
-3014 () T[T 0 2345
2,12 0 345
33 0 —40[3 45
74 —40 —50[4 —30/4 52
-40 0/0
® |
[ AIG) = x(x(...x(J)...x().-.))
—_———
k-times
50/ i x0) D0 PG IG) xOG)
1. -
2. | -
6 3.1 4 3 0
4. | 2 4 3 0
4. | 5 4 3 0
0[0
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Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)|x(v) the set £
- 00 00 00 00 O 12345
-304+ @ 110 2345
2,12 0 345
33 0 —40[3 75
4.4 —40] —504 —30[4 5 2
5.15 0 2
0/0
-40 O|
k . .
xG) = x(x(..x(j) ... x() )
10 —
k-times
_s0l4 i xG) P60 XOG) DG xO0)
1. -
2. | -
6 3.1 4 3 0
4. | 2 4 3 0
4. | 5 4 3 0
0|0 5.1 -
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4 Cycle with negative cost in a digraph — Example

rot(r)] 1 2 3 4 5
t(v)|x(v) the set &£
- 0/0 0|0 0]0 0[0 00 (12345
—30|4 1.1 0 2345
‘ @ 2.12 0 345
3.3 0 —40|3 45
4.14 —40 —50|4 —30/4 52
5.15 0 2
—40[2[_6.]2 —50 —40/2 3
k _ .
XY = x(x(-.. x(j) .- x() )
10 ——
k-times
G)_ <0G _xPG)_xDG)_<P()
—50/4 1| -
2. -
3. | 4 3 0
6 4 2 a4 3 0
4. 5 4 3 0
0[0 > | -
6. 3 2 4 3
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Cycle with negative cost in a digraph

Floyd's algorithm 6 (page. 117) can be modified so that it will find
a negative cycle in the case of a digraph with general arc weights.
It suffices to define initial matrix C in step 1. as follows:

o c(i,j), ak{i,j}eH, resp. (i,j)eH

P |oo,  ak{i,j}¢H, resp. (i,j)¢H
Matrix C contains (by contrast to standard Floyd's algorithm) oo on
main diagonal.
Matrix X stays without change.

Step 2. is the same.
Attention! It is necessary to change elements on main diagonal, too!!!

As soon as a negative number ¢j; appears on main diagonal we have
recovered a negative cycle containing vertex j

This cycle can be constructed using matrix X.
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Example

T Example
It is necessary to find out whether digraph represented by following diagram
contains a cycle with negative cost.

We write matrices C and X and execute several times step 2. of Floyd’s
algorithm for k = 1,2, 3.

Development of matrices C a X is illustrated on following tables.

10 @

10
N

Obr.: Digraf k prikladu 2.
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C Cpok=1 Cpok=2 Cpok=3
oo 10 oo oof| oo 10 ©||loco 10 20 oof|-10 0 20 30
o© oo 10 cof|oo oo 10 oco||loo oo 10 ool||-20 -10 10 20
-30 oo 10| (-30 -20 10{|-30 -20 -10 10||-30 -20 -10 10
0O 00 00 O||oo 0o 00 oo||ow o 0 oo||oco oo oo oo
X Xpok=1 Xpo k=2 Xpok=3
- 1 - - - 1 - - - 1 2 - 3 1 2 3
- - 2 - - - 2 - - - 2 3 1 2 3
3 - - 3 3 1 - 3 1 2 3 3 1 2 3

After computing third couple of matrices C, X negative number -10 appears on
entry ¢33 what suffices for constatation that examined digraph contains a

negative cycle containing vertex 3.
Third row of pointer matrix X says that last but one vertex of this cycle is

x33 = 2 last but two vertex is x3o = 1 and in front of it is vertex

is first and also last vertex of cycle.
Searched cycle with negative cost is:

3,(3,1),1,(1,2),2,(2,3),3.

Stanislav Paliich, Fakulta riadenia a informatiky, Zilinska univerzita
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4 Path with largest reliability

— Definition

Let G = (V,H,c) be a graph where edge weight c(h) represents the
reliability of edge h (reliability — probability of successful travel along the
edge h), i.e. 0 < c(h) <1.

Let p(u,v) be a u—v path.

The realiability s(u(u, v)) of path wp(u,v) is defined as follows:

su(w )= [ <(h).

hep(u,v)

u—v u—v path with maximal probability is that u—v path u(u,v),
which has maximum relibility from all u—v paths.

Theorem

Let G = (V,H,c) be a graph where c(h) > 0 is the reliability of edge
heH.

u—v path p(u,v) is the u—v path with maximum reliability in

G =(V,H,c) if and only if u(u, v) is the shortest path in graph

G = (V, H,¢) with edge cost T fulfilling €(i,j) = —log, (c(i,})) (where

Szanis/aZP.ych]_F)kuﬁa riadenia a informatiky, Zilinskd univerzita Paths in Graphs
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Path with largest reliability

Most reliable u-v path
The goal: to maximize

s(u(u,v)) = [T <h)

hep(u,v)

The shortest u-v path

The goal: to minimize

d(p(u,v)) = D c(h)

hep(u,v)
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Path with largest reliability

Most reliable u-v path
The goal: to maximize

s((uv) = JT <h)
hep(u,v)
d(p(u, v)) is maximal <
& logd(u(u, v)) is maximal. The shortest u-v path
The goal: to minimize

d(p(u,v)) = D c(h)

hep(u,v)
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Path with largest reliability

Most reliable u-v path
The goal: to maximize

s(u(u,v)) = [T <h)
hep(u,v)

d(p(u, v)) is maximal <

& log d(p(u, v)) is maximal.
gd(u(u,v)) The shortest u-v path

The goal: to maximize The goal: to minimize
log s(p4(u,v)) =log ] c(h) =D logc(h) d(u(u,v)) = S c(h)
hep(u,v) hep(u,v) hep(u,v)
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Path with largest reliability

Most reliable u-v path
The goal: to maximize

s(u(u,v)) = [T <h)
hep(u,v)

d(p(u, v)) is maximal <

& log d(p(u, v)) is maximal.
gd(u(u,v)) The shortest u-v path

The goal: to maximize The goal: to minimize
log s(p4(u,v)) =log ] c(h) =D logc(h) d(u(u,v)) = S c(h)
hep(u,v) hep(u,v) hep(u,v)

Z log c(h) is maximal <

hep(u,v) o= Z |ogc _je minimal.
hep(u,v)
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Path with largest reliability

Most reliable u-v path
The goal: to maximize

s(u(u,v)) = [T <h)
hep(u,v)

d(p(u, v)) is maximal <

& log d(p(u, v)) is maximal.
gd(u(u,v)) The shortest u-v path

The goal: to maximize The goal: to minimize
log s(p4(u,v)) =log ] c(h) =D logc(h) d(u(u,v)) = S c(h)
hep(u,v) hep(u,v) hep(u,v)

Z log c(h) is maximal <
hen(u,v) & Z log c(h) je minimal.
hep(u,v)
The goal: to minimize Z —log c(h)

hep(u,v)
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