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Integrals

Basic integrals

/dm = / ldz =z +¢, for xeR (ie. f(x)=1, z€R). [c = constant]
o+
r*dr = c, for a€eR,a# —1,xeR— {0}.
/ a+1 i 7 {0}
d
/ T—ln\ | + ¢, for xe R — {0}.
x
f'(z)
o dr=hlf@) e for f(@)#0.2€D()
/e‘” dr = — + c, for a€R,a#0,x€ER, special case: /e”s dr =e"+ c.
/ +c, for a >0,a#1, z€R, special case: /e‘rdx: . +c=¢e"+ c
lna Ine
cos ax . :
/bm ardr = — + ¢, for a€R,a+#0, xER, special case: /sm rdr = —cosx + c.
a
sin ax . .
/cos ardr = + ¢, for a€R,a#0,x€R, special case: /cosa:dx =sinx + c.
a
_ tgax dz
/ _ 8t + c, for aeR,a#O,xeR—{(ijLl) kEZ} special case: / =tgx + c.
00%2 ax a cos?
dx cotg ax dx
/ —— = — & + ¢, for a€R,a#0,xeR—{kr; keZ}, special case: / —5— = —cotgz +c.
sin” ax a sin® x
T
arcsin — + ¢,
dx |al
— = for a€R, a#0,xe(—|a|; |al).
a2 — 12 x
—arccos — + ¢,
al
/ de —ln‘ 2?2 —a?l+c for a€R, a#0, x€(—00; —|al) U (Ja|; 00)
\/m 9 ? ? b ) *
dx
7:1n<x+\/1:2+a2)+c, for a€R, a+#0, z€R.
/ Vi?+a? 7
1 x
—arctg — + ¢,
dx a a
/ = for a€R,a+#0, xeR.
x? +a? X
——arccotg — + ¢,
a a
dz 1 1 1 1 r—a
= [ — — der = —1 °, f €R, 0, ze R — {Z£a}.
/:172—(1,2 /2(1{:17—(1, :17+(1} YT % rta e o a7 0@ {a}
. cosh ax . .
/smh ardxr = + ¢, for a€R,a#0, xR, special case: /smhxda: = coshx + c.
a
sinh ax ) )
/coshar dr = + ¢, for aeR,a+#0,z€R, special case: /cosh rdr = sinhx + c.
a
_t h d
/ 5 gnat + ¢, for a€R,a#0,x€ER, special case: / x2 =tghz + c.
cosh” ax a cosh” x
sotgh ax d:
/ — = _fotenar + ¢, for a€R, a# 0, xeR— {0}, special case: / . L; = —cotghz + c.
sinh® ax a sinh” x
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Integrals

Basic integrals — Appendix

( 1 bl x
mal(‘smm—}—
dz / dz la| al
/7: —_— = for a,bER—{O},xE(
2 p2p2 a b b
va b2z 1b| /b_j_xz . bz H H
—mdl(LObW—F

a2
In|x + ﬁ—i—cl

+c =

' b x + Vb?x? — a?
!b\ 0]

/m /‘b‘\/i 6]

b2x? —

1
ln )\b! In ‘|b| x4+ Vb*a? — (1,2‘ +c,

(o]
for a,be—{0}, z€ (—oo; —%) U (‘,Z" oo)

ln\b! + cCl =

ol ol

/ dx / dx 1 | )2y @ a? N 1 bl z + V22?2 + a? N
— = | ———=—In|=x x c n ¢ =
Vb2t + a? 0] /22 + & 0] b? Ll 0] 1

1
\b[ In <]b]x+ 62x2+a2> ol ln\b] +c = o ln(\b|:{;+\/b2:1:2+(1,2) +c, for a,be R — {0}, z€R.
)
106 bx 1 bx
b2 dl(tg—+C— %dl(tg——t—c
dx dx
— = f be R —{0 R.
/bﬂx2+a2 /62(x2+b2) or bl i0) e

1 . bx . 1 . bx .
———arccotg — + ¢ = —— arccotg — + ¢,
\  12q & a ab & a

dx dz 10 r— 3 1 br —a a
/bQIQ—CLQ /62(:152—‘;—3) 22a T+ 3 T ot br +a T or a,b€R—{0}, z€R b
da dx 1 br —a 1 br +a a
S [ In 3 for a,be R — {0}, R—{i—}.
/CLQ—bZIQ /b2x2—a2 2abn br + a T2 |br—a T or b€ {0}, z€ b
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Integrals

In (2x+q+2\/x2+qx+r) +c¢, forqreR, 4r—q¢* >0, T€ER,
dz 9 q
———————— =< In|2z+¢q| +c, for ¢, reR, 4r —q* =0, xGR—{——},
Vat+qr+r 2
111‘2:E+q+2\/:172+q:17+r‘+(z, for g,re€R, 4r —¢* <0, x€R, 22 +qx +7r > 0.
\
9 (2, 4\? _q_27 5, 4\2 4r — q? q 5 2 4q+2v/a2+qr+r
x+qm+r_(z: +2) tr 4—(1: +2)+ o eroHVe = .
(1
7111 (2px+q+2\/]—9\/px2+qx+r) + ¢, for p,q,r€R, p >0, 4pr —¢*> >0, TER,
p
1 9 q
— In|2pz + q| + ¢, for p,g,reR, p>0, dpr —q¢° =0, rteR—< —— ¢,
VP 2p
1 1 2 p 2 f nr o N
/ A - % 11’ pr + q + 2/p\/px +q.z+r’—}—(,,
Vpr? 4+ qr+r for p,g,r€R, p>0, 4pr —¢> <0, z€R, pr*+qr+7r >0,
( 1 . 2pr+q .
- arcsin ——— + ¢,
VP \ q? — 4pr
for p,q,r€R, p<0, 4pr —¢*> <0, x€R, pr’+qx+r>0.
1 2px +q n
——— arccos ————— + ¢,
S

p>0:

> o 4T a\',r ¢ g\ | dpr—¢° a\* - 4pr
prot+qr+r=plzt+t-r+—-)=p|T+ )] t-——5|=p|T+5 | +—F——=p|\ T+ ] ——F——
pp 2p p  4p 2p 4p 2p 4p
q q 2px + q + 2/p\/pr? + qr 47
D x+—>—|— pr2+qr+r=ap+—+Vpr?+qr+r=
\/—< 2p VP 2,/p 2P
/— q _ q
p<0: p<$+£>2_QQ_4pT=q2_4pr—(—p)<m+£>2 p<x+2p>: i $+2P>_ 2pz +4q
2p 4p —4p 2p) 7 q2744p7” \/q? — 4dpr \/q? — 4pr
—Ip
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Integrals

Substitution

Theorem.

fle)eCI),z=p(t), ted, o) C 1, ¢(t)eC(J) = VteJ: /f(z) dz = /f[gp(t)}dgo(t) = /f[,o(z‘)],o’(z‘) dt.

r =sint, t=arcsinrx = dx =costdt
/\/1—:172(1:1;: S :/COSQtdt:
\/1—:702:\/1—sin2t:vcos2t:\Cost]:(:ost, ze(—-1;1) = te(—a; 5)
1+ cos 2t t sin2t t 2sintcost arcsinz v 1 — 22
/ 5 2—1— 1 +c 2+ 1 +c 5 + 5 + ¢, or ze(—1;1)
= sint ! sin” ¢
/sinStcostdt: d,f: cbol;ltdt :/x?’dx:%%—c: SH; +c, for teR.
Ve+1=t
, ‘ 5 3
/\/ 1(1"7\3/ : :/ de S=| 1=t :/721(1; :6/f+di _
’ \ 6 6
r+1+ v+ (\/x—l—l) +(«/x+1) dp — 615 d
B+t -t —t+t+1-1 B+12 P+t t+1 1
:6/+ s dt:6/ AL e e df =
t+1 t+1 t+1 t+1 t+4+1
1 A
= t*—t+1l———|dt=6|=-——=+t—Inft+1 =
/[ + t+1] {3 5+ nl|t -+ ‘:|+C
3 2
=2(Va+1) =3(Va+1) +6Va+ —61n’1+\6/x+1’+c:
=2V +1-3vVr+1+6Var+ —61n‘1+\6/13+1‘+c, for x> —1.
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Integrals

/ dx B e —t,t>()1f _/ dt - 4 — 4 wdu 2/ » )
. \/5+4cl“_ lent,dx:% o 5+ 4 4dt = 2udu L2 2 = um—

V5 V5 dv

u = 1—) — dU:_ 1)2 5 71,>0 v v —\/gd/U 2 d/U

-2 — —
/ VEVEVZ+1 02 V5 v2 + 1
Vo4 u?= 5+%=§\/02+1, v>0
v v

2 2 Vi |5 2 VE VB4 u?
\/gn v+vuvr+l)+a \/§n<u+ u2—|—>+cl \/5n<u+ " )+01

2 545+ u? 2 2
:__mwﬂl:—[1nu—1n<\/5+\/5+u2)}+c1:—[1n(4t)%—1n<\/5+\/5+4t)}+c1:
NG u V5 V5
2 1 1 1
= Sh(der) —In (VB + V5 +aer) | 4o = \7 Shdsine’ —In (Vi + V540 ) | ¢ =
d @ _2 <\/_—|—\/5—|—4e)—|— t_ 2, (\/3+\/5+4o~)+ for z€R
= —+ —= * c — — —=1In T c, or x .
N \/5 T V5
V5 w? 5 5
T _ 2 _ v x _ 4 L9 2 _
/7(1"/' _ CELdt=w u=SE = == = U T T / —2dv_
VDO +4e® _ / 5
v = V5 , a;zlni:1n5—ln4—21nv — dz = 2dv 5+44v2
2\/e 49?2 v
2 dv 2 NG 5
2[4 vV HT) e = -2l +1) 4o =
N R \/_ < Y5 (2\/e$ 4ex ) !
2 V5+/Etder 2 VB Etder 2 { 1
=——1In 4+c¢=——In . +c=—— ln<\/g+\/5+4e$)—1n2——lne$ +c =
V5 NG NG 2 (ev)? V5 2

2 In 2 x 2 x 2
f+\/5+4ex)+c 111<f+\/ +4el)+( for xeR.
7t v RV ’
beerb@frcatel.fri.utc.sk 9 http://frcatel.fri.utc.sk/“beerb/



Integrals

ar + b

cr + d dz for ad — bc#0

/‘ ]L' l' m

m m—1
az b m ar+b atm™ —b mt™ " (ad — be)
tituti _n — "= — T = == dr = dt
Substitution = 4/ +d cr +d a— ctm (@ — ct™)?

6 _
/ dz _/ dz IR AR _/ 61> dt _6/ Bdt
Ve+1+vVe+1 (Ve+1)’ + (Vo +1)° dr — 645 dt 3+ t2 t+1

3 2 42 1-1 3 2 2 1 1 1
:6/t+t tt+t+t+ dt:6/[t+t _t+t+t+ B }dt:6/{ —t+1——]dt:

1 t11 i+l i+l 11 (11
B3 42 3 2
:6{§—§+t—ln\t+1\] c=2(Vaor1) =3 (Va+1) +6Vat —61n)1+\6/x+1’+c:

=2V +1-3vVe+1+6vVr+ —6111‘1+\6/:17+1‘+c, for x > —1.

/ﬁ e L e

\/1_|_\/_ V1 -z 11—z
l-z=u x £ 20(1+12) — 22t 2t dt
resp. — 42 — 42 _ 42 p—  — . At =
dr = — du P - t° = z=1t"—uat* = =x P — dax ERRE t 177
, T , t-2tdt u? 2 dt 14+12 -1
= [(1—2)2de— dr=— [uzodu— | = 2 —— _— 2 /u-2 [ _—dt=
fomortas- [\Ta= futau [ =t e [ g = viee [
2v/1 2/ 1 ! dt 2v1 2 |larctgt 1actt L ¢ -+
= — —x — — = — — T — r — —ar - = c=
1+ (1t SET MOl T oy

x r+1—2x 1 t ;
t2+1:L+1:T+ - — :(1—1:),/%:\/(l—x)m:\/x—mQ

1—2 1—=2 1—=x 2 +1

c=—2v1—x — arctg % + Ve —2?2+ec, for x€(0; 1).
—x

-
2 +1
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Integrals

/ f(x,Vaz?+br +c)de for a#0

First Euler substitution: vaz?2 4+ bx +c=t+x/a fora >0 = t=Var2+br+cFazva

t? —c t2\/a +tb F c\/a
— ar’+brtc=t"+2rvatar? = 1= ——— — dx:2$ Vatthy \/_d
bF 2ty/a (b F 2t\/a)?
var?+bx +c g
Second Euler substitution: v/ az? +bx +c=at++/c for c>0 = t= 0z $ b+ cF Ve
x
x +2t\/c — b +t2\/c —tb+ a\/c
— ax® +br + ¢ = 2% £ 2t /e + ¢ %m—% = dz =2 \( 7y \[d,
a — a —
pra— vt? — au 2ta(u — v)
Third Euler substitution: ¢ = a if u,v are real roots of the ax? +bx +c=0 = T = 2 a4 = dz = m dt

2 _ g2
1-st: Vat+al=t—z = 2> +d>=t>-2Azx+2°> = Ar=1t>—-a> = z= 2ta
dx 2 2 2 2 2 2 2 2 2 2
e t*—a t“+a 2t - 2t — 2(t* — a®) 2t + 2a t“+a =
s ) 2 4 _ — _ — _
/ :EQ n a2 x4 +ac =t o = oy , dx = 4{2 dt = 4{2 dt = 21‘2 dt

Va2 +z2>vVae2>r = Vai+r2—r>0 = ln‘x+\/a2+x2‘:ln(x+ a2+:1:2)

2t t*+a? dt
:/m%dt: 7:1n|t|+c:ln‘x+\/9&2+a2)+c:1n(x+Vx2+a2>+c, for a€R, x€R.
. 9 7 42—
du 2-nd: Va2 —z?2 =xt+a = a® — 2% = 2%? + 2tza + o? él‘:ﬁfal, PR S .
9 _ x —
/\/a?—:c? —2t%a a(l —t?) —2a(t? + 1) + 2ta - 2t 2a(t? — 1)
Va2 —a? = 0= ———", dx = dt = dt
t2+1 t2+1 (12 +1)2 (t2 4+ 1)?
t24+1 2a(t*—1) dt va2—z%—a
= dt = -2 = —2arctgt = —2arctg —— +c¢
/a(l—tQ) CESE /t2+1 arctgt + ¢ arctg . + ¢,
for a€R, a#0, xe(—|al; |a|) — {0}.
grd: t=,/—— >0 =" 12— 2z = _
/ da B -rd: [ — 1—x> — —1_x:> —,$—$:>£Ii—t2+1 _/t2+1 2t dt B
x(1— ) gy - 2D — 22t 2tdt 2(1—1) = N U W t (P +1)?
(24 1)2 o (241)% S 2+l 241)  (12+1)2

2dt x
:/ = 2arctgt + ¢ = 2arctg %—k ¢, for z(1—2)=2—2>>0 = z>2°> = 2€(0;1).
V1-—x

?+1
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Integrals

. . o T 2dt
Universal trig substitution: ¢ =tg 5 = 1 =2arctgt = dx = 211
. ooin x 2sin £ cos £ 2sinZcosZ  cos ?% 2tg % 2t
= sinx = 281N — COS = = — = - ) = =
2 2 sin® 7 +cos? 5 sin? 2 +cos?g cosT?3 tg?f+1 2 +1
o . ,x  cos?i—sin®Z  cos’f—sin’f cosT? L  1—tg?Li | ¢
= COST = COS" & —SI" = = ——5— e = 9a T e T T 2% =
2 2 sin"§ +cos?§  sin®§ 4cos?§ cosT?g tgti 4+l 1t 41

/ dz " 9 dt 142 /1+t2 2dt / 2dt / 2dt 2l t—1 N
= — _ — — = = = — —_— = —— N |— C =
CoS T ! tg2,dr1: 11 =11 pe 1—1¢21+¢2 1—1¢2 2 —1 2 |t+1

t+1 tgs +1
=In i +c=1n gfi + ¢ for xER—{(Qk%—l)E;kEZ}.
t— tgg —1 2
dx z 2dt 1—¢2 2 /1+t2 2dt / x
- = = — ey 3 ey = - T 5 = dt:t :tO‘— .
/1—0—(30&;1: t tg2,dx 1+t2,1+cosx 1+1—|—t2 T 5 112 +c b2—|— C,
for veR—{r+2kn; keZ}.
dx T 2dt 2t / 1+t 2dt / dt x
L T g — - [ g :1‘t —] . for z€ R—{kr: ke Z}.
/sinx t th,daf o S = 2w 11E ; nlt|+c=1In 85 + c or {km }
/ de. x 2dt , 2% 142412 _/ L+ 2dt _/ 2dt
Ttsine | (Tlep =g trsme=lvmme =5 |7 ) Wzt ) 0+
l+t=u du 9 u? 2 2 s
dt = du 2 /u U _1+c c P C gl 1 or 2—|— T
beerb@frcatel.fri.utc.sk 12 http://frcatel.fri.utc.sk/ " beerb/



Integration by parts (per partes)

Integrals

Theorem.

Let f, g be function differentiable on an interval I. Then f¢' is integrable on [ if and only if f’g is integrable on I, and

Veel: /f’(l)g(r) dz = f(z)g(z) — /f(r)g’(r) dz.

/

u 1

= u==zx
arctgx dr =

T
1+z

1
1+ 22

v=arctgx = v =

= xarctgx—/

2 _

dz = tox — — —
T = xarctgx T2 x

1
2 2

1 1
:xarctgx—éln‘1+x2}—|—c:xarctgx—§ln (1+x2) +c=vzarctgxr —Inv1+ 22+ ¢

for xeR.
u=Inr = u’*l
=nz == 3 31 3 2 3 3
/x21nxdx: :1: =—Inz— ——dx:x—lnx— x—dx:—lnt—r—+ c, for = > 0.
. ) a3 3 x 3 3
V=1t = v=—
3
, 1
In u=Ihr = u=- 3 )
—dr = ) xl :2\/511195—2/—dsz\/Elnx—Q/x_idx:
vV V=272 = v=202 g
:2\/§1nx—2-2x%+c:2\/§1nx—4\/5+ c, for = > 0.
2Inx 1
u=Inlg = o =227 2 2917 2 u=Ilnzr = u’:;
/:panmdmz * = In*z— dx:—ln2x—/xlnxdx: i
, _ a? 2 2 2 , N :r_2
V== = v= V== V=
2 2 2] 2 2 d 2 2 x?
:%lrﬂx—{%lnx—/%gdx}:%ln%c—%lnx—f- %z%hﬁx—%lnvaz—F c, for = > 0.

beerb@frcatel.fri.utc.sk
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Integrals

1

v/ =sinz

3T
o . o u = sin
/sm”mdx = /sma:sm” Lyde =

r = v =(n—1)sin" ?zcosz

= UV = —COSZT

= —coszsin" '+ (n—1) /sin”%ccos2 vdr = —coszsin" ' x+ (n—1) /sin”2 z(1 —sin®z)dr =

= —coszsin" tz + (n— 1)/sin”_2xdx —(n— 1)/sin”xdx

:>(i'e'equation) /sin” rdr+ (n—1) /sin” rdr = —cosxsin®™ ' x + (n—1) /sin”_2 rdx

1

.
. cosrsin”" "z n-—1 L
- /sm”’ rdr =— + /sm”’ 2rde, for n=3,4,5,...

n n

, xeR.

v =cosz

n—
_ U = COS
/cos” rdr = / cosxcos" ' xdr =

1 !

r = u =—(n—1)cos"”
= v=sinz

2rsine

=sinzcos" 'z + (n—1) /cos”_2 rsin®zdr =sinzcos" x4+ (n — 1) /cos”_2 2(1 — cos® x)dz =

=sinzcos" 'z + (n—1) /cos"Qxda: —(n—1) /cos”xdx

:>(i'e'equation) /cos” xdx+ (n—1) /cos” rdr =sinzcos" 'z + (n—1) /cos”_2 xdx

1

. .
sinrcos" x n-—1
—2
== /Cos”xd:b = + /Cos” xdux, for n=3,4,5,...

n n

, xeR.

beerb@frcatel.fri.utc.sk
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Integrals

Partial fractions

dt
/7:1n|t]—|—c:hl:1;—a—¢—c, for n =1,
d: r—a=t dt
/4: (Ti jd :/_: foraeR, x€R — {a}.
(x —a)” T =du t f-n (z — a)l-"
/t_"dt: +ec=——"—+4¢ for n=2,3,4,...,
1—n 1—n
dx
=In|lr+1 : f eR—{-1}.
/x+1 nlr+ 1|+ c or x {-1}
1 r—1= . = (z — 1)t
/mdflf: dr = dt :/t dt:l—n+czﬁ+(j’ fOI' 77/:2,3,4,,.TGR—{1}
a 9 a?
dz Thg=t a"=b—"71r>0 dt 1 t 1 T4 2
T rar b = | myar T giie, te= At o ——1c
X ax 0 dIII:dt, o — b—(L2/4 « « (0% _HZ b_114
for a,b,ACR, a®> —4b <0, x€R.
/ dz 2%+ dx + 25 = (x4 2)%2 4+ 21 1 . T+ 5 N 1 . :c+2+ . R
—_ = = arc c=——=arctg—— + ¢ or x€R.
22 + 4 + 25 z+2=t dz=dt e 2 NCTRVOTH
25 — £ 25 — £
dx 1 T+ 2 1 x
/ = arctg 2t c=—arctg— +c, for b >0, r€R.
x2+0b h_ 02 p_ 0 Vb Vb
) \V )
/7(“’ L arete =+ ! z 1{ 5"] ! v Larete &+ for BER, TR
= jharctg — ¢ = arctg — = —— | —arctg — | = s arctg - | = Zarctg - -~ ¢ or » L :
w2+ |8 9] BT T s ®B] T BYEB | BT T8
d:
/ﬁjl = arctgx + ¢, for xeR.
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Integrals

/ r+ A . 1/2x+a+2A—ad 1/ 2 +a d +2A—a/ dx
de == T == x =
(22 4+ azx + b)" 2 (%2 4 ax + b)" 2) (z2+ax+0b)" 2 (%2 4 ax + b)"

1 2A —a T+ 3
—In ‘:)(;2 + ax + b‘ + ¢ arctg Z_toe, forn =1,
2 b (1,2 (1,2
_ 240 =7 Vo T
1 2A —a T+ 5 3—2n)(2A—a lx
- — 2 (8= 2n)( (O/ e forn=2,34,...,
21=n)(z*> +az+b)"' 4(b-2)(1—n)@+ar+b)"" 4(b-%)(1-n)) (@®+az+0b)""

for a,b,A€R, a*> —4b <0 (i.e. 2% 4+ ax + b = 0 has no real roots), z€R.

(

d
—u:1n|u\+c:1n 2’ + ax + b| + ¢, forn =1,
u

2r + a do — 2> +ar+b=u
(22 +ax+bn | Qrta)dr=du |7

d 1=n 1
/—u:/u”du:u +c= 5 — +¢ forn=234,....
AR 1—n (1 —n)(2? + ax + b)"~

a++vVa?—4b
5 )

for a,b€R, zER, v+ —

(12 a

2
. 2 b= a b— —. Z =t 2
/ dx x° + ax + . (ZE+2> + 1 x+2 :/L:i/aidt:

-2 ) n 2 2\ 2 2 2\
(22 + ax + b) a2:b—az>0, a=+/b—a2/4, do=dt (12 4+ a?) o (12 4+ a?)

1 [t 2 _ 2 1 t? 2 1 t? 1 dt 1 t-t
:—/Ldt:—/ﬁdt——/idt:—/i——/idt:
a? (t2 4 a?)n a2 | (24 a?)" a2 | (24 a?)" a2 ) (B+a®)t a? ) (24 a?)n

/ tQ 2\1—n 1 1
=t{t*+a®)™", v= (" +a?) "
2(1 —mn) 2(1—n) (2 +a?)n1

t

u=t, v=1—=v=—-—-—
’ (t2+a2)n

1 a1 1 1 / dt B
a2 24+ a2t a2 [2(1—n) 2+t 2(1—n) ) (2+a?)"! N

T @ {1 i Tl—m} / @ ﬂ?)nl B 2a2<11 “n) P+ ;>

_ 3-2m / dt 1 t
N 202(1 —n) J (2+ o)1 2a%2(1 —n) (2 + o?)" ! N

B 3—2n / dx 1 r+ 3
a (

2 (b - %) (1—n) %2 4+ ax + b)n1 9 (b - %) (1—n) (2% +av + b)n—1’

for a,b€R, a*>—4b<0, n=2,3,4,..., t€R.
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Integrals

/ dz 1 / dz N 1 T+ 1 . T+ N 1 T+ 5 N
— = - arc c,
(#2 +ar+0)*  2(b-2)) 2?2 +axr+b 2(b—2)2*+ar+b Q(b—ﬁ)% ° b_ @ 2(b—<)a?+ax+b

4 4

for a,b€R, a> —4b <0, x€R.

1 ; :17+2+ 1 x4+ 2
— _— = —_— = — — - arct
2, b 1 25 1 25 —4 =21 NG g 51 .21 22 1 4z & 25

+ ¢, for xeR.

/ dx | a
(2442 +25)2 | 2

/ dz l/da:_i_l x 1 t:17+1 x . for b>0. 2R
= [ = arctg — —_— C T X .
(22 +0)2 20 ) 224+b  2b22+b 2vb Vb 2ba24+b ’
dz 1 x 1 x
= arctg= +——— +oc, fi R, R.
/(m2+/32)2 X arc g>;[),—k262.%2+[),2 +c or BER, z€
dz 1 . +1 x . ; cR
————— = —arctgxr + = : r )
@112 27T To o

/ dz B 3 / dz N 1 T+ 5
(22 + ax + b)? _4(b—%) (@2 +ar+0)*  4(b— <) (22 +ax +b)*

+E
") [() R o ] R o e

a
T+ 5

= 5 arctg Hi + — + 1 3 s + ¢,
8([)7% 3 b2 S(b )2 z2+azx+b 4(1)_%) (z2+ax+b)
for a,beR, a®> —4b< 0, zER.
/ dx 3 ; :17+2+ 3 T+ 2 . 1 x4+ 2 N o cR
= arctg c r z€R.
(2 4+4x+25)2 §8-212.4/21 2 V21 8-21222 442 +25  4-21 (a2 +4x+25)2
dx 3 x 3 1 x
__ arctg — + > L~ T . for b>0, z€R.
/ (22 +0)%  812/b e Vb N 82 x%2 4+ b N 4b (22 4 b)? e o re
dz 3 x 3 x 1 x
— = —arctg—-—+ ———+ ————— + ¢, f €ER, reR.
/ PP p s T E e 1R e or feR,
/ dr ) t + S + ! * + f €R
——— = —arctgx + = — c or x€R.
@2+ 137 8 Bt TR 1 T @212 O
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Integrals

/ da B 3—2n / da B T+3 _
(22 +ar+b)"  2(b—2)(1—n)) (@+ar+b)"t 2(b—2)(1—n)(@®+ax+0)"t

4

3o ST dr i ! ot
2(b—2)(1—n) |2(b-2)(1—(n—1)J) (@ +ax+b)m D=1 2(h—2) (1 (n—1)) (2 +az+b)n-D-!
B T+ 5 B
2(b—2)(1—n) @+ ax+b)"!
B (3—2n)(5 —2n) / dx B 3—2n z+4 B
22 ( _%)2(1_71)(2_”) (22 + ax + b)n—2 22 ( _%)2(1_@(2_”) (22 + ax + b)"—2
1 r+35

2 (b - %) (1—n) (2 + ax + b)"! -

for a,b€R, a*> —4b<0, n=3,4,5,..., x€R.

/ dx _3-2n / dz _ 1 T B
(22 +b)"  2b(1—n) ) (22 +b)1  2b(1 —n) (22 + b1

_3—2n 5—12n / dx B 1 x _ 1 x B
C26(1—n) [26(2—n) ) (224+b)"2  2b(2 —n) (22 + b)"2 20(1 — n) (22 + b)n-1

_ (3—=2n)(5—2n) / dz B 3—2n x B 1 x B
C202(1—n)(2—n) ) (@2+b)"2  2262(1 —n)(2—n) (@2 +b)" 2 2b(1 —n) (22 + bt

for b>0, n=3,4,5,..., z€R.

dx 3—2n dx 1 T
= — f =234, ... .
/ (2462 26%2(1 —n) / (22 + 21 2032(1 —n) (a2 + )V or fER, n 3k oy TER

dz 3—2n dx 1 x
_ . : for n=2,3,4,..., T€R.
/ @+ 1) 2(1-n) / @+ D)1 2(1—n) (22 + D)1 o ’

1 1 1
é\tl—l—c: iln’x2+1} +c= éln(xQ—l—l) +ec=Inva?+1+¢ forn=1,
/ xdx ?+1=t /t”dt ¢ cR
- = = = or T .
= c=————+c= ¢, forn=2,3,4,...,
2—n+1 2(1 — n)tnt 2(1—n) (22 +1)"""
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Integrals

Fourier Series

[ taas=o, /abf(m)z—/baf(m)

for all a,be R, f(z)€ R,y [i-e. f(x) is Riemann integrable on (a; b)]

Theorem.

The Fourier series of a function f(x )ER (a;at2r), @€ R is given by

> CcOS N sin nx
f(z) = Ag + { + B, ], for x€(a; a+ 2m),
s %

w2 f (1) atem cos nx atan sin nx
where Ay —/ —=dz, A, = f(x) dz, B, = f(z) dz, neN,
A AR T A

[e.e]
resp. ) & ?0 —1—2 la, cosnx + b, sinnx], for x€(a; a+ 2m),
n=1
1 a+2m 1 a+2m 1 a+2m
where a9 = —/ flz)dz, a,= —/ f(z)cosnxdx, b, = —/ f(z)sinnxdzx, neN.
™ a ™ a ™ a

%[hm f(z) + lim, f( )] ro€(a; a+2m),

T—x I—>IO

A Fourier series converges to the function f(xg) =

f(zo — 2km), zo € (a+ 2km; a+ 27 + 2km)

1
5 {hm f(z)+ lim f(r)} xg =a+2km, keZ.

r—a+2m~

(Function f(z) is a periodic function with period 27 and equals to the original function at the interval (a; a + 27) at points of continuity
or to the average of the two limits at points of discontinuity.)

- 1 > CoS NI sin nx
; ~ = A —_—— + An + B’IL -
) fla) = Ao+ 3 [ 4,552 5, 2

n=1

_ () > [cosnz [oT2" coS N sinnzr [4T7 sin nx
- =/ Ed+z[ e e S [ N ]

1 a-+2m

0 a+2m . a+2m 00
- f(z)dx + Z [COS o / f(z) cosnx dx + e / f(z)sinnx dx] do
2m J, o 7r a a

=5 E a, cos nx + b, sin nx],
T

for z€(a; a+ 2m).
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Integrals

Theorem.

The Fourier series of a function f(z)€ Ria;avary, a€R, 1 > 0 is given by

oo

nmc] for xe(a; a+ 2l),

flz) ~ %—l—; [ancos?—%bnsinT ,

1 nmwT 1 nwT

a+21 a+21 a+21
where ag = 7/ f(z)dz, a,= 7/ f(x) cos wE dz, b, = 7/ f(x)sin e dz, neN.

{(a;a+2l)r—><a;a+27r> — :Ur—>2%27r:? — nxl—>#, neN

)
1
5 [ lim f(x)+ lim f(flj)] , wzo€(a;a+2l),

T—Tq T—I

A Fourier series converges to the function f(xo) = f(zo — 2kl), z0€(a+20; a+ 20+ 2kl),

1
5 {lim+ f(z)+ lim f(a‘)} , To=a+2kl, keZ.
\ r—a

z—at20—

(Function f (x) is a periodic function with period 21 and equals to the original function at the interval (a; a + 2[) at points of continuity
or to the average of the two limits at points of discontinuity.)

(a; a+ 2m) (a+2m; a+ 4m)

A JNAJNAJ\A /.

TS TN [V T AT

(—5l; —3l) (=3l; 1) (=5 1) (L5 31) (3L; 5l)
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Integrals

Theorem.

(i) If f(x) is an odd function, then a,, =0, n =0,1,2,... and the Fourier series collapses to Fourier Sine Series

n=1

2 ™
R~ an sinnz, for xe€(—m;m), where b, = —/ f(x)sinnxdz, ne N.
s

0 l
. nmx 2 . NTT
resp. f(z) ~ an sin ——, forxe(—l;1),1 >0, where b, = 7 / f(x)sin —dz, neN
n=1 LY
(i) If f(x) is an even function, then b, = 0, n€ N and the Fourier series collapses to Fourier Cosine Series

o0 2 T
f(z) = % + 2:1(1“ cosnx, forxe(—m;m), where ag= ;/

s

2 ™
f(z)dz, a, = — / f(z)cosnxdzx, neN.
™ —T

2 [ 2 [ ;
resp. f(x —i—ZanC%@, forze(=1;1),1 >0, where Go—j/ f(:b)d:uan——/ flx cos 2L 4z, ne N

K AAAA A

—u \_L3a \_Sa \_-1 o

(05 1) (=21; 1) (—l70) (0;0) (520

Function fe R,y

Fourier Series

Al m\ ANA L

\/ \\/ "\Sd S \

(=3l; =) (=0

Fourier Sine Serles

A Ao A A

AN/ \/l\/ 0\/\/ \/31\/

(—31; —1) (=15 1) (15 3l)

Fourier Cosine Series

beerb@frcatel.fri.utc.sk 2 ]_
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Integrals

Theorem.

~a+271 27T T
/ f(x)de = / f(x)de = / f(z)dz, for a periodic function f(z)€ Ry, qt2+) With period 27, a > 0.
a 0 -7

a+2m 2m a+2m r=t— 277_7 dr = dt 27 a
/ f(:l:)d:l::/a f(a:)da:+/2 flayde=| 5 102 T :/a f(x)dx+/0 F(t—2m)dt —

™

2T a
—| re—2m =10 |= [ fl@)de+ / F(t)dt =
0

a

" fa)do + /O () da = /O " f@) s

a

2T T
/ flx)dx = f(x)de, for a periodic function f(z)€ R, With period 2m.
0

—T

b r=—t, dx=-—dt —b —a a
/ f(x)dz = 4 —a, b —b |= _/ f(=t)dt = f(=t)dt = f(—=x)dz, for f(x)€Rq.p)-
a 4 _ b

—b

4 —a

/ f(z)dz,  for aeven function f(z)€ R4y,
b —a ~b
/ f(z)dz = (—x)dx =

- f(x)dx, foraodd function f(x)€ Ryq,u)-

\ —b

/a f(z)dz + /a f(z)de =2 /“ f(x)dz, for aeven function f(z)€R(_q;q), a >0,
a 0 a 0 0 Jo
[ o= [ paan [ -

—a

—/ f(z)dz +/ f(z)dz =0, for a odd function f(z)€R(_a,a), a > 0.
\ 0 0
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Integrals

- (_1)k+17

sin2kr =0, sinkr =0, sin(2k+ 1)% = (—1)%, sin(2k — 1)% = (—1)k?
for keZ

cos2kr =1, coskm = (—1)F, cos(2k + l)g =0,

for m,ne N, m #n, a€R.

™ a+2m
/ cosnx - cosmx dxr = / cosnx - cosmz dx = (),
a

27
/ cosnx - cosmx dxr =
0 —T

o uw=cosnr = u =-nsinnz ] 9 o
COS NI - sin mx n . i
cosnx - cosmx dxr = . = + — sinnz - sinmx dr =
, Sinmax m m
0 vV =cosmxr = v=—— 0 0
m
uw=sinnr = u =ncosnz
1-0 1-0 n [* , e _
=|———| + — sinnx - sinmxdr = — sinnx - sinmx dz = =
m m m m ;. _ cosmw
0 0 v =sinmr = v=——-—
m
. 2T 2T
n sin nx - cos mx n [ n 0-1 0-1 nz 2"
= — — + — cosnx-cosmxdr | = — |[— + — +—2 cosnz - cosmax dx
m m 0 m Jo m m 0 m? J,

2 2 2

n n

—/ cosnz -cosmzdr = (1—— / cosnz - cosmxdr =0
0 m 0

. . 2
(i.e.equation)
—_— cosnx - cosmx dr =
m?2
0

for m,ne N, m # n.

it n2 m2 — n2 o
l-—=—5—#0= cos nx - cosmax dr = 0,
m m 0
27 T a-+2m
/ sinnx - sinmx dr = / sinnx - sinmx dz = / sinnz - sinmx dr = 0, for m,ne N, m # n, a€R.
0 -7 a
o u=sinnr = u =ncosnx . o o
. . sin nx - cos mx n
sinnx - sinmx dr = . = |- + — cosnx - cosmx dr =
, . Ccos M m m
0 v =8smmr = UV=——— 0 0
m
, .
u=-cosnr = u = -—nsinnz
0-1 0-1 n [ n [*
= |-+ —| + = cosnx - cosmxdr = — cosnx - cosmx dr = =
m m , sin mx
0 0 vV =cosmxr = v=——
m
) 2 2
n cosnx -sinmx 7" n [P i nll1-0 1-017" n2 [* i
= — + — sinnz-sinmzdz | = — | — — — +— sin nz - sinmx dz
m m 0 m J, m| m m |, m? J,

2 27
n . .
)/ sinnz -sinmzdx = 0
0

) X 2 2 2
(i.e.equation) ) . n . .
_— sinnx - sinmxdr = — sin nx - sinmx dz —>
m2 m2
0 0

n2  m?—n2 2
—727&0:>/ sinnx - sinmax dr = 0, for m,ne N, m # n.
0

http://frcatel.fri.utc.sk/ " beerb/
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Integrals

i

cosnx - sin max dx

cosnx - sin mx dx

[ .

a+2m
/ cosnx - sinmax dz
a

0,

for m,neN, a€R.

cosnx - cos mx

2

o u=cosnr = u = —nsinnz
/ cosnz -sinmax dx = / . COS T =
0 V=smmr = U= ————
m
1.1 11 n [*" , 2m
= |-+ —| - — sinnz -sinmxdr = ——
m m m J, m J,
. . 27-‘-
n sin nx - sin mx n .
= —— - — cosnz - sinmx dzx
m m 0 m J,

n?

. . 27
(i.e.equation) )
— cosnx - sinmz dr =
m?
0

m? — n?
2

21
#0—= / cosnx - sinmx dx = 0,
0

21
/ cosnx
0

|

m 0

sinnx - sinmxdr =

-sinmx dz —> (

2

n .
sinnx - cosmx dx =

m Jo

uw=sinnr = u =ncosnzx

, sin max
v =cosmxr = v=—
m

27
/ cosnz - sinmx dx
0

n?

L=z

2
) / cosnz -sinmxdz =0
0

for m,ne N, m # n.

o , 1 [ 1| cos2nx 1| cosdnm  cos0 1 1 1
cosnx -sinnxrdr = = sin2nrder = - | —— =—- |- =—|—-——4+—| =0, for m =n.
0 2 Jo 2 2n |, 2 2n 2n 21 2n  2n
. a+2 . . . .
- i at2n sinnz "™ sin (na+2n7) —sinna  sinna — sinna
cosne dr = cosne dr = cosnrdr = |—— = = =0, forneN, a€R.
0 —T a n a n n

cosnx

sinnz dz

=

21 T a+2m
/ sinnx dx / / sin nx dx
JO J =T a

at2r  cosna — cos (na+2nmw)  cosna — cosna

=0, forneN, aeR.

n

n

beerb@frcatel.fri.utc.sk
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Integrals

2 T a+2m a+2m
\1”21// 12da::1// 12dx:\// 12dx:\// dz =Va+ 21 —a= V2, for a€R.
0 - a a
2 m a+2m
|cosnzx|| = / cos? nr dr = / cos?nx dr = / cos? nx dxr = /T, for ne N, aeR.
0 -7 a

a+2m a+27 1 9 1 a+2m 1 a+2m I — 1
/ COS2nIdI:/ ydx:§/ dx+§/ COS27L:L’d:E=CL++a+§'OZ7T.

21 T a+2m
|sinnz|| = \// sin? nx dz = ”/ sin? nx dz = \// sin? nz dz = /7, for neN, a€R.
0 - a

~a+27 a+2m 1 — 9 1 a+2m 1 a+2mw a o' —a 1
/a SiDQTM?dJ?:/a de:§/a dx—ﬁ/a cos2nxdx:++—§-027r.
It [ 21
E:t, r=—, dzr=-—dt, x:aﬁtzﬂzb, $:a+2l:>tzwzﬂ+2ﬂ':b+2ﬂ'
l s T l [ l
a+21 nITL b+2m l
cos — dr = — cosntdt =—-0=0, for neN,acR, > 0.
Ja l ™ Jb ™
a+2l ni: l b+27 l
/ sinmdx: —/ sinntdt = — -0 =0, for neN,acR, [ >0.
" [ T J, 7
2 a+2m
N . l [-0
/ COS n7t-cos7n;m(1:1;:—/ cosnt -cosmtdt = — =0, for m,neN, m#n,acR, [ >0.
0 / / T J, T
21 , , a+2m
nwx mmnx [ [-0
/ sin 2% . gin 8 d:I::—/ sinnt -sinmtdt = — =0, for m,ne N, m#n,acR, | >0.
Jo l l T Ja ™
21 a+2mw
nmwx T l [-0
/ cos e - sin e dx:—/ cosnt -sinmtdt = — =0, for m,neN,aceR, [ > 0.
0 l [ T J, s
a+21
11| = / 12dz = y/[2]** = V2, for acR, 1> 0.
) ; a+2l l b+2m l
‘COSEH = / cos? L 4 = —/ cos?ntdt = /-7 = VI, for neN,aceR, > 0.
[ a l T Jp s
T a+2l l b+27 l
sing :\// sin2$dx:\/—/ sin?nt dt = —W:\/Z, for neN,acR, [ >0.
a ™ Jp ™
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Integrals

f(z)=1,2€(0; 2m)

Fourier series

\V]

o0
f(x) ~ f(z) = Eo—l—z [a, cosnz + by, sinnz] = =

n=1

[\]

e} ¢]
ZO cosnx—l—O-sinnx]:l—i-ZO:l, ze(0; 2m).
n=1

n=1

1 [ 2 1 [ 1 [si 2T 1 [sin?2 0 1
ao:_/ de =2 — 9 an:_/ cosnrde = L [smnw} 1 {sm n7r+s1n } Lo 0=0, nen.
T Jo ™ T Jo ™ 0 ™

n n n T
1 [ 1 2r ] 2 0 1T 1 1
bn:—/ sinnxdx:—[—cosnx] == [—COS n7r+cos ] = — {———i——} =0, neN.
T Jo T n 0 T n n T n o n
o : :
xr X
0 s 2 -2 0 2 A7
(0; 27) (—=27; 0) (0; 2m) (27 ; 4m)

flz)=1,ze(—m;m) [f(z) is a even function, i.e. b,=0,n=1,23,...]

Fourier Cosine series

o 2 o o
f(z) ~ :%jtz_:lancosnw:§+;0-cosnx:1+;():1, rE(—m; m).
2 [T 2 2 [T 2 2 |si in0 210 0
ao——/ de = —7 =2, a,L:—/ cosnxdx——{smnw} _{smmr_sm } :—{———} =0, neN.
T Jo s T Jo Tl n |, w[ n n Tln n
Y 1 Y f
: 1 I 1 x
- T —3m - 0 ™ 3
(= m) (=3m; —m) (—m; ) (m; 3m)
1, z€(0;m),
fle)=1,2€(0;m) = f,(x)= 0, x=0, is a odd function, i.e. a, =0,n=0,1,2
-1, z€(—m;0)

Fourier Sine series

. 2[(—=1)"* + 1] sinnx - 4sin (2k—1)a
folz) = folz Zb smnx—z (=D — Z

rTe(—m; ).
n=1 ’ Qk_l ’E<7T’7T>

Fourier Sine series

flz) = fo(z) = iw e iw

= — xe(0: m).
(2k — 1)m T 2k —1 v€(0; m)
k=1 k=1

2 (7 2 (" 2 ™ 2 0 2 - 1
:—/ fo(x)sinnxda::—/ sinnrdr = — [_cosnx} = — |:_COS77,7T+COS } = — [—( ) }
T Jo T Jo us o T s

+ | =
n n n n n
2(1+1) 4 4
—_— = =—— f =2k—1
A e G nm nr (2k— )7’ orn ’
T n nm 2(—1+1
g:()? for n =2k, k€N.
nmw
Yy Yy . r3
1’—10 —e o 1<—joe ——9
Lz €z
—T 0 s —37 - —7 0 ™ i 37
-1 o————— — 91 ——o ~—
(—m; ) (=3m; —m) (—m; ) (m; 3m)
beerb@frcatel.fri.utc.sk 2 6
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Integrals

flz) =2,2€(0; 2m)

Mg

%ﬂt)zf =

/ rdr =
0
21 : 2
page 1 [xsinnx  cosnx
rcosnxdr — — +
73 0

[ee] o0 .
2 sin nx
agp . .
— 4+ [a, cosnx + b, sinnx] = m + E 0-cosnr — —sinnz :W—QE ,  xe(0; 2m).
2 n=1 ] n=1 |: n :| n=1 n < ’ >

272w 2
4
2] ==

>a|~
3| =

™ n n

>1|+~
o

1[ zcosnz sinnzl®™ 1] 2r-1 0 10 2
e de 222 1| 2| 4+ | =-2 npeNn.
/0 Trsinnr dr e - + 2|, - +n2+ - o . n

>4|+~

Y Y
2w 2,
X
s [ ] e [ ) [
X /
0 ™ o T —2r 0 27 ar
(0; 27) (—=27; 0) (0; 2m) (27 ; 4m)

z, ze(0;m)y, . .
flx)=z,2€(0; ) = f.(x)=|z|= o 0 is a even function, b, =0,n=1,2,3,...

Fourier Cosine series ~ &0 > T > — 1 0()% nx T > 4 COS (2k— 1)7T
e\T) = JelT) = — n = — = — — c{—
fe(x) = fo(z) 5 —|—;a cOSNT = 3 Z o 5 ; 2k — 1) r€(—m; )
Fourier Cosine series ~ T > 4 COS (Qk_ 1)7'(— T > COS (2k— 1)7T
)R felr) == — ————=—=-—4 _ €(0;
J@) = Je(r) = 5 ; 2k —1)2x 2 ; k-1 CEm
2 (7 2 [2217 272
— e d = — d = — e = —— = s
7r/Of(gc) /|a:\x /xw W{2h 5 =T
2 2 [zsinnz cosnx]”™ 2 [wsinnm cosnm  0-sin0  cosO
Ap = fe )cosnrdr = — a:cosnxdx—— + > = — + o -— | =
T Jo T n n o T n n n n
2(-1-1) —4 —4
= = f =2k—1
N O Gt P DY ol i n*m w2k -1 ’
T n? n? T n? 2(1—1)
—— =0, for n =2k, k€N.
n4m
Yy
X, ,fe f
xr
—r 0 m —3r - -7 To 7r - 37 T
(05 ) (=3m; —m) (=75 ) (m; 3m)
27 http://frcatel.fri.utc.sk/“beerb/

beerb@frcatel.fri.utc.sk
]



Integrals

fz) =z, ze(—m;m) [f(x)is aodd function, i.e. a,=0,n=0,1,2,...]

00 9] 00 .
I : N 2(—1)ntl —1)" M sinnz
Fourier Sine series f(l‘) ~ f(L’) _ 2 :bn sinne = § : ( ) sinnr = 2 E : ( ) S1N N ’ re <—7T; 7‘_>'
n n
n=1 n=1 n=1

n n? n n?

Lo 1 [ xcosnz sinnz|” 1 [ mcosnm sinnm  —mwcos|[—nmw|  sin[—n7]
b, = — rsinnrdr = — |— +— =—|- + + -
7r n nt | o7

mcosnr 0 wcosnm 0 } 2 cosnm 2(=1)"  2(—1)"*!

n n? n n?

3 |-

2 [T 2 1 2 —1)" 0 0-1 0 2(—1)m+t
resp. bnz—/ xsinnwdx:_{_wcosnijsm;m} :—{—W( ) +—2+———2] :L> neN
™ Jo ™ n n 0 ™ n n n n n
y y
K / s
/ f
- .
0 7f —3m - 0 7'r 3 x
(=m; m) (=3m; —m) (=m; m) (m; 3m)

5 = (—=1)""'sinnx ~ - - — _
Fay=2 S G o, F@) = f@) = o, we (o m), Fom) = fm) = LD _mmb
n=1 n 2 2

™ ™
13 =3
e¢]
~ —1)ntt 1 1 3 1 1 ) 1
f(g) :2;( 73 sin%:2 sing—isinﬁ—i-gsing—Zsin2w+gsin§—ésin3w+---] =
1 1 1 1 1 L (—1)kH
—2|1—=-04+=(-1)—=-0+=-1—=-0 —21—4-—Z+4= =2
{ +5(-1) -0+ - } { oot } DT

~ 00 -1 n+1 00 1 (2k—1)+1 2%k —1 ] 2%k+1 9
Hesp- f(ﬁ>:22( ) Sinn_WZQZ{( 2)k—1 in k2 ! Q)k s Zﬂ N

o [ @k (=17 o[ R N N e DA
_22{%—1sm g T sk | =2 | (DM g0 =2) gy
k=1 k=1 k=1
m TN (T — (—1)kt T = (DR — (1) 11 (—1)m*!
2 f(2) f<2) ;%—1 3 ;2k—1 1 ;277—1 375 7 o — 1
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Integrals

f(z) =2% 2€(0; 27)

o0 .
47 {4 cosnx  4msinnx

o0
ourler senies, f(z) & f(x) = % + Z [a, cosnz + b, sinnx] = 5+ Z o ], z€(0; 2m).

n=1

1 [ 1[2377 1
wd [T L]
T Jo T3], us

. . 2 . .
o page 1 [2%sinnz 2z cosnz 2sinnx]™ 1 [4n%sin2nm  4mwcos2nm  2sin2nw
r“cosnrdr —— — + +
0 T

n=1

T3 3

(2m)* 0]  8x®  8n°
3 3

n n? n3

™

2 3
n n n 0

1
ap, = —
T

0-sin0  O- 0 2sin0 1 4 4
e e 04+ = —0-0-0+0] =—, neN,
n n? n? T n?

1 z2cosner 2xsinnr  2cosnx]? 1 A cos2nm Amsin2nm 2cos2nmw
- + + = |- + + +
0

1 2T
2 . page

b, = — x“sinnx dx — 5 3
T Jo n n n

2T n n2 n3

0-cosO0 0-sin0 2COSO:|
+ — i

4z 2 2 4
- - - {—i+0+$+0—0—n—}=——ﬁ, nen.

1
T n

472 p A2
271'2 ° . !27-(-2 ° .
2 -
T
T f T
—27 0 2w —4r 27 0 2 47
(0; 2m) (—dm; —27)(—2m; 0) (0; 27) (2m; 4m)
s

flx)=2* 2€(0;7) = f(2)=a-|z| =

ourier Sine series s = - 2 —1 ntl1 4 )™ 1
- s folz) = f(x) = ;bn simnr = ,,z; [ al n) + I ngﬁ q sinnz, xe(—m;m)
o o0
utier Sine seri . 2m(—1)" 4[(=1)" —1 2 &L 2(—1)" — (—1)"n2n® — 2
Hourier Sine series f( )zf(t):;{ ult n) + d n:)”w qsinnx:—; (=1) (713> mn sinnz, x€(0;m).
A A 2 2 2z si 2 T
b, = —/ fo(z) sinnx dex = —/ 2sinnezdr == [_w cosny + xsn;n;y + Coznx} -
T Jo T Jo T n n n 0
2 m2cosnmt  2msinnm 2cosnm 0-cosO  0-sin0  2cos0
- | + 2 + 5 T - 2 3 -
T n n n n n n
2 2(=1)™ 2(=1)™ 2 2 (=) A=) =1 22(=1)" — (=1)"1%n? — 2
= — —L( ) +0+ (=1 +0-0——=| = m(=1) + I ) ]:—( ) ()7rn , N€EN.
T n n3 n3 n n3m T n3
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Integrals

Y Y
7T2 7T2
{1,'2 T
—Tr O T
f
a2 2
(=m; m) (=bm; =3m)(=3m; —m) (—m;7m) (m;3m) (3m; 5m)
f(x)=2a* ve({—m;w) [f(x)isaeven function, b, =0,n=1,2,3,...]
Fourier Cosine series . 7T > 4(-1)” COS N 7T2 - (-1)” COSNxT ’ )
flz) =~ +Zancosnx—§+;T:§ 4;7, re(—m; m).
2 /7r 9 2 [23]" 2 [ 0 2r3 27
ag = — rde=—|—| =—|=——=z|=—=—,
T Jo T3], w[3 3 3T 3
2 [T 2 [2%sinnx  2x cosnx 231n nT m?sinnt  2mcosnm  2sinnw
ap = — z“cosnrdr = — + 5 + 5 - P
T Jo s n n n n
_O~sin0_0~cosO 2sin0 :g 0+27r( " C0-0-040 4(—1)”7 neN.
n n? n3 T n? n?
Y Yy
7T2 71—2
Je /
]}2 €T
-7 0o 7 —57 —37 —T 0o m 3 5t T
(=m; m) (=5m; =3m)(=3m; —m) (—mw;m) (m;3m) (3m; 5w
=—+4Z _cosna , xE(—T; m), f@) = flz) = 2% ze(—n; 7).
n=1
- 72 (=1)"cos(0-n) =2 ~(-1)"-1 72 = (=1)"
0)=0, f(0)=-—++4 = +4 =5 +4 ’
» 2 © (_1)71/ 7T2 o (_1)n 2 o0 (_1)71,+1 1 1 1 (_1)r1,+1
0= f(0)= f(0) = — +4 — = _4 _ = -1 -4+ - B S H
1(0) = £(0) 3 i ; n? 3 ; n? 12 nz; n? 4 v 9 16 Tt n? v

2 ) 2 00 2 o)
9 ~ s 1 2 1 s 1 1 1 1 1
m=fm=im=gt a2 3 nzlrﬂ 6 ;n? Trtotw et
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Integrals

n+ 1

Fourier (Sine) series sinnx
f(x) =z, F(z) —n 2 2 , TE(—m;m).
N2 | _Fourier (Cosine) series s " cosnx . .
g(z) =2%, G(z) e + 4; re(—m; w).
VreR [x2}/:2x, x? :/ 2t dt
0
/ G x x
s Vee(—m; ) f(x):g(;), Flz) = éx _2/f Gx):2/ F(t) dt
0 0

T 0 n+1 t n—l—l t n+1
G(:I;):Q/ F(t)dt:Q/ [22 sin ] dt—42/ sin dt—4z / sinntdt =
0

s

(=1t [ Cosnt] i "H( COSnx—i—l _ io: 2”“ _42 ”“cosna:
n e —~ n

n=1 n=1
Fourier series 42 1)+t N % ;i/ g(w)dx:%/oﬁxde:% {%B]de:%%?’:g
Fourier (Cosine) series (1) =%, Gz) = L T4 = (—1)"cos e ()
3 — n?
Flz) = G’;x) _ % 7?4_4?:1 ( 1)n§osnx]/ _ % A Lio:l ( 1)n§osnw]/ _ 22 {( 1)nc2:osnw] _

n? n? n
n=1 n=1 n=1
Fourier (Sine) series = (=1 sin na
=, F = 2 , e (—
o) = Flo)=23 ve(-m; )
beerb@frcatel.fri.utc.sk 3 ]_
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Integrals

Integration and Series

oo ok 22 3 k
ezzﬁ:1+l+§+§+ togp = forzeR
k=0
o o0 o o [ee] o
—x _ (_f)k_ (=1)ka” (—a?) _ (—xZ)k_ (—1)ka? (2?) _ (952)k_ a?*
© _Z Ll _Z Ll = © _Z A _Z k! = ¢ _Z k! _Zﬁj for z€R
k=0 k=0 k=0 k=0 k=0 k=0
= zF = [k 2, gkttt 2, gkt k+1=n = z" 0
emd/: - d — _d — — - — e _— = :Tl_ e
/ ! /LZO k| kz KT Z(k;Jrl)k' ;(k+1)!+cl k=0, n=1 Cl*;m =0
c 1+x0+§:$n cq—1=c +§:.’L‘” e’ + for reR
— i J— _— = -1 — — L = C - = C .
! 0! e n! — n! ’
2 2 xk 1 o
/e”"dm:/[ljtx—l——jt——i— =t /dx+/xdx+/—dx+/—dx+ +/—da:+---:
or T3l 3] 7l
P S S Ltded S D T T e foreeR
=c T _ . = — T P C or r .
! 2 ' 3.21 4.3 (k + 1)k! ! 21 3l " 4l (k+1)! ’

/e dl:/lz k! da::z ! Z k+1k' Ta= k=0, n=1 201+ZT:

k=0 k=0 k=0 n=1
oo ) 0o
(—=1)"a™ 20 2° (—=1)"a™ (=1)mam™ .
= — oy _ oy —_ —_— —_— oy b 1 — C oy —_ _— - € i
c1 Zl n 1= or c+1 0l + Zl o c1+ c c ZO o e " +c¢, forzeR.

—a v’ 2 (=1 (=1)*a*
/e (1:x:/{1—x+§—§+--~+ ] ]dx—/dx—/xdx+/—dx—/—dx+ / X dr +--- =

N 1‘2+ .T3 1‘4 L +( 1)k k‘+1+ i . +1‘ .T3+ +(—1)k+1$k+1+ o 4
— - - .. [ A — — — — _ - — — e’ C
CaATrT Y T30 13l (k + )&! - a T (k+1)! ’
for xeR.
[ > k .2k o0 k 2k o0 )k 2k+1
(—z2) 1., _ (_1) T _ ( 1)
[ an= [ IS far= Z QH ¢, for zeR,
[ k=0 k=0
2 i 4 6 k 2k — 1)k 2k
/e(l)dx:/ 1—x2+x——x—+---—|—( Dz dx—/dx /x dx+/—dx /—dx—l— +/¢dx+--~:
i 20 3! k! k!
23 25 27 (—1)kz 2k+1 o kg 2h+1
IR T R % T O § A Z 2k+1k' o for & k.
‘ [ X 2k o0 22k © 2kt
(%) qp = - 2 dr =
/e dq:_/ Z k!]dx—Z/ o dx—z(2k+ k] + ¢, for z€R.
L k=0 k=0
2 4 [L‘6
/e(‘“dm:/ 1+ 27 +§+§+ +F+ }dx—/dx—l—/:ﬂ dx+/—dx+/—dx—|— /—dx—l—--~=
3 25 7 29 22+ 0 2kt
_ il T c f R.
Sty tsmtratea T T Tt @ ¢ or re

k=0
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Integrals

00 k 2k+1 /1,3 T{, /1,7 (_1)k:/1,21s:+1 sin 00 k Qk
v VP R f R
sl kz:% 2k+1 P tm Tttt gy T T or el kz:% 2k+1 = lorzeh,
> 2k 2 gt g (—1)ka2t cosz & kg 2h-1
COS :kz: —5 o a+ + 2h)] +--- = forxeR, z% = for xe R — {0}.
. o k 2k+1 k 2k+1 0 k 2k+2 k+1:nk:0 0 n 1 2n
/Smxdx:/[; (2k +1)! Z/ 2k +1)! Z 2k+2 Y2k T 22 =2mn =1 _21 ta=
0,20 n,.2n %
B (=1)%a>0 | _ (=1)% (=D"z™ D (= o
_ _ = 41— B L | eg+l=c |=c— = —cosx +c¢, forxeR.
=" ! (2-0)! nzl (2n)! nz (2n)!
. $3 x5 ( 1)k 2k+1 (_1)kx2k+1
/smxdx:/{x—a—i—a—-~+ k1)1 ]dx—/x’dx—/—dx—i—/ dx—-~-+/mdx+~-~:
$2 $4 xﬁ ( 1)k 2k+2 :E x4 xﬁ (_1)k—1x2k (_1)kx2k+2
- N S I A 1=
> 43 6.5 tarry@en AT T T e T T T Gkt TTat
2 gt 46 (—1)Fa?F  (—1)k+1g2h+2
:—{1—5—1—1—54—---—1—---—1— oh] + 2k +2) +---]—|—c:—cosx+c, for x€R.
i [ oo (—1)kg2k o0 (—1)kg2k oo ) g2kl
dr = ——— | dx = fi R —{0}.
/ z / ;(2k+1)! ! Z/(2k+1 22k+1 2k+1)+’ or €t —{0}
sin [ 2?2 2t S (—1)ka?* (—1)kx2k
= [|1-Z+L L 4. de = [d T4 T4 T d S e
/ z / TR TR Gy s T } r= /‘” / “/ v / v +/(2k+1)! v
3 0 7 (_1)kI2k+l ,
Ty s T Ty y@Er O for ze R —{0}.

[ > (— 1)k g2k o0 (— 1)k 2k o0 )2kt o0 )l g2k
/cos:r;d:z:z/ ZW dx:Z/ ok Z 2k+1 Z 2k+1 +c=sinx + c, for r€R.

k=0 k=0

r xQ $4 x6 ( )k; 2k (_1)kx2k
osxdr = 11— =—4+=_—"—4... = - = - At R
/cosr( 7 / _ o + TR +ooo 28! ]dx /dx / da:—l—/ dx — / dx+-- +/ 25)! dx +
. ZE3 N ZE5 ZE7 P ( 1)k 2k+1 e I’ L2 ZE ZE7 . (_1)kx2k+1 N e -
= — — . B — e — g —_ JE— -z R =S €T C
3.20 ' 5.4 7.6 (2k + 1)(2k)! 3 BT 2k + 1) !
for zeR.
- 2 (—1)ka2kL 1 & ()b Jeg2k=1 (—1)ka2*
lx = - = — - = =1
/ P /L; o | / x+k§ e |7 / Z/ dz =Inlz |+Z 2(2k)
for xe R—{0}.
cos 1 z 2 2 (=1)%a=t 1)kp2k-t (—1)Fa?
= |22y T do = dot [ Zde— [ Za Ut gt =
/ z 0 /L; S TR T I A YA T } v / /2! ‘H/ o / T +/ k(2R T
22 o 6 (—1)ka2
=In|zx| — — e ——— + ¢ fi R —{0}.
A v TR T R o I T o TS TR or w€ R —{0}
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Integrals

Examples

2 PAVE
{ ]dx:/[x%—x_%]dx:gx%—%:%—i—c: Va? x4+ c, for = > 0.

1 ,+ U 1;
z(r —a)(zr —b)dx /[x3—(a+b)a:2+abx] dxzzﬁ—%ﬁx‘g—kgf—kc, for a,beR, x€R.

a ar =t 1 ' et e
dz—— ae’dr = ade=dt |== edt:f+(:: ,—|—(:, for a€R, a#0, x€R.

:;—FC, for z€eR.

T —x\2 1 1
(oshztdb—/wdxzi/[e%%ﬁe’”e_w%—e_%] dx:Z {—+2x+e

sinz cosx —(cos )’ sinz)’ sin
[tg x + cotg ] dz—/{ + ]dx:/[ ( ) +(' )]dx:—ln]cosx\+ln]sinx\+c:ln
cos T

, +c=Inltgz|+ ¢,
cosr sinx

T _ A—T)2 1 1 2z —2x 7] 2x —2x T
/bmh Idr—/udx:—/[eZ‘B—Ze’”e_‘”—l—e_?ﬂdx:Z {e——2x+e 5 +C=e —e——%+c, for z€R.

for ze R — {kg, kGZ}.

rdz 1 2z dx 1 5 5
/IQ__a2 25/7x2_a2 =§1H\ZE —a*| +¢ for a€R, v€ R — {*a}.
sdx 1 2xd 1 1
/7154—22 25/79629:_22 ziln‘x2+a2‘+c:5111(:E2+(12)+(:, for a€R, a#0, x€R.
1: d 1 2
/([ / — §1H’$2’+C=§1n\$|+c:1n\x|+c, for ze R —{0}.

/ rdx 1 / 2xdx > —a=t 1 [fdt 1 /t” &t = n (2* —a)'™" n
- @ @ @ @ = - = — — _ = — = - C= —— C
(22 —a)n 2 ) (22 —a)" 2cdr = dt 2) tn 2 2(1 —n) 2(1 —n) ’

for neN,a>0,ze€R—{£ya},a>0, resp. fora <0, x€ER.

In cos = u=Incosz = u =— S
/ ——dz = cos :—cotgmlncosx—/dx:—cotg:tlncosq:—x+0,
s x p 1 cos T
V== = v = —cotgr = ——
Smm- T SN T
s
for x€ U [<—— + 2km; 2k7r) U <2k7r; 5 + 2k7r>]
keZ
beerb@frcatel.fri.utc.sk 34 http://frcatel.fri.utc.sk/“beerb/



Integrals

x_2—\/§

x 1 x 1
L —2 41 A B .
2243 +1 22—V3r+1

3 2v3 2v3 3
22+1 22—V3Br+1 224+3zx+1

2v/3
$+T d.T:

_1/ dx n 1 /
3/ 22+1 23

/ dx _/
J a54+1
1 Ax + B Cx+ D Ex+ F 1 1

: — + + = A=0,B=-,C=——=, D=
41 2241 22\ Bryl 2?4 V3r+1 / 3

1
2\/57 57 2\/§ 3

2:U+4T\/§ 2:15—%

1 1
= —arctgxr + —
3 8 4\/5/ 224+V3x+1 22—V3r+1

Lot s ! /_2x+47*/5+\/§—\/§ 20 — 43 _ /313
= —arctgx —
3 8 43 22 +3x+1 22 —3r+1

_\ 2 _\ 2 2
$2i\/§$+1—<1}i£> —|—1—§—<:1}:|:£> —l—i—(;l;:l:ﬁ) +<l>2>0

2 4 2

dx =

dx =

2 + /3 2r — /3
224+V3x+1 22—3r+1

V3 V3
2

1 1 1
= —arctgx + / dx + / 2
’ e WIS () + )" (9)

do + — + =

1 1 2x ++/3 1 2r — /3 1 dz 1 dz
= —arctgr + dr — 5
3 413 a2 4+V3x+1 43 ) 22 —3r+1 12 <x+ﬁ>+(l)2 12 <
2

=t, dr = dt, x—?

1 at 1 d
xQ—\/§x+1)+—/72+ /7u -
12 u2

et (@) 120 w3

r+ =u, dr =du

[ %

1 1
= —arctgr + ——=1In

1
213 1)——1
3 i3 22+ 3z + n

43

1 1 1 2 2
= —arct x+—ln<x2+\/§x+1>——1n<x2—\/§x+1>+—arc‘c 2t + —arctg2u +¢c =
3 T T 3 1 BTy ACe

1 1 2 +V3r+1 1 1
= —arctgx + In < V3z + G arctg (2:L’ + \/3) + 6 arctg <2x — \/5) +c, for xeR.

3 43 2 —\Br+1
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Integrals

/:r;d:r; | 2= _1/ dt _1/ dt _1/ 3, 3t |4
a6+ 1 | 2wvde=dt | T2 41 2 ) )@ —t+1) 2) [t+1 2—t+1]

1 A N Bt+C
B+1 t+1 2—t+1

1 dt 1/ t—2 d15_1 dt 1/ 2 — 4 d15_1 dt 1/2t—1—3dt_

6)t+1 6) 2—t+1  6J) t+1 12) 2—t+1  6) t+1 12) 2—t+1
2

SSNPUS SUE | SUNPUE S U & SN B SRS A SN VE:

t t+1—<t 5) Fl-7=t—-5) T7={t-35) +{5] >0

1 1 [ 2t—1 1 3dt 1 1 1 dt
1] — [ dr — [ 2 41— = —t 1|+ _
g+ 1l 12/t2—t+1 +12/t2—t+1 it +1)° ~ o] + }+4/ 1)2+<3>2

= 1=A—t+ 1)+ Bt+CO)(t+1) = A=-, B=——, C=3

(t—3 Fl
1 1 , 1 ) 1/ dz 1 (t+1)* 12 22
=| t—== b= =—In(t+1)*——=h(t"—t+1)+- | ———=—In——"— + —— arctg — =
t—5 =z dt=dz Sin(t+1) 12n( +)+4 22+<£)2 5 nt2_t+1+4\/§arcg\/§+cl
2
1 2+2t+1 1 2t — 1 1 2t +222+1 V3 222 — 1
S t = —In——+— + —arctg ——— + ¢y, fi €R.
R E 11 BT s Tt Rt a2 g ey T o
rdz 3 —%-I—% —%—? 1 2z dx 1 20 — 2/3 2r + 23
x4+ 1 r24+1 0 22— \Br+1 224+3r+1 6/ »2+1 12 = V3r+1 2?2 +V3r+1
T Az + B Cz+ D Ex+F 1 1 V3 1 V3
. = + — A=-,B=0,C=— D=—, E=—, F=——
4+1 22 +1 22-VBr+1 2243 +1 3 ’ ’ 6 ’ 6
1 1 20 —V3 -3 20+V3+V3 2 2
= _—In|z* +1 ——/ + de =| 2 — V3 1 =
6 } } 12 22 —/3x+1 2243z +1 P EVBr 1= ok 2 T 2 >0
1 s 2 1 27 — /3 27 + /3 1 V3 V3
:Eln(x +1> —E 2 \/g +1+ 2+\/§ +1 .Z'—i-ﬁ 3 2— v 3 5 dz =
x? —/3x x x 3 1 3 1
(e-%) +®)" (2+2) + ()
x—ﬁzt, dz = dt, r[:—i—ﬁ:u, dr = du 22 —V3Br+1) (22 +V3z+1) =2 —22+1
2 2
1 1 1 3 dt 3 d
:Eln(x4+2x2+1)—Eln)xQ—\/ga:—l—l)—Eln‘ﬁ—i—\/gx—i—l‘—l—l—\/;/ﬁ—\l/—; %:
£+ (3) u? + (3)
1 1 1 2v/3 2v/3
zﬁln(x4+2x2+1)—ﬁln<x2—\/§x+1)—E1n<x2+\/§x+1)—l—%arctg?t—l—\é_arcthu—l—cQ:
1. ot +22%2+1 3 3
:Eln%—k\é—arctg (2:17—\/§>—\é_arctg (2:17+\/§>—}—(22, for x€R.
beerb@frcatel.fri.utc.sk 36 http://frcatel.fri.utc.sk/“beerb/



Integrals

4 2 2 4 2
oo Loatt2’4+1 V3o 207 1 ? 1 a2 +1 V3o e 29
o o Elﬁm -+ ?drttb \/g +Cl = Elnm + ? [drttb (21) - \/g) — dl(/tg <2L‘+ \/g)] +CQ o o

—In———— 4 —arctg ————+ ¢4 =
V3

12 zd— 22+ 1 6

11 4202 +1 V3 22 — 1
12 zr— 22+ 1 6

1. ot +22%2+1 3 3
[— In rorer + £ arctg <2:L‘ — \/§> — % arctg <2x + \/§> +

3 222 — 1
:cl—cg+£ arctg < — arctg <2x—\/§>+arc‘ug <2x+\/§>} = arctga:%—arctga foraceR |=

6 V3

V3 [rn 222 —-1 7 s V3
=cC — — |= - t - = t <2 — 3) — — t <2 3) = _ T _ =
c1 —Co+ B arccotg \/3 5 + arccotg | 2z \/_ + 5 arccotg | 2z + \/_ ¢l —co+ 56 c

3 202 —1
= C-f-% {arccotg (2%—\/5) — arccotg <2x+\/§) — arccotg ] = | arccotg o — arccotg 3 = arccotg af+1 for a,fER, a0 £ ( |=

V3 i-a
+ \/§ _a ccot (29& _ \/§> (235 + \/3) 1 arccot 20% — 1 + \/3 [a ccot do* —3+1 arccot 2% — 1
=c+ — |ar —ar —c+ — |ar -  ~ _ar —
6 | et VB) - (20— VB) SV 6 "B SV
V3T ) 23:2—1] \/3{ 202 — 1 21’2—1] T3
= c+ — |arccot — arccot = c+ — |arccot — arccot =c=c —Cy+ 1.e. const.).

—In—————— + —— arctg

/ rdx 1 | 222 4+1 V3 22 — 1+
- = c =
264+1 12 a2t —22+1 6 V3 !

1. a2t +222 41 3 3
= Elnﬁ + % [arctg (Q:E — \/g) — arctg <2x + \/§>]+ c1 — %, for xeR.

/xzdx 1/3x2dx =t 1/ dt 1 tot 4 1 to 23 4 f cR
— == = = - = —arc c1 = — arctgx” + ¢y, or )
S41 3) a1 | 3tde=dt ZER R !

2 dx —% % % 1 dx 1 dx 1 dx
= |52t + do=—Z|5—42 | bt | =
20+ 1 22+1 22—VBr+1 22+V3zx+1 3) 2241 6J) 22—V3x+1 6J 224+3zx+1

2 7A:1:—|—B Cx+ D . FEx + F . A0 . B— 1 1
26 4+1 2241 22— \Br+1 22+V3z+1 ’ 3

|
Q
I
o
-
I
|
&
I
[=)
B
I

B e s V3 2 1\2 B 1/ dx N 1/ dx 1arctgx—
- +V3r+1= +— 1 +|= 0 |T & = - = =
! ! (x 2 ) <2> g 6 < £)2+( > 0 <x+@)2+(§)2 3

2

V3 V3 1 / dt 1 / du 1
=| x—— =t, de =dt, r+—=u,dr=du |=— % — t = ﬁ——arctgx:
2 2 6wy o)y
2 2 1 1 1 1
=5 arctg 2t + 6 arctg 2u — 3 arctgx 4+ co = 3 arctg <2x — \/§> + 3 arctg (Q:E + \/§) —3 arctg x + co, for xeR.
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Integrals

? 1 1 1
77?7 = 3 arctg (2:1; — \/§> + 3 arctg (2:1: + \/§> —3 arctg xr + co 77?7

1 3
3 arctgx” + ¢

1 1 1 1
E(zx) = {g a,lrctg:t3 + 01] - {g arctg (21: - \/§> + 3 arctg (Q:E + \/5) ~3 arctgxr + CQ:| =| arctga = g —arctga for ae R |=

1
=3 [g — arccotg 2® — g + arccotg (23: — \/5) — g + arccotg <2x + \/3) + g — arccotg x] +cp—cp =
1
=3 [arccotg <2x — \/3) + arccotg <2x + \/3) — arccotg x — arccotg xﬂ +c—cp =
arccotg o 4 arccotg 3 = arccotg aﬁ+—ﬁ1 for o, fER, 0 # —3 Zx—\/g#—(2x+\/§> == x#? r# -3 = x#0
o
1] . (2o—VB) (20+v3) -1 N 1 31 L 1]
= — |arcco — arccotg ———— €1 — 3 = = |arccotg ———  — arcco €1 — Cy =
3 & (2:5—\/3) + (2x+\/§) & T+ a3 ! 273 & 4 gx—i—x?’ ! 2
1] tx2—1 . (x2—1)(x2+1)+ 1 tx2—1 tx2—1+ (i 6)
= — |arcco — arcco €1 —Cy = = |arcco — arcco €c1—Cy = 1 — ¢y (1.e. const.).
3| g g 2(1 + 22) 1= =3 g g 1—C2 1= C2

for reR — {0,?}.

1 1 1 1
E0) = {5 arctg()g—i—cl] — {g arctg (2-0— \/§> + §arctg <2~0+\/§> — §arctg0+cg] =

1 1 1 1
=3 arctg0+ ¢y — 3 arctg (—\/§> —3 arctg\/§ + 3 arctg0 — co = ¢ — co, for = =0.

3
3 1 3 1 3 1 3 1 3
E (L—) = |3 arctg (g) +c| — lg arctg (2% — \/§> + 3 arctg (2% + \/§> —3 arctg g + ¢

1 3v3 1 1 1 3 1
:—arctgijtcl——arcth—garcth\/g+§arctg£—02:cl—cg+—

3V3 3
arctg —\/_ + arctg g — arctg 2\/31 =

3 8 3 2 3 8
N 1 3v3 Y3 _ 93
=| arctga — arctg § = arctg 1a+ aﬁﬁ for o, € R, a3 > -1 |=c¢c1—C2+ 3 arctg R + arctg m =
3V3 — 38 33 ~3/3 3
=c1 —Cy+ 3 arctg T\/_ + arctg ?23] =c1 —Cy+ 3 arctg T\/_ + arctg 8\/_] =] — Cy, for z = g
2% dz 1 3
- o1 = 3 arctg x”+c; =
1 1 1
=3 arctg (2:1: — \/§) + 3 arctg (2:1; + \/§) 3 arctg r+4-cq, for x€R.
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Integrals

/:173(1:1; 1/2x-x2d 2=t 1/ tdt 1/ tdt 1/ —3 N t+1 "
- = = xr = = — —_— = — = — —
64+1 2/ 2541 2vdr = dt 2) B3+1 2 t+1)#2—t+1) 2] |t+1 2—t+1

t A Bt+C 1
: = = t=At*—t+1 Bt+O)t+1) = A=—-, B=
tB3+1 t+1+t2—t+1 ( 1)+ (Bt+C)(E+1) 3’

_1/ t+1 " 1 dt _1/ 2 + 2 " 1 dt _1/2t—1+3dt 1/ dt

6 2—t+1 6] t+1 12/ 2—t+1 6] t+1 12/ 2—t+1 6 +1
2

SSEPUSR U SO S SRS S SR A SN VE:

t t+1—<t 5 +1 1 t 2 —|—4— t 2 + 5 >0

1/7%_1 dt+1/ dt L) It + 1] oL dt =d
= - ——=In = — == = =
12/ 2—t+1 " "4 (t_1)2+< 3)2 6 2~ 7 :

1 dz 1 1, ?2—t+1 12 2z
=— (P -t+1)+- | ———————In(t+1)P°=—In—— t =
n( + )+ / n(t+1) Tha e 4\/_arcg\/,+c

SOt R N DO 2ol SIS ST St oo NS BN b
= —In arc C= —11 arct
22 2r1 T Rl 221 3R

xt Az + B Cz+D Ex+ F 1 1 1 1 1

/J:4dzt_/
6 +1
— A=0,B=-,C=—— D=-—-, E=——— F=—-

L + - ) !
20+1  224+1 22 —-\Bzr+1 224+V3zx+1 I 3 2V/3’ 6 2v/3’ 6

+ ¢, for xeR.

1 _1 _ .z _ 1
3 + 6 2v/3 6
2 +1 \/_x+1 22 4+3x +1

x\e

1/ de 1 / x— x4 L3 .
€r = — —_ xr =
3) 22+1 23 22 —3x+1 22+V3zx+1

1 2r — 2‘/§+\/_—\/§ 2x—|—2‘/_ V3+V3
arctg x + \/_/

_ = dr =
3 —V3r+1 22 +3zx +1
2 2 9
x2:|:\/§x+1—<x:|:?> +1—%-<x:&?> —|—<%> >0 x—?—t,dx—dt x+§—u,dm—du

_arctgx+ 1/ 2r — /3 2z 4+ /3
3 44/3 22 —/3x+1 x2+\/§x+1

= =
M/ ) (R ]

1 1 dt 1 d
x2—\/§a:—|—1’——ln x2+\/§x+1’+ﬁ/7+—/27u2:
U

1 1
= —arctgex + —=1In

2
N W3 ey 2
L arct +11<2\/§+1) 11<2+\/§+1)+2 (g2t + — arctg2u +
= —arctgr + —=1In (2° — V3zx ———In(z T — arc — arctg2u + ¢ =
3 g 4\/5 4\/3 12 & 12 &
1 1 22—V3z+1 1 1
= —arctgx + In + —arct (2:1; — \/§) + —arct (2:17 + \/§> +c, for z€R.
3 ® 43 2 +3r+1 6 s 6 s
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Integrals

odr 1 62 20 =t 1 dt 1 p
/x6+1:6/9567+1dx: 6tde=dt |=3 ) 151" 1n|t+1|—|—c— ln‘x —i—l‘—l—c—éln(x +1) +¢, for xeR.

6 71, 6 _
20+ 1 20+ 1 x6—|—1

1 x? 3 1 1 1
=1x — —arctgx — In 2 V3t — —arctg (25+\/§> — —arctg <2x—\/§>+c, for xeR.
3 43 a2 —3xr+1 6 6
1o < In z)’
/ & :/ . dx:/[nx] dzr =In|lnz|+ ¢, for x > 0.
rinz Inx Inx
, 1
u=Ilnzr = u =— 23 72 23 23
/x21nxdx: ) lnx—/——dx— lnx—/—dx:—lnx———FC, for x > 0.
r_ 2 _Z 3 3 9
V=1t = v=—

1 1

Inz u=lhr = u == 2
/de: x :2\/§lnx—2/ﬁdx:Qﬁlnx—Q/x_%dx:2\/Elnx—2-2x%—|—c:Qﬁlnx—4\/§+c,

x

\/'—I/' !/ —1 1
L vV =x"2 = v=22

for = > 0.
t+1 2tdt 2dt [«
/ Py / 1) /t2—|—1 = 2arctgt + ¢; = 2 arctg E+ c1, forxe(0; 1).
r(l-z)=2-2>>0 = a>2> = 2€(0;1)
2 2 — 2.
3-rd Euler: ‘ :>t2zi:>t2—t2m:x:>m:t—:>dm:2t(t +1) -t tht: 2t dt
1—x 1—x t?2+1 (t2 +1)2 (12 +1)2
t2 t2 241 —t%) t2 t
-1 - 00), (1—2)= — (1- — — (1 —x) =
€(0;1) = t€(05 00) (1 —2) t2+1< t2+1> (2 +1)2 CES w(1=2) =577
dx _ 1 1 dt / _ /
/m‘ e e ﬁtz‘ Wi-1
¢
/ dx ) 1\ 1 1 / dt in 2t +
= 2(l—a)=—[®—az]=—|(2—2) == == r=dt |= [ —/——= = arcsin Ca =
=) (1 —x) (27 — x] (:r 2> il = T3 t = dx=dt (1)2—152
V2
= arcsin (22 — 1) + ¢, for ze(0; 1).
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Integrals

/ dx _/ 1 (¢ +VaZ = 1) :E_/x2—|—2x\/x2—1+[x2—1]dx_/2x2—1+2x\/x2—1dx_
(z — 1’2—1)2 (z— Va2 - )(x—i—Va:Q ) (22 — [22 — 1))* 12
:/(2x2—1)dx+/2x\/a:2—1dx: 22—1=t = 2zdz=dt :/(2x2—1)dx+/t%dt:
2 2.3 2 2 3 2 . 2
—gx —$+3t2+c—§x —x+3(x—1)2+c:§q:3—x+§ (22 —=1)3+ ¢, for xeR—(—1;1).
1+ rdx dt t=1-2? B ) 1 L -
m m m = arcsinz — \[ dt = —2zde = adz = —dt/2 —arcsma:—é tz2dt =
112
:arcsinx—§T+c:ar0sinx—\/¥+c:arcsinx—\/1—az2+ ¢, forze(0; 1).
2
1+ 1+ _/ Lte [ 4d _/2t-2tdt_ = u' =2 L
\/].—T2 \/1—.77 1+.Z') (t2+1)2 (t2+1)2 U/:m :>U:_t2-|—1
1+ l+x 5 o th—1 2t(t? + 1) — (12 — 1)2t 4t dt
=1 =t l4+2=t"—t2 = T = f =
T2 t = T = 1+ 'z = w 71 = dx GCESIE dt GRS
[1+x
2t —2dt dt 2t 2t 1+ 1—=x
— - —9 - — — 2arct —
21 /t2+1 /t2+1 241 P e sAde\ T T TEa +C
1—a:

I+
2,/ —~
1 — 1 1+x
:2arctg\/1+$— 12 x+c:2arctg\/1+—x—\/1—x2+c:2arctg 1+I—\/1—x2+ ¢, for x€(0; 1).
-z -z -z
11—z

" n_14+1 n_1 d d
! do = udx: * dx + - [:E"’1+x"72+---+x+1}da:+ g
z—1 r—1 r—1 r—1 r—1

:%n+57:11+ +;+x+ln|x—1|+c_1n|x_1|+Z_k+C for xeR— {1}, neN.
/ x (1{[;:/-T_1+1dx—/dx+ ——I+ln\r—1\+( for e R — {1}.
r—1 rz—1
/mm_gldx:/$3:E__1;lex:/[ﬁ—l—x—i—l]dm%—/xd_xl=%3+%2+x+1n\x—1\+ c, for zeR —{1}.
/m'/ﬂ_gldx:%9+%8+x77+%6+%5+%4+%3+%2+x+1n\x—1|+c:1n:E—l+kzi;%k+ ¢, for e R — {1}.
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Integrals

/ dx " 9 dt 1— 42 /1+t2 2dt / 2dt / 2dt 21 t—1 N
- — t{o — — S — — — - — = ——INnN|—- C =
cos T ! toZ,dx 112 P11 1—1#21+¢t2 1 —¢2 t?2—1 2 (t+1

t—1 t+1 tgs 41
=—1In +c=1In + —|—c:lng,2,7 + ¢ for xER—{z—F/{:W;kEZ}.
t+1 t—1 tgs —1 2
dx cosx dx cosx dx t=sinx dt dt 1 t—1 1 t+1
- = = 5 | dt = coszd = 5 =~ 5 =—In|l—|+4+c==-1In c=
COS T cos? 1 —sin“x at = cosr dx 1—1t 2 -1 2 t+1 2 t—1
1 i 1 1 1-+sin: [1+sinz
:—ln% —|—C=—hlﬂ—}—(ﬁ=hl ﬂ%— c, for xER—{z—i—kﬂ;keZ}.
2 sinx — 1 2 1—sinx 1 —sinx 2
dx z 2dt 1—¢2 2 /1+t2 2dt / x
- = = — = 3 = = - — - dt:t =tg — >,
/1+COSf17 P=tey s st = i e S 2 1402 Fesleg T
for xe R —{n+2kr; keZ}.
/ dx / 1—cosz d / 1—cosz d / dz / cosT d sinz =t ot dt
= xr = _— Tr = —_ Tr = . = — xr — —_— =
1+ cosz (1+ cosx)(1 — cosx) 1 —cos?z sin® x sin® coszdr = dt & 12
t=1 1 1 1 1 —cosz
z—cotgx——1+c=—cotgx+¥+c=—cotgx+—+c=—cosx+ +c=$+ c, for re R—{kn; ke Z}.

sin x sinx sinx sin x

dz P 2 dt ot 1+t 2dt /dt x
: =| t=tg=, dv = ——, sinx = = —— = [ — =1 t+:1‘t —‘+ /, for xre R—{kn; keZ}.
/Sln.’[,‘ t th’dT 1+ M T e / 2t 142 t nftl+e=n g2 ¢ te e }
/ dx /sinxdx / sin z dx t =cosx / dt / dt 11 t—1 n 11 cosr — 1 n
_— g = . = — = = —1n C=-n|—— CcC =
sin « sin? 1 —cos?z dt = —sinzdx 1 —1¢2 t2—-1 2 t+1 2 cosz + 1

1 —coszx

1. 1—-cosx

=—In—+c=lny/———+ ¢ f €eR—A{km; keZ}.
2 nl+cos:r;+( "Vifcose ' © or Lo }
/ de T 2 dt ‘ 2 14 2t + ¢2 _/ 1+t 2dt _/ 2dt | 1+t=u | _
d -1 2 2 2
=2 —u:2/u2du:2u——|—c:c——:c——:c—r7, for xGR—{EjLQ/m;kEZ}.
u? -1 u t+1 tgs +1 2
/ dx / 1 —sinx d /1—sina: d / dx /sinx d cosx =t ¢ +/dt
1 +sinz (1+sinz)(l —sinx) 1 —sin®x cos? cos? —sinzdr = dt & 12
t! 1 1 i 1 sine — 1
—tgr+-—+c=tgr-+c=tgr — b= te="0TC for xGR—{EﬂLkW;kEZ}-
—1 t Ccos T COST  COSX Cos T 2
beerb@frcatel.fri.utc.sk 42 http://frcatel.fri.utc.sk/ " beerb/



Integrals

sinx dx cosx =1 —dt 5 t 2 21 2 1 T T
= . = =— [t 2dt=— te=g—=tc=3 + ¢, forxe (——+2k:7r;—+2/m).
/ cos® x —sinzdr =d¢ / Vit / —3 313 3 Vcos3 kLGJZ 2 2
/cos:r;dfl: sinx =t / dt /tg qf — t3 337 + 35T + ‘ EU (0+ 2k + 2%n)
=== coszde=dt |~ | 35~ T te= c=3Vsinz + ¢, or x T ).
Vsin® 1 12 3 bz
1 —cos2 ;> sin 2
/Sin2 xdx :/7x do = £ - 020 + ¢, for xeR.
2 2 4
1 2 xr  sin2x
/Coszzbdx:/ijL CPT dr = 1—0— i + ¢ for zeR.
2 2 4
4 o | . cosz =t ) t3 cos®
/Sln‘ :1;(1:1;:/(1—005 z)sinzdr =| _ 4. — 4 :—/(1—t )dt:—t+§+c: 3 —cosx + ¢, for z€R.
3 9 . sine =t 9 13 ) sin® x
/cos .’I,‘d.’l,‘:/(l—SIH z)sinzdr=| . g :/(1—t )dt:t—g—i-c:smrr;— 3 + ¢ for zeR.
u=sin""tz = o =(n—1)sin" 2xcosx
/sin’”q:da: = /sinxsin”_lxdac = ;’:sinx N ;: _(COS£) = —coszsin" tx + (n— 1)/sin”_2x0082xdx =

= —coszsin" '+ (n—1) /sin"2 (1 —sin®z)dz = —cosasin” 'x + (n — 1) /sin”Zxdx —(n—1) /sin”xdx

(i.e.equation)

—cosxsin”_1x+(n—1)/sin”_2xdx:/sin”a:dac—l—(n—l)/sin”acdx:n/sin”a:dac

osasin” lx n—1
- /sin’”’ rdr = Jconeem 8 + " /si:n”_2 rdz, for n=3,4,5,..., x€R.
n n
p— ¢
/sm?’€+1 rdr = /sin:zcsinwC rdr = /sinav(sin2 r)dr = /sin z(1 — cos’ )" dz = _ngixdy —at 1= /(1 —tH)kdt =
k k k
k) k : t29+1 cos? T g
PR R P P
/LO <] p= = \J 2]+1 — 25 +1
k\ cos® x g2k+1
:—OOSI+<1)CO; ! : <k—1> kc;;_;%—( 1)”1%%— ¢, for ke N, zeR.
) sin? 1 —cos’z 1 m
/tg :I:d:r;:/ 5 dx:/fdx:/[ 5 —1] de =tgr —x + c, for .TER—{——l—k’/T;kGZ}.
cos”w COS~ T COS~ T 2
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Integrals

n—2

1 / o

B u=cos" 'z = u =—(n—1)cos" “zsinz . B B .

cos" rdr = [ cosxcos" txdr = B . =sinzcos" 'z + (n—1) [ cos" ?wsin®*zdr =
U = COST = vV =SIx

=sinzcos" '+ (n—1) /cos"Zx(l —cos’z)dr = sinwcos" ' x + (n —1) /005”2 rzdr —(n—1) /cos”xda:

(i.e.equation)

sinxcos"_la:—i-(n—l)/cos"_Qxdx:/cos"xdx+(n—1)/cos"xdx:n/cos"xdx

n—1

sinzxcos" tx n-—1 o
= [ cos"xdx = + /cos”‘ 2 xdz, for n=3,4,5,..., r€R.
n n

sinxz =t

cos™ M pdr = [ coszcos® xdr = [ cosx(cos?z)*dr = [ cosz(1 —sin®x)*dx = _ = [(Q—tHrdt =
cosrxdr =dt

0 O I R IO =

Jj=0 Jj=0 Jj=0
k\ sin® x k sin?1 sinZf ! o
=gsinx — — B Ll S L : for ke N, x€R.
S <1> 3 +</€—1>( A T B s e ' ’x

2t 1—¢2
P x d 2dt .
i1 T — COS . =tg-, dv = ——F 2 2 2dt 1+¢

/blI.lE cosx de = 22 14142 1+t 141 :/(t2—|—2t—1)4 b=
Vsinx + cosx = 2 1_t21+t2 V 1+ 2t—¢2
COSJJ—W, Slnflf—1+f2 4
’ ’ 1—i—t2 14+ 1¢2

W

SIN X + Ccosx

sinx — cosx sinx +cosx =t —dt 1 t 4 -
/ T dz = (cosz — sina) de = di / 7 :—/t 4dt=—g—i-c:c—gf/(smx—kcosx)S,

3
for xEU( + 2k ; §+2k7r>.

/ 2 1 t = a? 1 dt toy 2du 2 1/1+u2 2du 1 [du
- Tr = == — _— — — f — ——— Q — = — _— = - _— =
sin 23 dt=3de |73 sme | "TR YT ™ T2 |T3) T2w 112 3/ W
1 t . 3 5
:§ln|u|—|—c:§ln tg§ +e=In{/|tg—|+ ¢ for IGR—{\/]{ITF;]{IGZ}.

dx 4dx 4dzx 2r=d 2dt 2 cotat+ 2 cote 20 + ¢ cR km ke
e S = = —2co c=—2cotg2r + ¢, fort€ R—< —; .
sin? z cos? & (2sinx cosx)? sin? 2z 2dz =dt sin?t 8 ® ’ 2

dx sin? x 4 cos? dx dx
= [ —————dr = - + =tgx —cotgx 4+ c=
. . 2 2 2 2 2
sin® x cos? x sin” z cos? & sin® x cos? x

. . 2 2
— —cos 2 k
_ e 09896 +c= QM +c= Qﬂ +c=—2cotg2xr+ ¢, forreR — —W; keZ ;.
cosx sinx 2sinx cos x sin 2x 2
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Integrals

. / . . .
. u=sinbr = u =bcosbx sinarsinbr b _ u=cosbr = u = —bsinbr
cosarsinbrdr =| sin ax =——— — — [ sinarcosbxdxr =| , . cosar |=
v/ =cosaxr = v= a a ' =sinar = v=-——
a

sinaxsinbxr b cosaxrcosbr b . sin ax sin bx b
- |- cos az sin bx dx
a a a a

b2
= ————— + —cosaxrcosbr + — | cosaxsinbrdx
a a? a?

i.c.equati sinarsinbr b . b? ) a?—b? )
% 7+—2003aa:cosbx+c:/cosaxsmbxda:——2/cosaa:s1nbxdx: /cosaxsmbxdx
a a a a
a b
— /Cosaxsinbxdx: 5 Sinaxsinbr + — [2(3osaxcosbzt+ c, for a,be R — {0}, a#b, z€R.
a?—b a’—b
u=cosar = u = —asinax cosarcosbr a u=sihar = u =acosax
cos ax sin bx dox = , ) cos bx =———— — — [ sinazcosbxdx = . sin bz =
v =sinbr = v=— 2 b b v =cosbr = v= 2
cosaxrcosbr a |sinaxsinbx a/ b d cosaxrcosbr a | b +a2 b d
= — - = — — [ cosarsinbrdr| = ————— — —sinazsinbxr +— [ cosazsinbx dz
b b b b b b? b?
i.e.equation cosarcosbr a . ) ) a? ) b?—a? )
%C—T—ﬁsmawsmbx:/cosaxsmbxda:—b—Q/coscm:smbxdx: T/cosaa:smbxdx
a
- /Cosaxsinbxdx: mcosaxcosbx—k PERE sin ax sinbx + ¢, for a,be R — {0}, a#b, z€R.
sin 2ax — cos 2ax cos 2ax
cos ax sin ax do = dz = +c=c— , for a=0,ae R—{0}, x€R.
2 2-2a 4a
2 ,  2lnz 4 , 1
) u=mn"r = u = - xQ ; (L'22].HI x2 ) u-nx:u-;
rIn“xdr = ) =—In“z— | — de=—In"2— [ zlnzdx = s |=
F = = v=1" 2 27 V= = v=—
v =2x V= =z =3
2 2 2 2 2 2 2 2
T T x4 1 T T zdx x x T
=" Inzr—|=—lnz— | —=dz|==—In*z——Inz+ | =——="1nr—"—lnoz+—+ ¢ for = > 0.
2 {2 / 2 x } 2 2 2 2 2 4 ’
dx 1 1 1 r! r—1 1
— = ————|dr=Injz—-1|———-Injz|+c=1In + -+ ¢ for e R —{0,1}.
/(1—:L’)I2 /{a:—l x? a:} | | —1 2 ’ ‘ x {0.1}
1 A B C
= +5+— = 1=42°+Bxz-1)+Cax(r—-1) = A=1, B=-1, C=-1
1—x)22 =x—-1 22 =z
, 1
u=Inzr = u=- dz
Inzder = r |=xher— | r—=zxzlher— [de=xlhzr—2x+ c for x > 0.
vV=1 = v=2x T
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Integrals

2 2

5 . x =asint B 9 9 o [1H4cos2t  a” oSN 2¢ _a” 92sintcost B
/\/a r?dx = dr — acostde |= [ a cos tdt =a — dt—2t—|—a 1 +cl—2t+a74 +c =

t:arcsinz, Va2 — 22 =+a? —a?sin’t = |a| V1 —sin?t = aVcos?t = a|cost| = acost, xe(—a;a):te(—g;ﬁ>
a

a asint - acost a®> . x  xa?—a?
:Et—i—#—l—cl:?arcmn——}—ﬁ—}— C1, for a >0, x€(—a; a).
a

a? — 2

/\/ —Izdt—/\/ - —xde——dl(bmi—F%—k c1, for a <0 fie. —a>0, (—a)*>=d%, z€(a; —a).

—a

2 [02 — 2
= [ Va? —22dex = % arcsmﬂ - % + ¢, for aec R — {0}, ze(—|a|; |al).

a®dx x?dx u=x = u =1

- = I _ _ /2 _ .2
/‘/ 2 _ 2 a2 — 12 a2 — 12 v = — = v= a T

a

/mdx_

2d
L {—xVaQ—xQ—i—/\/a?—xde} :a2arcsin£+x\/a2—x2—/\/@2—a:de

a? — 22 |a|
% a2arcsin’x—‘+x\/a2—x2+co:/\/&2—xde—i—/\/aQ—xde:2/\/a2—x2dx
a
@2 2 _ 22
:>/\/ —Izdb——dl(blnﬂ—l— 5 + ¢, for ae R — {0}, z€(—|a|; |a]).
1— ) 2a(1 —t%) (1—1t%)? 1—2t* + ¢t 1+ 2t% + t* — 4¢
\/aQ—xzdx:/a( dt:2a2/7dt:2a2/7dt:2a2/ dt =
/ 1+t (1+1¢2)? (1+¢2)3 (1+¢2)3 (1+¢2)3
2-nd Euler: Va2 —a2=a—xat = o> — 2% =22 - 2axt + d®> = 2axt =2>+2*> = x=0or 2at = x + xt’
2y _ _ 42 2 2 o, 42 )
. 2(1157 d:z::2a(1+t) 2at - 2t :2a(1 t)dt, byt 2at” _ a+al” —2at :a(l t%)
1+ t2 (1412)2 (14 1t2)? 1+t 1+t 1+ t2

:2a2/{(1+t2)2—4t2—4+4}dt:2a2/{(1+t2)2(—4(1+t2)+4] dt:2a2/[ 1 4 N 4 )]dt:

(1+1¢2)3 1+ 2)3 1+ (1+2)2  (1+1¢2)3

) 1 1 3 3t 1t ) a’t 2a*t
= 2a” |arctgt — 4 | — arctgt + = +4 | -arctgt + = +Z(1 +co = a” arctgt — + +co =

2 21+t 8 81+ t2 +2)? 1+t2 (1+12)?
2at ST e a— a2 — 22 2 roto t a - 2at L 4a’t? n
= - 2 =a-— _ o V® 7 |=aarctgt — Co =
T = T e a*—zxt=a—axt = 1= . g 201+ 12) ' 2t(1 1 12)2 2
5 a—+va*—2* ax z3 5 a—+va*—2* ax 3 a+va?— 22
=a arctg ———MM — —+ +c =a"arctg ——— — — + +ec =
i t 2 2(a—Va?-2a?) i © x 2 2(a—vVa®—1?)a+ Va2 —a? ?
a—+a®—2x* ax a—+a?—ax%  xva?—a?
:a2arctg——7—|— ( +Va —x2> + ¢y = a® arctg ! + 12 + o,
x x

for ac R — {0}, z€(—|a|; |al).
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Integrals

. t —t\2 2t —2t 2 —2¢7
5 5 B x = asinht _ 9 9 9 (e +e ) a2 [ € +2+e _ 2|¢ E__e —
/\/a +22dx = de — acoshidt | = a“cosh“tdt = a — dt = a — 1 dt = a 8—1—2 8_+C_
Va2 + 22 = a2 + a?sinh? t = la| V1 +sinh?t = aV cosh?t = a |cosht| = acosht, t€ R
Let u=:¢e" >0 — m:asinht:g(et—efl):g(u—ufl) == Q—x:u—ufl — - Ly—1=0 =
a a
%i\/%—kél B[ 2422422 4+ + a2 ¢ T +Va®+ a2
ui2 = = = = — = —
’ 2 2 2 a a
2 2 2
y o2 a2 (x —Va? + 1:2) a? (T —Va?+ xz) (T —Va? + x2)
e "= 2 = 2 7 = 2 = 2
(x +Va? + x2> (x +Vva? + x2> (:1: —Va?+ x2> [2? = (a® + 2?)] @
Va2 + 22 >Vel>r = Va2+22—-2>0 = t—lnw—ln(x+ a2+m2)—lna
(x+\/a2+x2)2 21n(x+\/a2+x2)—lna (x—\/a2+x2)2
N 8 a 2 - g ta=
2?4 2zva? + 22 + a* + 2? x2—2x\/a2+x2+a2+x2+ ,In (2 4+ Va? + z2) a21 N
= - a — —Ina+c =
8 8 2 2 !
drva? + 22 a? Va2 + 2 a®
:T+§ln<x+\/a2+x2)+c:#+§ln<x+\/a2+x2)+ c, for a >0, z€R.

/2 2 2
/V(l2+fE2(1fE:/\/(—&)2—1-372(133:%—F%ln (:p+\/a2+:x2)+ ¢,

for a <0 [ie. —a>0,(—a)®=d?, z€R.

rva? + a2 a®
== /\/(1,2 +z?2dx = TV + Eln <:I;+ Vva? +:172> + ¢

5 for aecR—{0}, z€eR.

t2 +at? + a? t* + 2t%a® + o* 1 1 [t? t2
Va?+ 2%2d :/—7(115:/ dt:—/ t+ 2%t + ot 3| dt =~ | =+ 2% In|t| +a'— | + ¢ =
/a o 2t 2 Iz 1) L2 alt T de =g |5 20t ot e
2 2
I-st Euler: Va2+22=t—z = > +22=t> -2z +2°> = xzt Qta , t=x+Va+ a2
2 2 2 2 ) ) 2 2 2/2 22 2 2
/7a2+$2:t_t a® 't —|—a7 do — t-2t—2(t a)dt: I‘—i—adt:t +a it
2t 2t 4¢2 4¢2 2t2
2 2 2
) ( )2 , 1 (m—\/a2+x2> (m—\/a2+x2> (m—\/a2+x2>
t“=(z+Va*+22) , t°= = —
(e 4 Va7 ) (o vaEgaE) (@) al
2 2
x4+ Va2 + 22 T — Va2 + 22 2
:( 3 ) —( 3 ) —i—%ln‘x—l—\/cﬁ—i—x? +c=
:x2—|—2x\/a2—gx2+a2—|—x2_x2—2x\/a2—gx2—|—a2+x2+a§21n<x+\/m>+c:

~dava? 4 a? a? xva? + x? 2

3 —|—§1n<x—|—\/a2—|—x2>+c:f+%1n<x+\/a2+x2)+ ¢, for aeR— {0}, r€R.
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Integrals

a’® + 22

a

/ vVaz+x2dx = dz =

a®dx

Va2 + 22

— 4

2dx x?dx

NeEw=a

U=z = =1
x —
S N
va? + 2

+ {x\/a2—|—x2—/\/a2+x2dx} =a’ln <a:—|—\/a2—|—a:2)+x\/a2+x2—/\/a2+x2dx

% a21n<x—|—\/a2—|—x2)+x\/a2—|—a:2+coz/\/a2+x2dx+/\/a2+x2dx:2/\/a2+x2dx

2 /2 L 2
: +
=>/\/(1,2+:172d:17:%h1 (:I;+\/a2+:172> +%+ c, for aecR—{0}, z€eR.
2d¢ a’costdt a’costdt u = sint a®du a® du
\/(,2+:172(1:17:/a :/ :/—— :/7:/7:
/ ! cos3t costt (1 _ gin2 t)2 du = costdt (1— u2)2 (u? — 1)2
)
v = atgt — dr— adzf e JE \/ a251121 f_\/aQCOS2t—|—2(LZSln t:\/ a22 _a
cos cos“t cos“t cos“t  cost
2 2 2
B T o ol e 9 :smt: sin“ ¢ c2, tget
reR = t—dlCthZE( 5 2) = Vcos?x = [cosz| =cosz, tg°t P = sin“t Tr 2l
tgt - + a2 2
sgnsint = sgntgt = sint = :1: == sintilzu
V14 tg?t \/1+:c2 \/a2+x2 Va2 + 2
B a®du _a2 1 1 1 1 du — u—1=r ut+l=s |
w1 1)t a1 e o T du=dr || du=ds |7
1 A B C D 1 1 1 1
- A=-,B=-,C=—> D=-
(u—12w+1)2 u+1l (u+1)? u—1+(u—1)2 — 4’ 4’ 4’ 4
2 2 1 2 [,.—1 -1
:az {ln|u+1|—ln\u—1\+/r_2dr+/s_2ds} :&Zln Z:‘JFQZ {T_—l—k_—l] +o =
a21 u+1 a? 1 n 1 n a21 u+1 2ua® n a21 u+1 ua? n
= —1In - — ¢y =—1In — ¢y =—1In — =
4 u—1] 4 lu—1 " wu+1] "4 |u—1] 42-1) ' 4 |u—-1| 2@2-1)
21 sint + 1 a’sint N a21 r+ Va2 + a2 ra? x? | 71_}_
=—1In — ¢y =—In — — =
sint— 1| 2(sint—1) ' 4 |e—va2+22| 2V + 22 |a®+a? '
2
o |rHVa+a® wtVe+a? za®  a®+ 2” o, (2 + Va2 + 2?) et
v -Vt r+vVatat| 2vata? —a YT 2?2 — (a® + 22) 2 !
2
2 x+\/a2+x2 ‘/2_1_ 2 /2 2
~ % ( ) —|—I Ty 111 T +Va?+ 22| — lna—l—m—kcl:
4 a? 2 2
2 oS 12
: +
:%ln(:t+\/a2+ﬁ>+%+c, for a >0, z€R.
r\/ 2_|_ 2 2 )
/\/(1,2+:172 dm:/\/(—a)Z—i—xQ dz = %4—%111 (:p+\/a2+:x2) + ¢ for a <0 [ie. —a>0, (—a)®=d?, z€R.

a2+ 12 a?
—  + —1n

- /\/(1,2 + 22dx = 5 5

(.’L‘ +Va?+ :172> + ¢

for aecR—{0}, z€eR.
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Integrals

i t —t\2 2t —2t 2 —2t
s x =acosht B 9 . 19 oy [ (e=eT) o [eft—2+e oot b e B
/\/[L‘ a?dx = dr — asinhide | = [ @ sinh“tdt = a — 1 dt=a — 1 dt =a* | — +c

\/x2—a2:\/a2cosh2t—a2:a\/coshzt—l:a\/sinth:alsinhtl:asinht, t>0, x>a
2 2
u=:¢e">0 = z =acosht = — (e+e b= a(u—i—u 1):>—m—u—|—u1:>u2——mu+1—():>
a
21:|: _4 21:|: 472 4(L2 2% :|:2\/72 \/ﬁ
\/ (,2 \/ 7 < a rEvVrt—a
U2 = >0 =
7,2 7 _ 2 2 2 _ 2
, r—Vz?—a xr—vVa?—a x® — (2 —a®) a ‘a‘
f=——"—— = |t|]=ln|——— | = =n|l———=|<ln|-|=Inl1=0
a ! @ a(m—f—\/xQ—aQ) T+ Va? —a? a
2 2
.+ Vil —a? T+ V22 — a2 L a2 aQ(x— 1:2—(12) (x— ,1:2—(12)
el="" 1" s p=In|Z— "] = e %= 7= — 5 = 5
‘ ‘ (rove—a)y  @-w-a) 2
2 2
(z+ Va? — a?) a21 v+ Va2 —a?|  (x—Va?—a?) N
— — — In —_ CcC =
8 2 a 8

T +23:\/a:278a2+a: —a? T —235\/35278@2"‘37 —a _gln)x—I—\/H‘ lna+c—

daov/2Z — a2 2 PN a— 2
:%—%ln’x—l—\/ﬂ—oﬂ —1—02%—%1%%%—\/%2—#‘%— c, for a >0,z > a.

/¢—tzar—/vf————nx—;Liiﬁ__4qx+¢—tﬁ

for a <0 [ie. —a>0, (—a)*=d%, z <a.

/72— o2
=>/\/a2+m2dm:%—%ln‘m%—\/x?—a?h— ¢, for ae R — {0}, z€(—o0; —|al) U(|a|; c0).

t2 2t2 2 t4 2t2 2 4 1
/\/:E2—a2dx:/ ;a ;;;L dt:/ R dt=—/[t+2a2t1+a4t3]dt:

4¢3 4
2 2
I-st Euler: Va2 —a2=t—z = 2> —d?=1> -2z +2°> = r[::t _2:(1 , t=z+4+Va?-—a?
t2+a? t?—a? 2t - 2t — 2(t? — a?) 2t + 2a* t2 +a?
N R R _ _ — —
4 —a t o7 TR dz 2 dt 12 dt 572 dt
2 (l‘—\/l’?—a2>2 ( xQ—a2)2 (x—\/xg—aQ)Q
t2:(:1:—|— :1:2—a2> , = 1 2 2 2 2 _ 22 4
v (@) - a
2
1 [t? G2 T+ Va2 —a? 2 g2 2
Y PPV il PR G el M il it W N P PO
412 -2 8 8 2
_ 2?4+ 20va? —a® +a* —a®  2® —2uva? —d® 2’ —ad’ —|—a—2ln)x—|—\/H‘ oo
8 8 2
dov/2Z — o2 2 N o a— 2
:%jt%ln’x—l—\/x?—oﬂ —1—02%4—%1@%4—\/.@2—@2’4— c,
for a€ R — {0}, z€(—00; —lal) U (|a]; c0).
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Integrals

/
—— x? —a? 2?2 dx a?dzx u=zx = u =1
Vit —ad?dr = | ————=dz = — = ;o x _ 2 3 |=
' /2 — o2 /2 — o2 /2 — o2 V= —e— = v=V2"—a
xr“ —a

2
= {x\/xQ—cﬂ—/\/xQ—anx] — \/%ZI\/$2—G2—/\/:E2—anZE—CLQIIl’I'—FVZE?—a?
2 —a

(i.e.equation) Vo S Vo S
> I 1‘2—a2—a21nx—|— 1'2_@2

—i—co:/\/x2—a2dx+/\/x2—a2dx:2/\/x2—a2dx

rva?z —a?  a?
= /\/:1;2—(12(1:1;: %—%ln‘m+\/a:2—a? + ¢, for ae R — {0}, ze(—o0; —lal) U(|a|; c0).
u =1 = u=u T 1 2x 1
arctgx dr = , 1 = rarctgx — dr = rarctgxr — = 7dx:xarctgx——ln}l+x2‘+c:
v=arctgx = v = 1+ 22 2] 1+ a2 2
1+ 22
1
:xarctgac—éln(l—i-ﬁ)—|—c:xarctgx—1n\/1+x2+ c, for xeR.

u=1a" = u =na"! ) 1
I,=: | 2"e*dx = ) N N =z"e"— [ nx" " efdr=a2"e"—n [ 2" edr=2"e"—nl,_;, forneN, xER.

]Oz/aroe’”da::/exdarzc‘”Jr c,

I =ate® —1ly =ze®—1e® + ¢,
I, =x%e*=2I} = z?e® =2 (ze®* —1e*) + c=a?e” —2xe’ +2-1e" + ¢,
I3 =ax%e* =3[, = 13e® -3 (2% e* —2ze* +2-1e%) + c= a3 e” —3x%e* +3-2xe* -3 -2 1" + ¢,

n n

(—1)Yiam=in!

I, =a2"e"—nl, | = Z(—l)jn(n —1)-(n—j+1a" e =e Z(—l)jn(n —1)-(n—j+1)a"7 =e ~
Jj=0 7=0 =0 (n - ])
=e"[2" —na" '+ nn—1)z"2 -+ (=1)n(n—1)--(n—j+1a" 7+ + (—1)”71!} + ¢, for neN, xeR.
/7T —
/ da _/ da _ x“ﬂ:(f _/6t5dt_6/t3dt_6/t3+t2—t2—t+t+1—1dt_
Vr+14+ Vo +1 (,6/$+1)3+(,6/x+1)2 de — 615 dt 3 4 t2 t+1 t+1
t4+t? P4t t+1 1 1 ot
=6 — — dt=6 [ [ —t+1———|dt=6|-—=+t—Inft+1 =
/[t+1 PR i | / L 3~ Tt +e
3 2
=2 (V1) -3 (Va+1) +6¥+1-6m|1+ Voti|+c=
=2Vr+1—-3vVx+1+6vVr+1—6In 1+\6/J?+1‘+C, for z > —1.
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Integrals

u =1 = u==x 2 2
2z° dx r+1-1
/1n(1—}—:1;2)d:17: 2 :a:ln(1+a:2)—/ 2:xln(1+x2)—2/+72dx—
v:ln(l—l—r[:?) = v = 1+ 14+
1+ a2
:xln(1+x2)—2/[1— e 2] dxz:nln(1+:)c2)—2:E+2a1'ctg:)c+(f, for ze€R.
x
dx 2t 2+ a? dt
/ :/ i dt:/—:1n|t|—|—c:1n‘x+\/x2+a2)—|—c:1n(x+\/:t2+a2>+c, for ae R—{0}, z€R.
Va2 + a? 2 +a? 22 t
2 _ g2
1-st Euler: Vil+a?2=t—z = 2>+ =t>-2tzx+2> = 2Ar=t>—0d®> = 2= 5
2 2 2 2 ) ) 2 2 2/2 22 2 2
TQ—i—a?:t—t a® 't —|—a7 :z::f t—2(t a)dt:f—i—adt:t +a it
2t 2t 4¢2 4¢2 2t2
VaZ+22>Va2>r = Va2 +122—12>0 — 1n)r£+\/a2—|—x2):ln(x+ a2+r1:2)
/ dx /cost adt /costdt u=sint / du / du 1l u—1
— e _ = — — — — = ——1n cn =
Nz a cos2t 1 —gin2¢t du = costdt 1 — 2 w2 —1 2 |lu+1 0
. 2 . 2
r=atgt — do = adt . \/m:\/cﬂsm t+a2:\/a281n t+a2c082t:\/ a? _ |al __a
cos?t cos?t cos?t cos?t  cost  cost
sin’ ¢ sin’ ¢ tg?t
r€ER = t:arctgme(—g;g) = Vcos?x = |cosz| = cos, tht:Zi)I;t:liH;ith — Sin2t:tg2gtﬁ
' ; tgt “ x . r+tVaz? +a?
sgnsint =sgntgt = sint = = 4 = — sint+1=—————
\/tg2t—|—1 \/%_’_1 \/x2+a2 \/,1}2_|_a2
11 u+1 N 1l sint + 1 N 1l x + Va2 + a? 1l r+Var2+a® r+vVr2+a®
=—1In c==-In|—|+c¢p==-In|———=|+c==In . o =
2 |u—1 7 2 sint — 1 0 r — 12+ a2 0 r—Vi2+a2 r4+VI2+a? 0
2
1 x+Va?+a?
25111 ( Ry 2; +00:1n‘x+\/x2+a2‘—lna—l—00:1n<x+\/x2+a2>+C, for a >0, z€R.
x?— (22 +a

In for a <0 [i.e. —a>0, (—a)*=d%, z€R.

dz dz
= = T+ Va?+ a? ;
/m /\/m (.1+ e+ a ) + ¢,

:E+VI2+G2)+C, for ae R — {0}, z€R.

N / dx W <
N

dx 2t t? — a? dt
= dt= | —=Int|+c=In|z+ Va2 —a?| + ¢, for a€ R — {0}, z€(—00; —|al) U (Ja|; 00).
Va?—a? /152—012 22 /t
22
1-st Euler: Val—a?=t—2 = 2> —ad’ =t -2z +2° = Ar=1>+d®> = z= _2:(1
t?+a®  t?—a? 2t - 2t — 2(t* + a® 2t% — 2a? t* —a®
Va2 —a?2=1t-— o a, T = (# +a%) = ¢ at= ¢ at
2t 2t 4¢2 4¢2 2t2
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Integrals

dx B xr =asint _ [acostdt df— ¢ . ¢ 0 '
2 _ 2 | de=acostdt | acost - —f-C—erme—kc, or a>0,z€(—aj;a).

tz&fCSiﬂz; Va2 — 12 = Va2 — a2sin?t = a1 —sin®t = aVcos2 t t=alcost| =acost, z€(—a;a) = te(—g;g)
a

12 d T
/\/(1;[_71«2 - / \/(—a)zi—x? = aI‘CSin_La +c, for a <0 [i.e. —a>0,(—a)*>=d?, r€(a; —a).
/\/ﬁ - arcsm% 6 for ae R —{0}, z€(—lal; |a]).

241 2a(t2 —1) dt @ —z—a
/\/7 / (1—2) (2 +1)2 dt:_z/t2+1:_QarCtgHC:_Qamg7+C
for ac R — {0}, xe(—|a|; |a|]) — {0}.

Y/ x —2t
2-nd Euler: @ -2 =gt+a = a®— 22 =22+ 2Aza+a® = —2za=2%+2° g = 12 +OﬁLL
—2t° 1—¢2 —2a(t + 1) + 2ta - 2t 2a(t? — 1 JaZ — 2 _
02 _ g2 — a—i—azu, de — a(t®+1) +2ta df — a( )dt, ,_Val—a’—a
241 241 (t241)2 (t2 +1)2 T

/'1_ lz /\/1_\/_ \/1_\/_ / / dx_/l—x 2dx—/ dx—
VitV 11—V V1 \/1—35 Vv1i—=x
l-z=u T t2 2t(1 + %) — 2. 2t 2t dt
resp. — 12 — 42 _ 2 p— - o
de = —du p = t° = =t rtt — «x e — dx 1+ 07 t A+
B /%d /t-Qtdt_ us 2/ 2dt o 2/1+t2—1dt_
)T areer T A+ep V" T+
=-2Vl—-uz 2/ ! ! dt = =2v/1 — 2 — 2 |arctgt 1arctt L ! +c=
- 1+ 1+e2] ST QM T o | T
2= T +1_x—|—1—:1:_ 1 . t — (-2 r ﬁl— o = )
T l-z ' l-z  l-uz RS pem Ve
t
= —2v t2+1+c:—2\/1—:17—arctg r — a2 for z€(0; 1).
x? x|z
/xdx—?—i—c—TvLC, for >0
/|xdx— :>/|:L‘|dl‘:%+€, for zeR.
x? T |x|
— [rxde=——-4+c=—+¢, for x<0.
2 2
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Integrals

/
uU=2x = u =2z 2 \2x 2 2 2z u=2x = u =
T°e 2re T°e
/,”L'2 62:(: dr = o2z _ _/ dr — _/ert dr = o2t —

V=e? = p=_— 2

.T2 6233 erm e2x .T2 6233 erm 6233 .73'2 e2az eraz e2x - .’172 T 1
=5 — [ —dz| = 7 T + de: 7 T —I—I—i—c:e" — ——+ —| +¢ forzeR.

2 1
/IQeQ"”dx — % [AxQ—l—Bx—i—C} +c=¢e* [% — g + ﬂ +c, for zeR.

/
[ / z? e dm] = [ (A2® + Bz + C) + ] = 2%e®™ =2e% (A2® + Bz + O) + e 24z + B) =

2> =242 +2Br +2Ax+2C+B = 1=2A4, 0=24+2B, 0=B+2C = A:%, B:—%, C:%

u=2 = u =928 29 627 018 o2® u=28 = u =87

9.2 1, 2 — — 2 —

' e dxr = . - o2 - — dr = / . o ——
() :e'L :> vV = — 2 2 () :e'L :> V= —

/xge%dx:e% [Axg—i—BxS—|—C’x7—|—Dx6—|—Ex5+Fx4+GI3+Hx2+fx+J] +c

2 e® =2e (A2’ + Ba® + Ca” + D2’ + B2’ + Fa' + Ga® + Ha* + Iz + J) +
+e? (914:158 +8Bx" + 7C25 4+ 6D’ + 5Ex* + 4F 23 + 3Gx> + 2Hx + I) =
19 =242 + (2B + 9A)28 + (2C + 8B)x” + (2D + 7C)2® + (2E 4 6D)x5 + (2F + 5E)x* +
+(2G + 4F)x3 + (2H + 3G)x? + (21 + 2H)z + 2J + I =

1 9 63 189 945 945 2835 2835 2835
2’ p €=9 2 2 A 4 7 8
/ 0 2 gy — o2 |2 9:1¢8+9 - 63:176+189f175 945:E4+945:173 2835m2+2835:17 2835) | o reR
— xTr € €r =€ -_—— — xr — — — — C r T .
2 4 2 2 4 2 4 4 8 ’
14z 5, 14z o -1 '
/ itz t=\{—p V=1, = lte=t—ot" = o=177, ze(-1;1) 42dt [ 41— Lde
ar = = _ = _ =
l—w 2 2 (1 +2) — 2t(t2 — 1 At dt 1+412)? 1+12)
241 = . dx = (1+¢) § )dt: 5, te(0; 00) ( ) ( )
l-=z (1+1¢%) (1+12)

4/ L 1 L dt =4 tgt L tgt Lt + 2arctgt 2t +
= = arc — — aIrc — = C = zaIcC — C =
L+ 27 (1+2)° SR Y SR

1 1 1- 1
= 2arctg +96—2 e x+c:2arctg\/1+x—\/1—:172+c, for ze(—1;1).
—x

1—2 l—2 2
14z
+c:2arctg@/1+/r—\/1—:172+c,
—x

for ze(—1;1).

1+t 1+t

1+ = —t 1-t\? 1—t
/ +Td:x: d;::—dt :—/ (—) dt:—[\/l—tQ—Qarctg —
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/ dz _/ 2t 17 2t 21
w2 =1 ) [P +1

Integrals
At dt 2+l=u 2du »
21 92 dt:/(t2+1)2: 2tdt =du |~ | T2 ZQ/U du =
2 2 2 2 41
1-st Euler: Vi2—-l=t—-o = 2°—-1=t"-2x+2° = 2r=t"+1 — = 5
t?2+1 t2-1 2t - 2t — 2(t2 + 1) 2t% — 2 2 —1
2 ]l =t— = T = b = = ———dt
x o1 TR dz 12 dt 12 dt 572 dt
S 2 2 ! for ze( 1)U (1; o0)
=2— 4= —————=C¢—— =0 — , or x€(—o0; — ;00
-1 ! ! 2 +1 ot ;E(:E+\/:E2—1)
1 r—Vr?—1 r—Var?—1 r—Vr?—1 va2—1 x?—1
=1 : =c - 5 = —-————=a—1+ =Cy + ;
v(z+vVa?—1) z—Va2—-1 z(2? — 2% +1) T z t
for z€(—o00; —1)U(1; 00).
1 1 A 4, dt
/ dz B T_¥>f_§ :>dl'—(t )df__tQ _ /t2 t dt_ —tdt - 1—t2:u .
2 — 1 1 1_12 - T _242 A2 | —2tdt=du |
Ve I \/ﬁ—\/ﬁ—l—\/{f for te(0; 1) L=t L=t
1 fdu 1 1uz 1 VrZ—1
= —?:—/u%du:—uTQ—i—cQ:\/l—tQch: 1———1—02:[74—02, for xe€(1; 00).
2) uz 2 2 5 x? x
T / Inax® ! zlnz ! zlnz L T
i - - - - nz+ 2| =2%(ne +1 i
/:17"‘(111:1;—}—1)(1:17: s [e } [e } ¢ {n:z:—kx} v(lnz+1) =1"+c, for x > 0.
V=1 = v=uz
u:ln(x+ x2+1) = U = 21 rdz 22411 =t
111(:E+\/:172+1)(1:17: zt+1 :xln<x+vx2+1>— T2 | 2zdxr= -
;o N 2 -1 rdr =dt
v =1 = V=2
1 dt 1 1
:xln<x—|—\/x2+1>—— —len(:ﬂ—i—\/x?—l—l)—— t2dt =
2] Vi 2
12
:xln<x+\/x2+1> —§TQ+c:mln (IE+\/ZB2+1) — Va2 +1+e, for x€R.
2
da 1 Vr—3—+vr—4 Vi —3—+vr—4 1 1
= dr = de = [(x—3)2—(x—4)2 dor =
Vi —3++r—4 Vi—3++Vr—4yVr—3—\z—4 r—3—(r—4)
—3)2 — 4)2 2/ (x =33 2¢/(x—4)3
:(x 3 )? _(a: 3 )2—|—c: (x=3) — (x—4) +c, for x > 3.
2 3 3
2 2
/dxzrx+(31, for z€(0; 1),
1
/ min {1,—}dx:
z € (0;00) X dz
— =Inz + ¢,
x

for ze(l; 00).
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Integrals

2r—r+1 20 — 1

dz —ds t dt 1 dt
—dx+/ :/ — ti—z—/s2d8—/ =
oV 1+x— xQ V14 z— 22 zV 1+ — 2 Vs VP11 (t+l)2
2

_5
4

2 _ 1 — _
?L’:l,t:i:>d”[’*——:>\/1+”l’—x2 \/ 1—iszortgé ! \/5; 1+ V5
t T 2 tt2 t 2 2
1++5 1 2 20 -+v5) V5-1
0<x< — t=—-> = = >0
o e [LoV0 1EVSY) pgy I roAVs o 155 ;
e e 1_\/3< <0:>z‘—l< 2 72(1+\/3)7_\/3+1<0
2 ’ TS 15 1-5 2
PSP PO S NS S NS AR 1 V5 S CRNE R
"+t 1_<t+2 1 1= t+2 4>0:> t+2> 5 :>t+2< 5 Or 2<z‘+2
1
t+1/2= 2 d / 5 1
- dtiduu :_i_/iu 52—2\/§—lnu+ U2_Z +c:—2\/1+x—x2—lnt+§+\/t2+t—1 +c=
2 uz — 2
4
1 1 1 1 ) N
=—2x/1+x—x2—ln—+§+ —+——1 c=-2V1l+x—2?— ;x+ tror +c=
i X X
2+ +2V1+x— 22 1—+v5 1 5
=-2Vl+z—22—1In RS 5 R +c, for xG( 2\/_; +2\/_)—{0}.
Xz
20% —x + 1 /t4+2t3+9t2 6t+2 +1  £+1 2 -2-2 _2/t4+2t3+9t2—6t+2dt_
T\/1+T—r2 (12 +1)2 1—2t —24+t+1  (2+1)2 (2t — 1) (£ + 1)? -

2-nd Euler: V-r2+r+l=at+1 = -2’ +a+1=2*2+2%r+1 —= z-2x =2’ +2°> —= 1-2=at’+2x

1—2t 1—2t t—22 4241 —t2+t+1 V1 — 221
Vidr—22=at+1= t4+1 R po Vit -

e = — = = VX5 — — -
Terr Zil 241 211 z
—2(t2 +1) — 2t(1 — 2¢) —2t% — 2 — 2t + 4¢? 212 — 2t — 2 s —22+r+2-2V1+x— 22
dr = dt = dt = dt, t*=
(12 +1)2 (t2 4+ 1)2 (t2 +1)2 z?
TP R 2 -2 2(1 — 4t + 4t2) t2+1—2t3—2t+t4+2t2+1 t4 42t + 912 — 6t + 2
xr — X — — = — —
241 t2+1 (t241)2 (t241)2 (t241)2 (t241)2

4+2{74x—|—2\/1—|—x—:1:2—2 {2_'_17—a:2—|—x—|—2—2\/1+:zr—x2—|—:1:27:1:+2—2\/1+:1:—x2
o x ’ ) N 22 N 22
1 1 At —2 2dt dt 2t 1
=2 + dt= | ——+2 | —+4 | ——dt—4 | ——dt=
/{215_1*152“ (t2+1)2] /2t—1 /t2+1+ /(t2+1)2 /(t2+1)2
th+2t3 + 92 — 6t + 2 A Bt+C Dt+E 2t—1=u t?+1=v
_ A=1,B=0,C=1 D=4, E= -2
(2t —1)(t2 +1)? %—1 " P+ +(t2+1)2 - ’ 0, ¢=1, ’ 2dt = du 2tdt = dv

dt dU _page —1 1 1 "
/_+2/t2 +4/ /ﬁ = 1n|u|+2arctgt+4—1—4 §arctgt—|—2t2 - te=

1\? 1 1\* 5 1\? 5
1+2— 22 2 g 1=(a-=-) —>-1=(z2-=) =2 - °
+r—a2°>0 — =z T (:E 2> 1 (:E 2> 4<0:> (:E 2> <4 -
1| V5 V5 1 V5 1 V5 1 V5 1—-vV5 145
”‘5‘<7 Ty STTR STy T Ty SESp Ty Tt T T
t 4 2t 4+2t
=1 —In|2t —1|— — =In|2t —1
" 2+1 n| | t2+1 t2+1+c n| - 241
XWl+r—22—-2—x 4T—2+2\/1+r—fr2 1—v5 145
=In — for z€ ; —{0}.
x I+2—2\/1+r—x2 2 2
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—r \/352—1’ 2y x—l t2tdt 2t2 dt
———dx = dr = s = S =
1—t2) (1—1¢2)
r#0, 22 —rx=x(x—-1)>0 = #0, €(—00;0)U(l;00) = z&(—00;0)U(l; c0)
x> 0: x_lzt, te(0;1) = x_lth == = 12 :>da::_(_2t)(it: 2tdt2
z P 1= 1-22 (1-8)
r—1 Vartx-—1 t Jx—1
1+t=1+ = =at=a\/—— =Varvr—1= 22—
t NG z , — xt = > NZAE: x T
- S/ S/ _Jz = ) TD4r-1
1 t:\/_ X 1:\/_ x 1\/_ X 1 xz (l‘ )+T :2:1:—1—2\/E>0
I+t Voe+ve—1 \/§+\/Jz—1\/f—\/x—1 z—(x—1)
1 1 1 1 1 1 (t— 1) (t+1)"L
= - — dt == |Injt -1+ ————In[t+ 1|+ ———— =
2/L—1+(t—1)2 t+1+(t+1)2] 2{“' — SR e
2t2 A B C D 1 1 1 1
= A:— B:_, :——HD:—
G 1 G ity AT e O Py
L[ 1=t 1 I R O A e S e ) I S e S S
=—|ln — c=—=|ln c=-n—— c=
2 1+t 1—-t 1+¢ 2 1+1¢ 1—¢2 2 1+t 1-—1¢2
1
:§1n <2:17—1—2\/:172—:17)+\/:E2—:E+(f, for xze(1; 00).
Va2 —u \/x2—x x—l 22 dt 1. 1—t t
—dr = =——In +c=
; 2 1—t2) 2 1+t 1-1¢2
r—1 —1 2t dt
z <0: Lot te(0;1) = = =t = 2=—"75 = do= td{Q
x x 1—1 (1—1t2)
vVi-z V-zEt/1-2 t 1—2
1+t=1+ = =at = —/(—x)? =—vV-azVl—xz=—V22 -2
t — — I xt V(—x)?4/ — V—zv1l—2x Vaz -z
1+t_«/—x+\/1—r1:_\/—m+\/1—x\/—x+\/1—x_—x—|—2\/—x(1—m)+1—x_2 | o/ 2> 0
-t V=o—-V1-z V=z—-Vi—-zv—z+V1I-z —z—(1—x) N
1. 1+¢ t 1
:§ln1—i_t_1—t2 —5111(2:17—1—2\/:)(;2—:1;)+\/:172—:17+c, for xe(—o0; 0).
Va2 — 1
:>/udx:§1n<2x—l—2\/ﬁ—x)+\/IQ—I+C, for x€(—o0; 0)U(1; 00).
x
% d: 1 [ 2% 32%d B rl=1 1 [(t—1)dt 1 1 1 1[t2 ¢
T Iy e e N R A R L P
»+1 3 Vad+1 rmdr = 3 Vit 3 NG 3 312 3
WE 2/ 2(/(@*+1)° 2y 1
= \/_—i—l—c: v +c, for ze(—1; c0).
9 3 9 3
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Integrals

/ dx _ € _t>t>01f _/ dt B 4t = u B 4 udu_2/ U B
V5 Fder lent,dxz% ) b4t | Adt=2udu | ] 2 /512 20 uvb +ue

Vb Vb dv
71,—7:>dU—— 2 u>0 v v —/5dv

v
5 VEVEVRR 1 0P ___5/\/1)2+1_
Vh+u?= 5—}—%:\{—)3\/112—!—1, v>0 Vo5 &

2 2 Vb |5 2 V5 V54 u?
% <U+\/02+1)+C1=—751n<7+ E+1>+C1:—%1D<7+ " +co =
2 \/5 V5 + u? 2 2 )
= —— —+c :—[lnu—ln<\/5+\/5+u2>}+c :—[l 2 111(\/_—}—\/5—4—4)}%—0 =
5 u VB L= ) 1
2 L aeny -1 <\/5+\/5+4e> n 2 1t nas tme 1 <\/5+\/5+4e> n
=—|=In —In v €1 =—7=|zln —Ine” —1In * ] =
NAE YR |2 2 !
i o _2, (Vo+VErader) +e = : n (VB4 VETder) 4 for z€R
=—4+———In x — - — r reR.
5 V6 V5 VA \/5
V5 u? 5 5
T .2 _ T _ 4 _ 2 __
/ Ao _ e—t,4t—u,u—T:>e—t—z—@,w_llem / —2dv_
Vb +4er _ 5
7 v = \/5, leni:1n5—ln4—21nvidx: 2dv +442
2v/e* 4v? v
2 dv 2 V5 5
- | —— + V2 + )+ In +1 |+ =
NS f (v Vo T (2\/ew det ) “
\/_+\/ 5+ 4dev V5 +4/5 +4e9C 2 [ 1
01:——1 - €= ——— ln<\/g+\/5+4e$)—1n2——lne$ +c =
VE 2¢/e? V5 2 (e7)? V5 2
2z 2 n (VB4 VB e ) by = 2 (VB+vo+der)+ for 7€ R
= —_— - — z c n(vo ) o c, or x .
N f TV VB
1 1 —x
o o 2 / - o 2 2 (_ —
/mdt_ u = 1—=x = Uu 2(1 T) ( 2T) \/1_—12 B m / —dx_
v L v’:i:T*Q = 1)—:]0—_1:—l 1—22
z2 7 -1 x
,/1_ 2 V1 — 22
= ’ / —J—arcsinx+c, for xe(-1;1) —{0}.
V1—22 x
N xr =sint, t=arcsinx — dx = costdt, xe(—1;1)

/ . /cost~costdt /1—sin2tdt
————dr = = =
" 2
2 V1—22 =1 —sin2t = Veos?t = |cost| = cost, t€<——g; —72T> sin” ¢

sin®t

— _cotgt—tdc=c— B0 4 YT aresing, for ze(—1:1) — {0},
cotg +ec=c o c » arcsin or ze( ) — {0}

)
/{ 1 —1]dt cost V1—=zx

sin? ¢
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Integrals

- B 1—=x 271—1' 2 9 71—152 -
/ <1_m>3dtz t= i i e = l-—z=t"+2t* = =TT rxe(—1;1) _ A4 At _
l+z —2t(1 + %) — 2t(1 — 2 —4t dt L+ 12)°
P41 = , dz = ) = =) 4y tdf, te(0; o0) ( )
1+2 (1+1¢2)? (1+12)?
tt 2120241 2041 287+ 1) 1 2,1
(1+12)° (1+12)° 42 (1427 (1427 1 (1 442)
2 1 _page 1 1
=—4 1— dt —4 |t —2arctgt 4+ - arctgt =
/{ 1+t2+(1+t2)2] 7 { arct t o5 arcls +2t2+1] 211
1- 1—-21
—6arctg\/ \/1+i \/ +i —gx—i—c—Gdr(,t \/1+E \/ —V1—a?+¢ for xe(—1;1).
I+ 5, 1+z ) ) t2—1
/ <1+1> dr — 1—2 1—2z ) ) 141 :/ 1+t22:
—x _ _
2o | 4y = 20 +) 2t2(t 1) . 4tdt27 te (0: o0) ( )
-z (1+12) (L+12)
24122241 42241 247 +1) 1 o2
(1+¢2)? (1+¢2)? 1+ 1+ (1+12) L+82 0 (14 2)°
2 1 1 1 ¢
=4 1— dt =4 |t — 2arctgt + - arctgt =4t —
/{ 1+t2+(1+t2)] { arctet g arctet ¥ o +1}+c 211
1 1 1 1—
- +x—6arctg\/ +x+2\/ tro—w +c=14 6ar(tg@/ 1 —a? for ze(—-1;1).
1—x 1 1—=
1+ 31 | z=—t 1—t 3d B -t =t | .
11— 2 ar = dr = — dt — 1—_” t=— 6arctg 1—_”— 1—_”— —1 +c=
/14 1+
= —6 arctg 1i—;+4 1i—i 1 — a2 for ze(—1;1).
B B , o —1 1
) , . 22 u=1In(1 x)ju_l—x_x—l
r"InyVl—zdr= [ 2°In(1 —2z)2dx = Eln(l—x)dx: 2 I =
2 R
YT AR PE T
:x31n(1—x)_ 2® dz :x31n(1—x)_1/(xS—x2)+(x2—x)+(x—1)+1dx:
6 6 x—1 6 6 x—1
3In (1 — 1 3In (1 — 1 [2? 2
#In(l—z) 2* 2 2z In(l-x) 3 — 1 3 P
e SV S B - In(l—a)———" -~ . for = < —1.
6 8 126 6 ‘ S TR TR o
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Integrals

/ dz / 11 1 1 q / R 1 q x 1 x_3+x_5 I
— = — - —+— x = xrt—x x 0 — xr = — —arctgr + ¢ =
x8(1 + x2) x2 ozt ab 1422 1+ a2 -1 -3 - &
1 1 A B C D A B C D
z? = ‘ = - =44+t —==4+—=4+—=+—- A=1, B=-1 =1, D=-1
TS Nt Pty e et 2ttt & ’ » =1,
L, tgz + for weR— {0}
=—— 4+ — — — —arctgx + ¢, or x —{0}.
x  3x3  bad 5
t—,/l_x N ek N RS P S bl e(-1;1)
/ Lo, “Vive ' Tita renTe i e ! ; :/ —42dt
1+ = _ _ 2) _ 94(1 — 2 4t 1+ ¢2)?
152-1-1:1 x—l—lzi, do = 261 + ) 2;(1 £ :47{(1752, te(0; o0) (1+#)
l+x L+ (1+412) (1+12)
?24+1-1 1 1 1 1 age
:—4/;2&:—4/[ — 2]dt:—4{arctgt——arctgt—— ]—i— Sl e
(1+1¢%) L+82 (1+12) 2 212 1+ 1 17
2t 1—x21 1-— 11—
:—2arctgt+t2+1+c:2\/1+i —;x—Qarctg ?i—i—c:\/l—xQ—Qarctg\/r;—kc, for xe(—1; 1).
1+z , 1+z ) ) t2—1
= = l4+z=1t"—2 r=——=, ze(—1;1
/ 1""/17(1/[: t 1—[L‘7t 11— — +x t rt? — x 1—|—t27 T€< ) ) :/ 4t2dt _
1—2 2\ _ os(42 _ 1+ 12)2
paloitT 2 4 20+ 2t§t y o 4tdt2’ te(0: 00) ( )
- 11—z (1+1¢2) (1+12)
2 +1—1dt 1 1 1 1
:4/+—2:4/ 1 5| dt =4 |arctgt — ~arctgt — — +c=2arctgt — +c=
(1+12) L+ (1+1¢2) 2 212 +1 t2+1

1 1 1-— 1
= 2arctg 4/ +96—2\/ e x+c:2arctg +I—\/1—.’L‘2—|—C, for ze(—1;1).
1—2 l—2 2 1—x
1 — ¢ 1—¢ 1
/ 1—_Fid:z;: d;:—dt :—/ 1—+tdt:—[\/1—t2—2arctg ¢ + ¢ = 2arctg 1—_Fi—\/1—:172+(2, forxe(—1;1).
Jx —1 4¢2 dt 442 A B C D
d:L‘—/ = = A=1, B=1,C=-1, D=1 |=
/ ’I/—|—1 (t_l)Z(t+1)2 ({2_1)2 t—1+(t—1)2+t—|—1+(t—|—1)2 i ; y )
= = —1=ut r=——=, ve(—oo; —1 1; —(—1;1
t :z:+1’t P = ot +tt = T r€(—oo; —1)U(l;00), le.x€R—(—1;1)
_ 2y 2
_p_g_ el 2 Lo el 20— 2;)(1+t)dt: 4tdt2’ €(0: 00) {1}
r+1 x+1 2 -1 2 (1 —12) (12 —1)
/ ! + ! ! + ! dt =In|t 1|+/(t 1)~2dt —1 |t+1|+/(t+1)_2dt
= —_ = 1n —_ —_ — 1n =
t—1 ' (=12 t+1  (t+1)?
t—1 (@t-1)7t (t+1)? t—1 1
=1 =1 - - —In|t— 1] —In|t+ 1] - -
nt+1' e s | A B S LA L s T
1 ,/x_l 1] —1 |+ 1)y + for ze( 1) U (1; 00)
= —1| - —— +c o —00; — ; 00).
"Wrt "Warr ‘ 41 b oo »
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Integrals

r+1 / —4t2dt 442 A B C D
dx = = A=1, B=1,C=-1, D=1 =
/\/r—l t—1)%(t+1)° (2 — 1) P R P s R I S ’ ¢ '
B r+1 27:104—1 22 7162—1—1 o ) . .
t_”x—l’t_x—1:>x+1_xt t = T=5 7 z€(—o0; —1)U(l; 0), ie.ze€R—(-1;1)
s+ 1 2 1 r—1 20t — 1) — 2t(t* + 1) —4t dt
RIS I ;= = - o0) — {1
t o " o 5 dx (t2—1)2 dt (t2—1)2’ €(0; o0) — {1}
/ L, ! ! + ! dt In|t — 1| /(t D72dt+Inft + 1] /(t+1)2dt
= — - =—Inlt—1]— - n - =
t—1 (t—12 t+1  (t+1)7
t+1] (-1t (t+1)7t t+1 1
=1 - - =1 =hnjt+1-Injt—-1+ 55— =
nt—l' — —— te=hl— 1t te njt+ 1| —In| |+t2_1—|—c
r+1 r+1 r+1
=In ;t1+1 In ;jl—l +(z—1) ;—_Fl—kc, for x€(—o0; —1)U(1; o0).
/ da | 2 1 1 32 dx B t = a3 B 1/ dt B
aVI—+a0 | 777 +1_[ZE __} +1_Z>O C3) 31— rab Bafde=dt |73 ) p Atz
1 du 5 11 Vul-u+1 1 V1—t412
t=— = dt=—my VIt 42 =l = Vi —ut ] ——; Si—
/ —du / | v=u—1/2 1/ dv
Viz —u+1 \/ % +1__ v =du 3 /v2—|—%
3 1 1 1 1 1 V1—t+1+¢?
=—-hhjv+/v*+—-|+ta=c—shju—-+Vul—u+ll=c—-lnl-—2 Al s
3 4 3 2 3 t 2 t
1 2—t+2v1—t+1¢? 1
:cl—gln i 5 + :cl—g[ln)Z—t—l—Q\/l—t—I—tZ‘—ln|t\—1n2}:
1
—cl—gln)Q—x —1—2\/1—x3—|—a:6‘ ln}a:?’}—i— ln2—c—§ln‘2—E +2\/1—I‘5+L’("+1nt for ze R — {0}.
/ dx N . 17° 1 1 3z%dz B t = a3 B 1/ dt B
it rao | D U= [T +§] TV T3 BVt e | 3 de=dt | T3 [y T
2 )
t=— = dt —%, \/1+t+t2:\/1+%+%=%, \/u2+u+1:\/ti2+l =m%
/ —du_ / | v=ut1/2 1/ dv
/7u2+u+1 \/ +1__ dv = du 3 /,U2+%
3 1 1 1 1 1 V14+t+1t?
=—-hnjv+/v*+—|+tea=c—shjut+t-+Vuitu+l=c—sn|-+ - Al
3 4 3 2 3 t 2 t
1 24t4+2vV14+t+1t2 1
:Cl_§1n Tt 5 Tt :cl—g[ln‘2+t+2\/1+t+t2‘—ln|t\—1n2]:

—61——111‘2+a: +2\/1+x3—|—x6)

ln}x?’}—l— 1n2—c——1n‘2+x +2\/1+E5+I6‘+1HI for xe R — {0}.
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Integrals

1 1 dx dx
1n<\/1+:)c+\/1—:17)(1:17:a:ln<\/1—|—a:+\/1—x>—/3:{——7]dx:xln<\/l+x+\/l—x>—/—+/7:
/ 2r 2xv/1 — 22 2 2v/1 — 22
V=1 = v=ux
11 1 1 Vi—-z—+V1+ux
uzln(\/l—l—x—i—\/l—m) N u,:2x/1+.’13 2\/1—x: 21+ 21—z :\/1—x—\/1—|—113 1 _
Vitz+yV1l—z Vitz+vl—z Vi+tz+V/1—-22V1— a2
Vi—z—itz 1 Vi—z-itz (V-z-VI+ta)® 1
VIt +VI—z2V1—22VI—z—VI+z  l—z—(1+2) 2V1—22
l-z-2y1-aVl+oz+1l+2  2-2V/1-22 Vi-22-1 1 1
; —22 - 2/1 — 22 C2-2VT a2 2eV1-22  2r 221 - a2
:x1n<\/1+x+\/1—:t)—g+ams2mx+c, for xe(—1;1).
/ -z / 2 1+¢2 —2tdt / 2t3 dt /{% +§—§ t=1 14
—_— axr = —= —= =
r— 1 — 22 1+121—1 (1+¢2)° (t—1)(1+12)° t—1 1+ (14
3-rd Euler: ¢ = 1_x:>t2:1_—x:>t2m:1—m:>x:—:>dx: —1-2 = _thtg
"E z 14 (1+12)? (1+12)
1 1+¢2—1 t?
— 2_ — — = — = =
r—z‘=z(l—-2)>0 = 2€(0;1) = t€(0; 00), l—x=1 P P P
_ _ _ N ——)
m . t :1 LL7 t:\/l JI:\/TL’(l 1’): T T
1—|—t2 1—|—t21+t2 1-|—t2 1+t2  1+¢2 x x? T
t 1 \/:E—T2 5 1+t 1 t 5
T+ 1+ VIS T T e T Ve
3
o - A Bt+§1 Dt+E2 S U TS N ST
(t—1)(1+¢2)* t—=1 1412 (142 2 2 2
_1/ dt 3/ dt 1/ tdt +/ tdt / dt | 1+*=u |
2/ t—1 2/ 1+ 2) 1+¢ (1+¢2)? (14¢2)2 | 2dt=du ™
3 dt page ' dz 1 T
= 1 t—1 +—act t—— — —_— —= — = Zarctgx + — =
n | | rctg / /(1+t2)2 T /(x2+1)2 Zarctgr+2x2+1
11|zt 1|+3 ttll||+1u_11 tgt+ + 11(1& 1)*+arctg ¢ 1 1+ ! +c
= —In|t — 1|4+= arctgt—= In |u|+=——= arc ———+4c=-In(t— arctgt—— Inu——+———+c =
2 g 8Ty 01 2 o) T g 8 2u" 2(2+ 1)
1 1 1 ¢ 1 t?2—2t+1 L+t
= Zln(t—1) tgt— —1In (1+¢2) — - = tgt— — 4+ =
(=17 arctgt — 7 (141 21+ 204/ TitTaire TMWITyae e
1 2t 1+t 1 r—a2 x+vVr—ax?
:Zhl(l—m>—i—arctgt—m—l—c:—1n<1—2\/x—x2)+arctg — 5 c,
for z€(0; 1).
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Integrals

/—/”:;dx:/(l_;) (v + Va2 —a) dx:/x_x2+m_x\/mdx:/(1—x)dx+/\/xi—_xdx—/\/x2——xdx:

2— (22 —1x) x
:x_l'_2+ \/1‘2—.de_ x_l Q_de: $—1/72:t _ __+ \/.TQ—I' 2 _page
2 T 2 4 dz = dt V 49,56

2 g 1 N 2
/ ! Jdyc:51]{1(2:)@—1—2\/302—x>—l—\/xQ—ﬂc7 /\/ —2dp =T %ln‘x—kvﬂ—aQ‘

2

2 |1 tyt2—=1/4 1 1
:x—%—i—{§1n<2x—1—2\/x2—x)+\/x2—a:}—[f/—é-zln’t%—\/ﬁ—lﬂl‘ +c =

2 1 20 — 1 1 1
:x—§+§1n<2x—1—2\/9&2—x>+\/x2—x— 1 \/xQ—x+§1nx—§+\/$2—x +c =

2 4 5—2 1 20 — 14+ 222 —
:x—%+§1n<2x—1—2\/x2—x>+ 4x x2—$+§ln 7 +2 S 1 =

2

143 5—2 1 1
= _%+%l <2x—1—2\/a:2—x)—|— 4x\/xQ—:E—i—gln’Qx—1+2\/x2—x’—§1n2—|—01:

2

1 5—2
:x—%+§1n‘<2x—1—2\/x2—a:)<2x—1+2\/x2—x)’ ln<2x—1—2\/x2—x) 4x\/x2—x+c:

2

1 3
:3}—%+§1n’(2x—1)2—4(1’2—3})’+§1H<2$—1—2\/l’2—$>—l—

5 —2
Vi —zte=

2 1 3 5—2
:x—%+gln‘4x2—4x+1—4x2+4x‘+§1n<2x—1—2\/a:2—x>+ 1 x\/a:Q—aH—c:

2 1 3 5—2x
:x—§+§1n1+§ln<2x—1—2\/$2—x>+ 1 Vat—x+c=

r? 3 D — 2w
::1;—%+§ln (2:1;—1—2\/:1;2—:1;>+ 1 I\/ZIZ2—5E+(?, for x€(—o00;0)U(1; 00).

/1+\/1—L’2 Ltvi-a?1+vi—a? 1+2\/1—x2+1—a:2d /2—x2+2\/1—x2d
T = T =
1—+/1—2a2 1—V1—2214 122 1 —(1—a?) 2
V1—a? age ! V1-—a?
:2/x_2d$—/dx—l—Q/%dxiQx——x%—Z{—i%—amsinx} +c=
T 57 -1 x
2 2v1 —a? 2421 — a2
:———x—ix—Zamsinx%—c:c—¥—2ar0sin:b—x, for xe(—1;1)—{0}.
x x :

ze(0; 1), t€{0;1) = INTTE Y= | AT sa=du |T T3 ) AT

x>0, 1—-2yx>0 = >0, 1>2vr=Va’ = >0, 1>z = z2€(0;1)

2 s 2u7 4 4 A
:—g/u2du:—§UT+c:c—g\/ﬂ:c—gx/l—t?’:c—g 1 — 2y, for x€(0; 1).
2
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Integrals

du
der = —

dx dt / / " / u
— —| "=t>0, z=Int € (—o00; o), dz R T — — =
/ 62‘7"—'—6‘7"—0—1 X n ( o0 OO) t R /t2+t+ 1v1+u+u ‘/1+U+U2

U t

1 1 TR — 1 1 1 2 P EE—— 1 1 t2+t+1
t:_édt:_%’ t2—|—t—|— _\/_24___‘_1_\/—'—&7 1_|_u_|_u_\/1+¥+t_2_\/i
u u u u

du 1 dU 3
— > — U+§:U, du:d?} _— 7:—111 U+ U2_|__Z +01:
WCEEREE N
1 1 1 VEtTt+l 9t t o/l
N [ L R EIER

—1In <2+t+2\/t2 +t4 1) +In2+Int=c—1In (2—}—ex +2\/e29~°+e9~“+1> + z, for x€R.

dt
1 —ez e =t = x=Int, dv = — 1—tdt 14+ u? —4udu —4u? du

14er z€(—00;0) = t€(0;1) 1+id L—u? (14 u?)? 1 —u?)(1+u?)
= _ a2 _ 2y _ 2 _
" /1 t7 g 1 tzu—i—th—l—t L 1 u,dt: 2u(1 4+ u?) 2121(1 u)du: 4udu27u€<0;1)
1+t 1+t 1+ u? (14 u?) (14 u?)
\/1—75 VI+tEV/1-1 l—u VIiter—yT—et 1+e"-2/1—-e21—e® 1-—+1-eX
lfu=1%+ = - = = . - = -
L+t V14t Il+u  /1T+e*+y/1—¢" (14e)—(1—e) e
4 22 2 2 2 oty 2 ot
(1—wu?)(1+u?) 1+u? 1-u? 14?2 (u—1@w+1) 1+w* |ut+l w—-1] 1+4+u? wu+1l u-—1
/ 2 Lo L du = 2arctgu—Inju+ 1)+ Infu— 1]+ ¢ = 2arctgu + In | | +
= - u=2arctgu — In|u nlu— ¢ =2arctgu + In c=
14w u+1 u-—1 & & u+1
1- [T—er  1-yI—e=
= 2arctgu + In u+c:2arctg +In +c=
1+u 1+e” er
= 2arctg p +In <1 — \/1—6233) —Ine®*+c¢ = 2arctg T o +In (1— 1-— 62"’> —x+c, for x€(—o0; 0).
2 1471412 —2tdt t*dt 1+¢*—1 1
[ e =2 [ = [ = 1 dt =
\/z—rZ 1+4¢2 t(1+412) 142 1+ ¢ 1+ ¢2
_ _ 2 _ _
3-rd Euler: ¢t = ! m:>t2:1 T = ! , l—xz= — dx = L2t t= 2tdt2
z z 1+¢2 1+¢2 (1+t2)2 (1+t2)
r—r=z(1-2)>0 = 2€(0;1) = te(l; c0), z(1—x)
1+t21+t2 1+t2
11— 11—
—2(t — arctgt) + ¢ = 2arctg -2 + ¢, for z€(0;1).
T T
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Integrals

dx 5 1 — cos2x 9 1+ cos 2z 2dz
=| sin“x=—— cosr=—+— |= =
a2 cos? x + b2sin® S g T 2 a®(1 + cos 2x) + b*(1 — cos 2x)

_/ 2dx B 20 =t _/ dt _/ u"+1  2du _/ du
) (@402 + (a2 —b2)cos2r | 2rde=dt | [ (a2 4 b2) + (a2 — ) cost ) 202 +2a2ul+1 ) bu24a

t 2du 1—u? P 9 .9 7 9 19 u?+1 9 .9 1—u?  2b%u%+42a2
u:tg? dt:u2—|—1 cost= 71 = (a”+b°) + (a*—b") cost=(a”+b )UZ—H+(Q —b )u2—|—1: o
1 du 10 bu 1 bt 1 b
=— [ ———=——arctg— +c= —arctg| —tg—- | +c= —arctg | —tgx | +c, for xeR, a,be R — {0}.
b? u2—}—‘2—3 b%a ga ab g(a g2) ab g<ag ) {}

/ dz .9 1 —cos2z 9 1+ cos 2z / 2dz
=| sinx=—"—, cosa=—_—— |= =
a2 cos?x — b2 sin’x 2 7 2 a?(1 + cos2x) — b?(1 — cos 2x)

_/ 2dzx B 2r =t _/ dt _/ w?+1 2du _/ du -
- (a2—b2)+(a2+62)0052x_ 2zde=dt | (a2—b2)+(a2+b2)cost_ 202 — 20202 u2+1 ) a2 —0b2u2

Lt 2 du 1—u? S ) g u?+1 o 1—u? 202 —2b%u?
u-tga, dt= ERE ost= o] — (a®—b?) + (a®+b*) cost=(a*—b )2—_’_1 (a® b) 2+1 AT
1 du 1 b (e 1 bu—a 1 btgx —a
= =——— = —— =——In|——| +¢, fi €R,a,be R —{0}.
b2 a? b*2a  ju+ ¢ e 2abnbu—|—a e 2abnbtgzv+a e o “ {0}
.2 2 = =1
1— d d u T = Uu
/mtg2:17(1:r;:/xsm xdx:/x(—cosx)dx / Ter /a:dx—/ rer , 1 sinz  |=
cos? cos? x cos? x cos? x V= —5— = v=tgr=—
COS“ T COS T
sin x? —sinx x? x?
:xtgx—/ dx——:xtgx—i—/ der — — =ztgr +1In|cosx| — — + ¢, foerR—{(Qk—I—l) kGZ}
coS T 2 cos T 2 2
da x>0, z=1>0 3t dt 2 dt Ht—t—1+1 1
= T » = =3 =3 dt=3 ] |[t—14+—|dt =
/1+y§ t= 1z, de=3t2dt /1+t /1+t / 111 /{ +1+t}
32 3t 3\/
:7—3t+31n|1+t|+c_7—3t+3ln(1+t)+ (1+ V) +c for z€(0; 00)
dx 12t dt 8 dt B+t =t =+t - -t B - -+ PPt -t —1+1
Vr + th 4¢3 t+1 t+1

>0, 2=t2>0, t= ¥z, de=12t11dt, 8= Vad =Va? 0= Vab =z, tt= Vol = Yz, 3= Vad = Y, = Va2 =Yz

12/ 0t P2t 14— | dt =12 r t7+t6 t5+t4 t3+t2 t+In|l+¢t|+
= — —_ - [ e R _— —_ R — — — n c =
t+1 8 7 6 5 4 3 2

VaZz 12 VT 12 Vo
:3\gr__ ;/r_+2ﬁ_ \/_+3f A/r +69x — 12/ +12In |1 + V| +c, for z€(0; 00)
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Integrals

dzx / Y/t —tnLde / 2 dt /t"—2 dt . .
- =— [ ——= [Partial fractions|, for x€(0; 00), n =2,3,4,....
/ var + 1 (t" n+1 2 /(t” _ 1)’” tr — 1
1 n/on 1 1 1 1
x>0, :nl—l——,:ix—'— >1, t"=14+— = t"a"=2"+1 = 2" = — =
xn T xn tn—1 {7/1%——1
1 1y o A 1 tn 1 t
dz=——("—1)" = 'pldt = nyl= 1= Vot +1=t(t"— 1) =
v n( ) " i (tn_l)m-l’ + tn—1 + t—1 — Vet ( ) Y —1
/ de Vi + 1 tn e e de [Partial fractions], for z€(0; 1), n = 2,3, 4
= =— | ——= artial fractions|, for x 1), n=2,3,4,....
V1 —a t (tn+1n+1 \/(t"—i—l)” tn+1
n 1 V1—azn n 1 n_n n n 1
O<ze<l, t=4——-1= >0 th=—-1 = thr'"'=1-2" = 2"=—— = o=
:LJL x Tr tn+ 1 n t’n,+ 1
1, 1 —tn=ldt 1 tn t
de = —— (tn + 1) " lntn_l dt = , 1= " =1- a1 - 41 = Vl-a"= f(tn + 1) "= n/in
n n (t”—l—l)n_‘—l + [+ t +1
dx Y1—tn trlde / tn2dt /f” 2
- = - [Partial fractions|, for x€(1; 00), n =2,3,4,....
/\/q; —1 t n( i n+1 Ja—mp ) o1
1 vanr —1 1 1 1
T > 17 t— n S — xi E (0, 1) t’n — 1_ — :> tTITrL 7Tn—1 :> x,TL: T =
:I:fL x :I:fL 1 . tTL n 1 tTL
1 tntde , 1 t" _1 t
dp = —= (1 — ") "7 (—nt") dt = o = Yo 1=t(1-tY) =
n n TL+1 1 - th 1 - tn Y 1 - tn
(1 t”)
T t—1 1. t+1 1 2
—_— ——l —|+c==-In—+ :—ln<\/x2—|—1+x> +c:111(\/:172+1—¢—:17)+(‘ for x > 0.
/\/x2+1 /t2—1 't+1' 21 2
1 241 1 tdt 1 2 -1 d dt
x>0, :\/1+—2=m+ >1 — = Codz=— : - T
z x 2 -1 (2 —1)° 2 +1 t 22 + 1 2 1
2
til_\/ﬂ—i—lil_\/ﬂ—klim t+1 Va4 l4a (vx2—|—1+x) _(m+ )2
oz B T t—1 Va2il-=z (@241 —a22 V7 T
dx r<0 = t=—-2>0 dt
_ — _ _ /42 _ /2 _ _
/ =1 | de=—dt, VaPFi-2>0 | / e 1“( t+1+t>+c_ 1“( SR x>+c_
Vai+l+x ?+1)—
—In <\/x2+ —x)i —|—c:—ln¥+c:—lni—l—c:ln(\/:p?%—l%—m)+(, for z < 0.
Vat+l+zx vat+l+x 24+1+2
dx
= =In <\/r2 +x> +c, for xe R — {0}.
N
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Integrals
/ da /\/ -1 —*dt __/ tdt t t A Bt +C Loy 1,1
Va3 +1 (t3—1)4_ 3 —1 51 (t—D)(E2+t+1) t—1 2+t+1 377 373
_ 3 1 Vasd +1 1 3 3 _ 1
x>0 t—\/l—l—xd . >1 —1—|—x3ﬁtx z°+1 = =z t3—1:>x_3t3—1
2 3
dx:——(t3—1)’%3t2dt_ rd 4+ 1= +1=3 = 3x3+1:t(t‘5—1)7%:3‘t
3(t3_1)4 —1 t 1 t3_1
3/43 3/..3 3/..3 o 3/..3 3/..3
: 31 t 1 P 1— T—i—l_lzx/x +1—x t3—1:%, 2t+1:2\/q} +1+1:2\/m + 1+
Va3 + 1 t x x o x x
/ 3 —f+1 1 [ dt 1/ 2 — 2 1 [ dt 1/ 2t + 1 1/ 3dt
= — —+ —_ R — — —_ —_— 4 = - —_ = - =
t—1 22+t+1 3)t—1 6/ t24+t+1 3)t—1 6J) t2+t+1 6) t2+t+1
! Lo 1 dt  page 1 [ t+1 B
1 1 1 1 2(t+3)
=——In(t-1)—-Int-1)+-In(t—1)+-In(*+t+1) - —=arctg —=2> +c=
3n( ) 6n( ) 6n( ) 6n( ) \/garcg 7 c
3 1 V3 2t +1 1 1 V3 2t +1
= —"In(t—1)+-In[t-1)E+t+1)] - —arctg—=+c=—=In(t— 1)+ ~In (£ = 1) = " arctg —= +c =
6n( )+6n[( )(t° + )] 3arcg 7 c 2n( ) 611( ) 3arcg 7 +c
\/ +1—2 1 1 V3 2V + 1+ 1. vVa3+1—2 1 3 2V +1+1x
—In ——— arctg — In——+-Inx — arctg
6 I?’ 3 x\/_ 2 T 6 3 x\/_
1 -3 2V + 1+
:——1 (x/ 1 ) Slnr+ —lnz — 22 arctg
n x g+ - lnz— ——arc x\/_
2vVad + 1+
:——ln (\/ ) arctg% ¢, for z€(0; 00).
i
/ﬁ dr = —du, 234+1=1-1u3 /m 70 ——ln( 1—u3+u>+?arctg uv3 e
1 3 2v/ 3 + 1 A 3 2vVad + 142
:——ln<\3/x3+1—x)+£art vrlte c:——ln(v3x3+1—x)—iarctg$+c,
2 3 —x\/_ 2 3 V3
for xe(-1;0).
: 1 35— 3 2vaw3 + 14+
ﬁ/yﬂjﬂz—ﬁln (\'ﬂ/:r;‘f%—l—m) —%arctg%%—c, for xe(—1; 00) — {0}.
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Integrals

/L:_/ﬁ: £ £ _ A B CitD 1 o 1o oo 1
Vat+1 th—1 -1 -1+ +1) t—1 t+1 241 I L)
1 Vat+1 1 1
=1+ — = 1, th=14— It =2t 1 at = ——— =
x>0, t \/—i—:][:4 . >1, ¢ —|—m4:>t”r r+1 = =z t4_1:>x Ve
I Y - g . .1 o Nt I
dz = 4(zt 1) 4tdt—4(t4_1)5, Ptl= gl g = Ve +1=1¢(t"—1) =
1 V-1 |fi1|7{i17\4/x4+1i17\4/:1:4+1ix t+1 Val4+l+4w
Vat+1 o o B T B T Cot—1 Vet l-2z
1 1 1
T —7 5 1 1 1 1. t+1 1
1 4 2
= — dt = —-Inlt -1 —In|t+ 1| — = tgt =-1 — — tgt =
/[t—1+t+1+t2+1] gt =1+ ginfe+ 1] = garctgt ¢ = gIng= — sarctgl 4
11 vVt +14+z 1 . \4/ZE4+1+ i €(0: oo)
=-ln— — —arctg——— 4 ¢ or x ; 00).
4 Vart+l—za 2 ° 7 ’
4/ 1 4/ 1
/L: 2<0, 2—=-u>0 dz=—du :_/diu:_lln_wlﬂu}mguiﬁﬂz
Vat+1 vul+1 4 Vut+1l—-u 2 u
11 \4/x4+1—x+1 . \4/a:4+1+ 11 Vt+14+z 1 . 4IIJ4—|—1+ ¢ e 0)
=—hn—+-arctg———+c=-ln—— — —arctg —— +¢, or x€(—o00;0).
1 A le 2008 T 4 Vat4l—-z 2 T
da 1, Vat+1l+2 1 vVt +1
— [ —=-In—+——— — —arctg——— +¢, for e R —{0}.
/\4/x4+1 4 Jart+l—a 2 8¢ {0}
dz Vv1—1t2 tdt dt 1 t—1 1 t+1
= =— | ——=—In|—|+c==-In|——| +c=
\/I2_1 t /(1_t2)3 t2_1 2 t+1 2 t_l
1 Vaz-1 1 tdt 5 t2 1 V1—+t2
CC>1, t_\/l_ﬁ_ - G(O.l):.’lﬁ—ﬁ, dx (1_{2)3 xr 1 1_t27 1132—1 ¢
Va2 -1 V2 —1+zx t+1 A (Vx2_1+x) 2
t+1= +1=21" =" — — _< :1:2—1+a:>
x x t—1 22 —1—x (2= 1) — 22
1 2 2
:§1n <\/x2—1—|—a:> ’—|—c:§1n)\/1’2—1+x’+c:1n‘\/:172—1+:17‘+(2, for = > 1.
dx du
S — r< -1, u=—-x>1, de. =—dt = — 7:—ln’\/u2—1—|—u)+c:—1n’\/x2—1—x’+c:
2 —1 vu?—1
/2_1 2_1 A2
= —1In (\/xQ—l—x)x—H +c=—1In u +c=—1In +c:1n‘\/:172—1+:17’—}—(2,
vz —1+ux vz -1+ 2 —-14+x
for z < —1.
dx
— 7:1n‘\/:172—1—}—:1;‘+(:, for reR—(—1;1)=(—00; =1)U(1; c0).
/m (=1: 1) =( ) U (L: 00)
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Integrals

d: tdt —3 t-1 L[ dt 1 [ 2t-2 1 1 [2t+1-3
/f L :/ i, 373 1 —+—/7dt:——ln|t—1|—|——/7+ dt =
Vet —1 1—1¢ t—1 t24t+1 3Jt—1 6J) t2+t+1 3 6) 2+t+1
: 1 Vad -1 A 1 1 1 t2dt

>1 :\3/1——: 60,1 t3:1——‘:>1—t3:_fq 3: - = *d:

* x3 T ( ) 3 x3’ v 1—1¢3 . AR . 3/(1—163)4
) 3 33 _ _ 3 _ 3/ 3 3/ 3
N t‘ /51 t ‘71_t:1_\/x Il _z—-vz 17 2t+1:2\/x 1+1:2\/x 1+z

1—1¢3 1 — 43 T T T T
t —t A Bt+C 1 1 1
= - A== B=- C=—=
11—t (-1 +t+1) t—1+t2+t+1 ’ 3’0 3
1 1 2% + 1 1 dt page 1 1. 1 t+1
=——hft—-1+= [ —— S B -1+ |+t +1 - = t 2 =
3l |+6/t2+t+1 2/t2+t+1 L R R AR Rl 1ok 1_1“
1 1
1 1 1 1 2(t + 1)
=—-In(l-t)—-In(1-t)+-In(1—-t)+-In(*+t+1) — —=arct 2
(18 = I =0+ Gl (=) + (I 141) ~ arctg =2
3 1 V3 2t +1 1 1 V3 2t + 1
=—In(l-t)+=-In[1-t)#+t+1)] - —arctg——— +c=—In(1 —t)+-In (1 —#*) — ——arctg ——— +c =
SIn (1 - 6) + 2o [(1— 1) ) = aretg = 31— 1)+ gin (1= )~ arets =
1 —Vvad—-1 1 1 2v/a3 —1 1 1 2v/ a3 —1
:——lnijt—ln—?)——arctgx—”jtc:——ln(x—\3/x3—1>+—lnx——lnx3——arctgx——i_x—l—c:
x 6 23 /3 V3 2 2 6 V3 V3
1 o — 2vad —1+«x
=—1In (:17— 3.’[;‘5—1>——31"Ctgr—+[+(f, for ze(1; o0).
2 V3 V3
da t2dt -3 y —3 1 1 1
= = dt =—-Inlt—1|+-In|t + 1| — = arctgt =
/\4/7934_1 1— ¢ /[t—1+t+1+t2+1 gt gInft 41— Sarctgt +c
1 Vat-1 1 1 1 t3dt
z>1 :</1—7: G(O;l),t4:1——42m4: 1 L= T, dor = —————,
x x x 1—1t V1—tt 4/(1—154)5
4 4/ T v v
A t o t R T 1:r1::|: T 1’ 1+t:,1:—|— -1
1—t4 V11— x x 1—1 r— -1
t2 —? A B Ct+D 1 1 1
1—t4 -+ +1) t—1 t4+1  2+1 A=-p B=p ¢=0 D=
1. |t+1 1 1. 1+t 1 1 z4+vVat—-1 1 Vot —1
:Zln ttl‘—§arctgt—|—c:Zlnl—_i_t—ﬁarctgt—i—c:Zln;i—ﬁ—iarctg Ix + ¢, for ze(1; 00).
. . 4T
/7(1'[/ =| z<-1, u=—-2z>1, de =—du :_/7(1“ :_llnu—i_ U 1—|—larctg u 1_|-c:
Vat — 1 Vut —1 4 y—vut—-1 2 u
11 —x+\4/x4—1+1 . \4/x4—1+ 11 r—vat—1 1 . 43:4—1+
=——In —arctg—— +c=—-1In — —arc c=
47 —z—at-1 2 B — I s B R
1, z+vat—1 1 vat—1
——lnH_—r——arctgrivLc, for xe(—o0; —1).
r— Vat— 2 x
1z 1, z+vat—1 1 Vat—1
ﬁ/iz—lnw—r——amtgrf—kc, for x€(—o0; —=1) U (1; 00).
Vet —1 4 z— ot - x
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Integrals

dz ViE+1  —tdt dt V1—2a?
/ > :/ t+ :—/ﬁ:—arctgt—i—cl:—arctgivtcl, for z€(0;1).
v1ii—=x /(t2—|—1)3 + x
1 1— a2 1 1 1
0<f13<1, t—\/—2—1—\/ x>0, t2:—2—1:>t2$2:1—,’1}2:>$2:2—:>1’_
x €T x t“+1 2 +1
1 3 —tdt 1 t? t 1 241
de=—=(?4+1) 22%dt = ———, 1-—2*=1- = V1—z2 = =
’ 2( +1) (#2 +1)° v 24+1 2+1 ’ 241 22+1 t
dr | -1<2<0, u=-2>0 | du 1 — u? B 1 — 22 B 1 — a2
ﬁ_ dr — — du = — ﬁ—arc‘ugT—i—cl—arctg_ix—l—cl——arcth%—cl,
for xe(-1;0).
dz V1—2a?
:>/7:—drctg7+q, for xe(—1;1)— {0},
V1—a? x
x —2t
w 2nd Buler: —1<a<1, VI-a?=ot41 51—’ =2’ 4 2r+1 = 2w=2 422 Lho=
/\/1—1;2 t:\/l—xQ—l 1_x2:—2t2+1:1—t2 dx:_2(t2+1)+2t'2tdt:2(t2_1)dt
x ’ t2+1 241’ (12 4+ 1)2 (t24+1)2
4+ 12(t* -1 dt V1i—a?2 -1
:/1—152 (£2+1)2) d15:—2/252+1 :—2arctgt—|—c2:—Qarctgf—k@, for ze(-1;1)—{0}.
dz —l<z<1, x=sint, t =arcsinz € (—7/2; 7/2)  [costdt U= e — aresin et
V1—22 | dz=costdt, V1—a2=+/1—-sin?t = Vcos?t = |cost| =cost | | cost T T T AT G
for ze(—-1;1).
dr —l<xz<1, x=cost, t =arccosz € (0; 7), de = —sintdt B sintdt Q= —tter — — arccoss +
V1—1z2 V1—22 =+/1—cos?t = Vsin?t = |sint| = sint, t € (0; 7) N sint B = anene A
for ze(—1;1).
dz V1—2a? V1i—22-1
:>/7:—arctgiJrcl:—2arctg—+02, for xe(—1;1)—{0},
= arcsinx + ¢3 = — arccos T + ¢, for ze(—-1;1).
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Integrals

1

3

dt 1

t+1 6

2t + 2
2—t+1

/

1
dt:§1n\t+1\—

1
6

2t—1+3
t2—t+1

—t2dt

f S dp=—— %
d/tS + 1 3/(t3 X 1)4

B A N Bt+C
B+1 (t+D)(E2—t+1) t+1 2—t+1

1

6

2t —1 ; 1
t2—t+1 2

dt
t2—t+1

page 1
15

1 1
:§1n(t+1) 1n(t+1)—61n]t2

/ /

3

1 1
—l—c:gln(t—i-l)——ln

t3+1

6

t+1

6

for x€(0; 1).

<0, u=—-x>0, de = —du du

page

1—a3=1—(—u)?=u+1

-

1
=5 (VI—a+o)+

V3

arctg

2v1 — a3 —x

Vud + 1

66

1
5111 <\3/u3+1—u

—t+1]—5

— —— arctg

)

1

V3
3

31n(t+1)—%ln(t3+1)

1 1 1
+c= iln <\3/1 —x3+a:)—§lnx+61nx3—\/§

1
4+ —

V3

1
arctg
1 —

1
4

t—1
2 4=
1
Vi—x

2t —1

V3
V3

— — arctg

2t—1+
P c =
3

V3

21 — 23 —x
V3

— arctg +c=

3

2vud +1+u N

arctg

uv/3

21 — a3 — x

arctg

+¢, forze(—o0; 0).

—xV3

1 ‘ :
+c:§1n<\'3/1—1:‘3+x) —

V3

/3

dx 1 .
= | ——==-In (\‘5/1 — a3 +:E) -
/ V1i—z3 2

for x€(—o0; 1) —{0}.
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Integrals

/ da _/—t2dt_/ v2¢ . — 2t V2 { 2t 2t }dt_
V1 — 24 t*+1 24+V2+1 £2—-V2+1 8 2+V24t+1 2—V2+1
\/1—T4 s 1 4 1 _ ttdt ¢
1, t=4{/=—1= ), th=— 1 S gy
O<z< \/ >0, v, = A1 x = —t4 IL4+1 T Ve
V1—at V1—zt V1— a4 zvV1— 2t + o 1 -2t +2d/4(1 — 24) + 22
t2i\/§t+1)=t2i\/§t+1: Sk ING A P i\/ﬁz l—at+2® Vi-z T\/Q( o) 43
X X T T

24Vt +1 VI—at+ /41 - at) + 2P \/ﬁtilz\/ﬁé/l—x‘lil:\/5\4/1—:1:4ix VAl —xt) + 2

—\/§t+1_\/1—x4—x\4/4(1—x4)+:1:2, x x z
—t2 —t2 At+ B Ct+ D 2 2
1 (V241D - V2U 1) 2 V241 12— V2t 41 4 4

2 + /2 2% — /2
24241 22t +1

2A+vV2-v2  2t—\2+V2
24241 2—2t+1

+2/{ - ! dt =
8 ) |£24+V2t+1  2—2t+1

2 L

V2 1 dt 1 dt age
z—ln)t2+\/§t+1)—1n‘t2—\/§t+1‘ ——/——— e S
8 [ } 4) 24+V2%+1 4) 2—V2%+1 15

V2 2 evar+1] 11 t+¥2 11 t— L2
=—1 - = arctg - - arctg +c=
—V2t+1] 4 [f1_2 f1—2 4 /1_2 1-2
1 1 1 1
2 24V2t41 1 t+75 t—75 2 24V241 V2
:iln V2t — arct \f ﬁ +c:£1n£—£[arctg(ﬂt+1)+arctg(\/§t—1) +c=
8  2—V2t+1  2V2 NG NG 8  £2—2t+1 4
1— a4 4(1 — 2 41l —x*) +x 2 v/4(1 — x4) — x
:L— vi-s +r\/ v —iarctg ( o)+ — \/_arctg ( ) + ¢, for z€(0; 1).
8 /T — 74 — v 4/4 _,,74 +.L2 4 x 4 x

dx U
—— = z<-lLu=-2>1 dr=—-du |[=—- | ——— =
V1 — a4 V1—ut

\/_ \/1—u4+u 4(1 —ut) +u? V2 VAl —ud) +u V2 V41 —ut) —u
+ —arctg + —— arctg +c=
\/1—u4—u\/41—u4 + u? u

4 u
\/_ \/1—x4 4(1 — zt) + 22 \/§ VAl —zt) —x V2 V41— z4) +z

= + — arct + — arct +c=
\/1—:154—1—3:\/4 1 —at) + 22 & -z 4 g —T
1 — 2%+ 23/4(1 — %) + 22 2 A4l —at) —x 2 vAa(l —zt) 4+
= \/— \/ VA ) - £arctg ( ) - £arctg ( ) +c, for ze(—1;0).
\/1 —xt—z Y41 —at) + 22 4 x 4 r
f VI—2t+2{/41 —ab) +22 V2 Va1l —aY) +x V2 v4(1 —z4) —
= —In — — arctg — — arctg +¢, forze(—1;1).
\/ 8 \/1—x4—x<‘/(1—x4)+x2 4 x 4 x
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Integrals

1 cost COS NT
/sinn:tdx: nx =t, dx:g :—/sintdt:———i—c:— + ¢, for ne N, xeR.
n n n n
, W= = u'=1 T COS X cos nx xcosnr 1sinnx sinnr  xcosnz
rsinnrdr = cosnr |=— + de = — + — +c= — + ¢,
v =sinnz = v=— n n n n o n n? n
n
for xeR, neN.
. . 1 . T sinnr  xcosne
/msmnxd:zt = [A+Bz]sinnz + [C+Dzx|cosnx + ¢ = [—2+0] sin nx + [O——] COSNT + ¢ = ——5— — +¢, forzeR, neN.
n n n n
/
Derivation . I . / ,
{/xsm n dw} = [A+ Bz|'sinnz + [A + Bz]sin' nz + [C' + Dz cosnx + [C' + Dz cos' nx
xsinnz = Bsinnz + [A + Bx|ncosnx + D cosnx — [C' + Dzx|nsinnz =
= [B — Cn — Dnx]sinnz + [An + D + Bnzx] cos nx
i 1 1
Eauations 0=B—-Cn, t=—Dnz, 0=D+ An, 0 = Bnx = A=—,B=0,C=0, D=——
n n
_ 2 r_ _ r_
2 . v= - =2 r?cosnx 2 = = uw=1
r-sinnx dr = ) cosny |=———+— | xcosnxdxr = sinnzr |=
v =sinnz = v=— n n v =cosnx = v=
n n
r?cosnr 2 [wsinnz 1 ) r?cosnr 2 [wsinnz 1 —cosnx 2rsinnr  2cosnx  z?cosnx
=+ - — — [sinnzdx| = — +— - — = S + T +c,
n n n n n n n non n n n
for xe R, neN.
r”sinnr dr = [A+ Bz +Cz”]sinnz + [D+Ex+ Fa'|cosnr + ¢ = — sinnx + | — — — | cosnz + ¢, for x€R, neN.
n n n
Deri . /
e {/ x? sin na dx] = [B+2Cx|sinnx + [A+ Bx + Ca?|ncosnz + [E + 2F x| cosnz — [D + Ex 4+ Fa?|nsinnx

r?’sinnr = [B— Dn+ (2C — En)x — Fnx?|sinnz + [An + E + (Bn + 2F)x + Cnz?] cosnzx

Equations 0— B—Dn, 0— (QC—EW)’E 12 = —Fnl'Q, 0= E+An7 0= (2F+Bn)%, 0 = Cnx?

2 2 1
e A—0,B==2,C=0D== E—=0, F=—-
n? n? n
3 . ) 37 . 2 3 6 3[132 3 67} I3
2” sinnx dr = [A+Br+Cx”+ Dx°|sinnz + [E+ Fr+Gr*+ Hz"|cosnz + ¢ = | —— + — | sinnz + | — — — | cosnz + ¢,
n n n® n
for xre R, neN.
. . /
et [/ 2% sinna dw} = [B + 2Cz + 3Dz?* sinnz + [A + Bz + Ca? + Da®|n cos nx+

+[F 4 2Gz + 3Hz?*| cosnx — [E + Fx + Ga? + Hx’|nsinnx
r3sinnz = [B— En+ (2C — Fn)x — (3D — Gn)x* — Hna’]sinnz + [An + F + (Bn + 2G)z + (Cn + 3H)x? + Dnz?] cos nx

SARION . )=B—En, 0=(2C—Fn)z, 0=(3D—Gn)2?, 2®=—Hna?® 0=F+An, 0=(2G+Bn)z, 0=(3H+Cn)z?, 0=Dna?

6 3 6 1
— A=—-——,B=0,C=—,D=0,E=0, F=—, G=0, H=——
n4 n? n3 n
beerb@frcatel.fri.utc.sk 72 http://freatel.fri.utc.sk/“beerb/



Integrals

dt 1 sint sin nx
cosnrdr =| nr=t, dr=— |=— [ costdt=——+4c= + ¢, for ne N, xeR.
n n n n
u=2x = v =1 . . . )
rsinnx sin nx rsinnxr 1 —cosne cosnr  xsinnx
rcosnrdr = sinne |= — dr = _ = 4= — + + ¢,
v =cosnr = v= n n n n n n n
n
for xteR, neN.

cosnr  xsinnx
+ +c¢, forxeR, neN.

1
/xcos nx dr = [A+ Bz] cosnz + [C+ Dzx]sinnx + ¢ = [—2—1—0} cos nx + [O—i—g] sinnx + ¢ =
n n

n? n
. . ,
Derivation {/xcosnmdx} = [A + Bz’ cosnz + [A + Bx]cos' nx + [C' + Dx] sinnx + [C + Dz sin’ nx
xcosnr = Bcosnx — [A+ Bzx|nsinnz + Dsinnx + [C + Dz|ncosnx =
= [B + Cn + Dnx]cosnz + [—An + D — Bnx|sin nz
uation 1 1
Eauations 0=B+Cn, t=Dnx, 0=D — An, 0 = —Bnx — A=—,B=0,C=0, D=—
n n
2 r_
, U=z = u =2 2sinne 2 ' U=z = u =1
x”cosnrdr = sinne |=—————— [ rsinnzdr = ) cosnr |=
v =cosnr = v= n n vV =sinnz = v=-— -
n

x?sinnr 2 [ rcosnr 1 / d ] x?sinnz 2 [ rcosnr 1sin nx} 2rcosnr 2sinnx  zlsinnx
S — cosnzx dx S —— — =

_ - = — + +c
n? ns n

for reR, neN.

n n n n n ’

n n n

2z 2 a?
/1‘2 cosnrdz = [A+Bx+Cx* cosny + [D+Ex+Fr?|sinnx + ¢ = —2 cosnx + {——3 + T—} sinnx + ¢, for € R, neN.
n n®  n
. . ,
Dorivation [/ x* cosna dx] = [B +2Cz| cosnx — [A + Bz + Ca*|nsinnz + [E + 2Fz]sinnx + [D + Ex + Fa*n cosnx

r?cosnr =[B+ Dn+ (2C + En)x + Fnz?|cosnz + [~An + E + (—=Bn + 2F)x — Cnz?] sinnx

Equations

0= B+Dn, 0= (2C+FEn)z, 2* = Fna?, 0= E—An, 0 = (2F—Bn)z, 0 = —Cnz?

A0 B2, (=0 D=-2 E—0 F=2

n? n3’ n
5 ) 5 ) a5 6 3x? 6z 23] .
2” cosnx dr = [A+Br+Ca”+ Dx’|cosnx + [E+Fr+Gr + Ha’|sinnz + ¢ = | —— +—5 | cosnz + | ——+— | sinnz + ¢,
nt n nd  n

for xeR, neN.

/
o, [/ 2% cosnx dx} = [B 4 2Cz + 3Dz?| cosnz — [A + Bz + Cz* + Da’|nsin nx+
+[F + 2Gx + 3Ha?|sinnz + [E + Fz + Ga? + Haz*n cosnx

3 cosnx = [B+ En+ (2C + Fn)x — (3D + Gn)x? + Hnz?®| cosnz + [—~An + F + (—=Bn + 2G)x + (—=Cn + 3H)x? — Dna3]|sin nx

LW 0=B+En, 0=(2C+Fn)z, 0=(3D+Gn)a?, z*=Hna®, 0=F—An, 0=(2G—Bn)z, 0=(3H—Cn)a?, 0=—Dnaz>
6

3 1
:}A:__47B:07O:_27D:07E:07F: GZOJH:_
n n n

n3’
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