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Preface

The mentioned textbook is one of the basic study materials for the course Mathematical analysis
suported by wxMaxima. This textbook was written as one of the outputs of the project “Inno-
vative Open Source Courses for Computer Science”, funded by the Erasmus+ grant no. 2019-1-
PL01-KA203-065564. The project is coordinated by West Pomeranian University of Technology
in Szczecin (Poland) and is implemented in partnership with Mendel University in Brno (Czech
Republic) and University of Zilina (Slovak Republic). The project implementation timeline is
September 2019 to December 2022.

The course is focused on the practical teaching of Mathematical Analysis using computing
technology (mainly tools for symbolic calculations). Due to the orientation of the project not
on commercial programs, the Open Source tool wxMaxima (https://wxmaxima-developers.
github.io/wxmaxima/) was chosen as a resource and teaching tool. wxMaxima is a high-
quality, easy-to-use tool for symbolic as well as numerical calculations. Together with another
Open Source tool, Gnuplot, it provides a wide range of 2D and 3D visualization.

The textbook is divided into five chapters. The first chapter is dedicated to the basics of
working in the wxMaxima program. There is a brief description of the wxMaxima environment,
working with menus, and working at the command level. Here are described basic commands
for work, commands for working with constants, commands for creating functions, commands
for creating graphs, commands for calculations of limits, derivatives, integrals, for calculations
of sums of series, etc. All commands are illustrated with practical demonstrations.

The remaining four chapters are dedicated to mathematical analysis and its teaching using
wxMaxima. Some concepts and tasks are briefly described in these chapters from the theory
of real functions, number sequences and number series, from differential calculus aimed at in-
vestigating the course of a function and from the integral calculus focused on the bases of the
indefinite and definite integral. Subsequently, these knowledges are illustrated or solved using
wxMaxima tools. All practical examples are verified in the wxMaxima 21.05.2 environment.

Since no one is perfect, you can send any detected errors and shortcomings, as well as sugges-
tions for further improvement of the textbook, to the author’s e-mail address beerbefrcatel.
fri.uniza.sk.

Author



Chapter 1

Introduction to wxMaxima

Basic terms

wxMaxima is a document based interface for the computer algebra system Maxima. wxMaxima
provides menus and dialogs for many common maxima commands, autocompletion, inline plots
and simple animations. wxMaxima is distributed under the GPL license.

xMaxima is a graphical interface for Maxima, written in Tcl/Tk. It also provides the Open
Source plotting program for Maxima, which can do some of the plots done by Maxima’s default
plotter (gnuplot) and a few more that gnuplot cannot do.

Maxima is one of the Open Source programs with open source code. The program can be com-
piled in various OS, including Windows, GNU/Linux and MacOS X. A precompiled program for
GNU/Linux and Windows is available free of charge on the SourceForge website https://sour
ceforge.net/projects/maxima/files/.

After starting the wxMaxima environment, a menu window will appear on the screen at the
top. Below the menu is a space where we can enter commands and where outputs appear.

(%i1) First input line.
(%01) First output line.
(%i2) second input line.

(%02) second output line.

We enter commands on separate lines (input lines), their execution is ensured by simulta-
neously pressing the keys and or by clicking on in the menu icon ® (Send the
current cell to maxima). Input lines are listed with (%i1) and output lines are listed with (%01).
The numbers for the input line and the corresponding output line are identical and based on this
number, we can refer to the content of these lines.

(%i1) solve(0=x+2,xX);
(%01) [x = -2]


https://sourceforge.net/projects/maxima/files/
https://sourceforge.net/projects/maxima/files/
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(%i2) %i1;

(%02) solve(0 = x +2,x)
(%i3) %o1;

(%03) [x = -2]

The commands are executed on new separate lines (output lines). Commands on input lines
can be terminated with the symbol ; (which the system will automatically complete) or the $
symbol, which suppresses the display of the corresponding output.

We can enter more commands on the input line, but we must separate them symbols ; or $.
We can also structure the command on multiple input lines.

(%i1) a:2;b:3;solve(arx+bxxA2=0,x)
(a) 2

() 3

%01) [x = —g,x =0]

%02) [x = —%,x =0]
%i3) a:2$
b:3%

(
(%i2) a:2$%$ b:3$ solve(arx+b«x2=0,x);
(
(

solve(as*x+b*xA2=0,x%) ;

(%03) [x = —g,x =0]

We can save the output in various shapes and then use it in other programs (IKIgX, MSWord
equation editor, ...). Output (%03) from the previous window we can:
e copy[ctrl cland[ctrl V] respectively copy as text (can be used eg. for MSWord equa-
tion editor): x=-2/3,x=0,
o copy as KKIEX \ [x=-\frac{2} {3} \operatorname{, }x=0\],
e copy as MathML, image, RTF, SVG...
The wxMaxima environment has a well-designed user help, which can be found in the
menu. You can also open Help by pressing the key. The manual can be also find on the
website https://maxima.sourceforge.io/docs/manual/maxima_369.html.

Basic Commands

The command apropos we can find out the exact name of the command using part of its name.

(%i1) apropos(”plot”)
(%01) [ barsplot,boxplot,contour_plot,get_plot_option,gnuplot,...



https://maxima.sourceforge.io/docs/manual/maxima_369.html

Command describe prints a description of the entered command.

(%i1) describe(plot2d);
- - Function: plot2d
plot2d (<expr><,<range_x><,<options><)
plot2d (<expr_<>=<expr_<>,<range_x><,<range_y><,<options><)
plot2d ([parametric, <expr_x><,<expr><_y,<range><],<options><)
plot2d ([discrete,<points><],<options><)
plot2d ([contour,<expr><],<range_x><,<range_y><,<options><)
plot2d ([<type_<>,...,<type_n><],<options><)
There are 5 types of plots that can be plotted by ’plot2d’:

1. Explicit functions. ’plot2d’

(%01) true

Expressions are entered using the usual characters of operations, sessions and functions.
Arguments of functions and commands are in parentheses, multiplication symbol * must be
entered! The exponentiation is specified by the character A or the pair *+.

Symbol : is used to assign a value to the right of the expression to the left. The following
commands solve the equation 2x + 3x% = 0 with unknown variable x.

(%i1) a:2$ b:3$ solve(a+x+b+xr2=0,X%);

(%01) [x = —%,x =0]

In the menu and submenu [Display equations]we can change display output lines
for shapes[in 2D) [as 1D ASCIT]or[as ASCII Art].

The default display is[in 2D] You can also change the output settings with the command
set_display. Setting to shape has argument none.

(%i1) x/sqrt(xr2+1);set_display(’none)$

(%o1) /+ in 2D «/

X
w241

Using the ascii argument command set_display change the display output to the form

as 1D ASCII]and using the xml argument to form [as ASCII Art]

(%i1) x/sqrt(xr2+1);set_display(’ascii)$
(%01) x/sqrt(x? +1) /+ as 1D ASCII +/

(%i2) x/sqrt(xnr2+1);set_display(’xml)$
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(%02) --------- /+ as ASCII Art «/

sqrt(x + 1)

With the kill command we can remove variables with all their assignments and properties
from memory.

(%i1) kill(a,b) /+ removes all bindings from the arguments a,b =/

(%i2) kill(all) /+ removes all items on all infolists «/

Working with Numbers and Basic Constants

Maxima can work with real numbers written in numerical or symbolic form. The way of writing
real numbers can be set in the menu using the switch [Numeric oOutput]| between
numeric and symbolic display. Here we can also choose the method and accuracy of numerical
display. The setting of the variable numer determines the method of displaying.

By default, 16 digits (including the decimal point) are displayed. The display accuracy is
defined by the variable fpproc and affects the display using bfloat. Output float always
displays the same. We can increase or decrease the accuracy practically indefinitely. We can
change it globally and locally for only one variable or command.

(%i1) log(2);
(%01) log(2)

(%i2) log(2),numer;
(%02) 0.6931471805599453

(%i3) float(log(2));

(%03) 0.6931471805599453

(%i4) bfloat(log(2));

(%04) 6.931471805599453b - 1

(%i5) log(2),bfloat;

(%05) 6.931471805599453b - 1

(%i6) bfloat(log(2)),fpprec=34;

(%06) 6.931471805599453094172321214581766b — 1

(%i6) bfloat(log(2)),fpprec=134;

(%06) 6.9314718055994530941723212145[78digits]102057068573368552023575813b — 1




Numeric constants e, 7, i (imaginary unit) have the prefix %, i.e. %e, %pi, %i. This also applies
to constants that are part of or the result of calculations. They also have the prefix %.

Maxima has predefined constants inf, minf for real infinite co, —co and infinity for complex
infinity.

Logical constants true and false they represent truth and untruth.

(%i1)  2pi+%i+ze;
(%01) 7+ %i+%e
(%i2) [minf,inf];
(%02) [-00, 0]
(%i3) infinity;
(%03) infinity

We do not deal with complex numbers in this course, so we will only mention how they are
displayed. By default, complex numbers are entered in algebraic form (rectform). They can be
converted to trigonometric (exponential) form using the command polarform.

(%i1)  z:1+%i;
(z) i+l
(%i2) polarform(z)+rectform(z);

(%02) v2e+ +i+1

Assignments and Functions

The : operator we use to assign values or expressions to variables. We define functions using
the assignment : =.

(%i1)  £(x):=xXA242+X+3;

(%01) f(x) 1= x*>+2x+3

(%i6)  £(x);£(y) ;s E(x+1);£(=2);£(1);
(%02) x%+2x+3

(%03) y? +2y+3

(%04) (x+1)?+2(x+1)+3

(%05) 3

(%06) 6

Maxima contains many more functions than standard programming languages. These are
not only the real functions themselves, but also various functions for their support. The basic
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functions include sign(x), abs(x), floor(x) (bottom whole of x) round(x) (rounded x to the
nearest whole number), truncate (x) (removes all digits after the decimal point), ceiling(x)
(upper integer x).

(%i2) f(x):=sign(x)$
print(£(-3.6),£(-3.2),£(=3),£(0),£(3),£(3.2),£(3.6))$
neg neg neg zero pos pos pos
(%i4) f(x):=abs(x)$
print(£(=3.6),f(-3.2),f(-3),£(0),£(3),£(3.2),£(3.6))$
3.6 32 303 3.2 3.6
(%i6) f(x):=floor(x)$
print(£(=3.6),f(-3.2),£(=3),£(0),£(3),£(3.2),£(3.6))$
-4 -4 -30333
(%i8) f(x):=round(x)$
print(£(=3.6),f(-3.2),f(=3),£(0),£(3),£(3.2),£(3.6))$
-4 -3 -30334
(%i10) f£(x):=truncate(x)$
print(£(-3.6),£(-3.2),£(-3),£(0),£(3),£(3.2),£(3.6))$
-3 -3-30333
(%i12) £(x):=ceiling(x)$
print(£(-3.6),£(-3.2),£(-3),£(0),f(3),£(3.2),£(3.6))$
-3 -3-30344

We used the command print to format the report.

%i3) a:2$ b:log(2),numer$
g
print(”Logarithm of a number”,a,” is ”,log(a),”=",b)$

Logarithm of a number 2 is log(2) = 0.6931471805599453

Maxima contains many elementary functions. They are, for example exp (x) =%ex, log(x),
trigonometric functions, their inverse functions sin(x) and asin(x), cos(x) and acos(x),
tan(x) and atan(x), cot(x) and acot (x), hyperbolic functions and their inverse functions
sinh(x) and asinh(x), cosh(x) and acosh(x), tanh(x) and atanh(x), coth(x) and
acoth(x) etc.

Maxima also includes many features to support them. Some of them are not implemented
directly in the wxMaxima environment, but in external libraries called packages. These packages
are loaded into the system using the load command. We will show the spangl package for an
example to support work with trigonometric functions.
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(%i2) print(tan(%pi/8), ﬂratsimp(tan(%pi/S)), trigsimp(tan(%pi/8)))$

/4 /4 Sin(g)
tan(g) tan(g) cos(2)

(%i3) load(spangl);

(%03) ../share/trigonometry/spangl.mac
(%i4) tan(%pi/8);

(%04) V2-1

Working with Expressions

Maxima operations and calculations take place in an environment, in which the system presup-
poses the validity of certain conditions. We may change these terms. Many times we need to
change the conditions only locally for a particular calculation without to change global settings.
For this purpose, Maxima has a very efficient ev command that allows define a specific environ-
ment within a single command.

After entering the command ev(a,b1,b2, ..., bn) the expression a is evaluated if the con-
ditions b1, b2, ..., bn are met. These conditions can be equations, assignments, functions, switches
(logical settings). The example shows an example of solving a quadratic equation using the com-
mand solve. Variables a, b, c after executing the command ev they do not have values assigned.

(%i1) ev(solve(a«xA2+b+x+c=0,x),a:2,b:—1,c=—3);
3

(%01) [x = X = -1]

(%i2) solve(a*x/\2+b*x+cz\/O_.L),L

b2-4ac+b b?-4ac-b
(%02) [x - _ ac+. X = ac ]

2a 2n

Maxima offers several commands for simplifying and editing various expressions. The basic
functions can be found in the menu. With the ratsimp commands and trigsimp
we have already met and when adjusting the value of tan(%pi/8) they did not have the desired
effect.

Maxima offers using the example command examples of individual commands. Let’s take a
look at some of the examples offered by example (ratsimp).

(%i2) f(x):=b«(a/b—x)+b«x+a$ print(f(x),”?”,ratsimp(f(x)))$
bx+b(§ -x)+a ? 2a

(%i3) ratsimp(a+1/a);

(%03) “:”

(%i4) ev(xr(a+l/a),ratsimp);

1
| (%04) x*"




12 CHAPTER 1. INTRODUCTION TO WXMAXIMA

(%i5) ev{xn(a+l/a),ratsimpexpons) ;

(%05) x a

Function expand multiplies the relevant members in the expression.
Function factor on the contrary, it decomposes the expression.

Function gfactor it does so over a field of complex numbers.

(%i1)  £(x):=(x+1) « (xA2-4) « (x2+4) $

(%i3) ratsimp(f(x));expand(f(x));

(%02) x> +x*-16x-16

(%03) x° +x*-16x-16

(%i6) factor(f(x));gfactor(f(x));factor(100);
(%04) (x - 2)(x + 1)(x + 2)(x* + 4)

(%05) (x —2)(x + 1)(x + 2)(x — 2% 1)(x + 2% 1)

(%06) 2252

We decompose a rational polynomial function into partial fractions using the command
partfrac.

‘ (%i1) partfrac((x+1)/(xA2-2+x+1),X);

1 2
J (%01) S+ |

We can substitute expressions using the commands subst (a,b,c) and ratsubst(a,b,c).
The expression a will be replaced by b and subsequently substituted into the expression c. When
using the subst command must be b the simplest part (atom) or a complete subexpression of the
expression c. In the example, the subexpression is not x+y complete (missing z). The ratsubst
command it also modifies the resulting expression.

%i2) subst(x+y,a,ar2+bA2); ratsubst(x+y,a,ar2+bA2);
%01) (y +x)? + b?
%02) ¥y +2xy + x% + b?

%i4) subst(a,x+y,x+y+z); ratsubst(a,x+y,X+y+z);

N
o
<
]
+
L
+
<
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Limits and Derivatives

In the menu we find functions for solving basic problems of mathematical analysis
(limits, derivation, integration, sums of series, decomposition of a function into a Taylor polyno-
mial, ...).

We calculate the limits using the commandlimit. The last parameter determines the direc-
tion of unilateral limits, has the values plus or minus and is optional. If not specified, Maxima
calculates the limit as complex.

With the commands 1imit (f(x),x,a) and 1imit (f(x),x,a,plus) we calculate the limits
lim f(x)and lim f(x).

x—a x—a*

(%i4) 1imit(1/x,x,0);
limit(1/x,x,0,plus); limit(1/x,x,0,minus); limit(1/x,t,0);
(%01) infinity
(%02) oo
(%03) —oo
(%04) %
| |

If we use apostrophe ’ before the command, the command will not be executed, it will only

be displayed.

(%i2) 1imit(((1-n)/(1+3+n))A(1+4+n),n,inf);
*1imit (((1-n)/(1+43+n))A(144+n),n, inf);

(%o1) 0

(%02) lim (

n—oo ~3n+1

1-n )4n+1

Derivatives are calculated using the command diff. The parameter that determines the order
of derivation is optional.

(%i4) £(x):=2+xr4-3+x+5in(X);
print(7f£’=",diff(£(x),x),”=",diff(£(x),x,1))$
print (?£’’=" diff(diff(£(x),x),x),”=",diff(£(x),x,2),
»=? diff (f(x),x,1,x,1))$
print (?£A(10)=",diff(f(x),x,10),”=",diff(£(x),x,1,X,9))$
(%01) f(x) := 2x* - 3x + sin(x)
f’ = cos(x) + 8x> - 3 = cos(x) + 8x> - 3
7 = 24x? - sin(x) = 24x? - sin(x) = 24x? - sin(x)

f110) = - sin(x) = - sin(x)
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We calculate partial derivatives using the same command.

(%i3)  g(x,y) :=xA3+yr2-1;
print(g’_x=",diff(g(x,y),x),”, respectively g’ y=",
diff(g(x,y),y,1))$
print(”g’’ _(xx)=",diff(g(x,y),x,2),”, respectively g’’_ (yx)=",
diff(g(x,y),y,1,x,1))$
(%01) glx,y) 1= x3y? -1
g _x =3x?y?, respectively g’_y =2x>y
g”_(xx) = 6xy?, respectively g”_(yx) = 6x%y

We calculate the Taylor polynomial nth degree using the command taylor. You can find
this command in the menu and the submenu. We calculate Taylor
series of functions f degree n in the middle ¢ with the command taylor(f(x),x,c,n). Its
coefficients are obtained using the command coeff. The use of this command depends on the
taylor command.

(%i1) t1:taylor(sin(x),x,0,5); t2:taylor(sin(x),x,-1,4);

x3 xS
(EBil) == 4 = a4 ooc
o (G cosDED  sin(1)(er)?
(t2) —sin(1) + cos(1)(x + 1) + — 2x+ o= 6x+ _ s 2:” 4o
(%i3) print(coeff(sin(x),x,5),” and ”,coeff(tl,x,5),” ”,coeff(t2,x,5))$
1 cos(1)
0 and —
120 120

Taylor polynomial of polynomial is again a polynomial, only it is expressed in another form.
Practically, only the coordinate system will change in which we express the polynomial. The
beginning of the system moves from point 0 to point —1.

In the following example, the Taylor polynomial of a given polynomial is calculated in an-
other way. Command taylor gives three points at the end, even if development is closed.

(%i1)  £(x):=2+xA5-X74-3+xXA3-X+1;

(%01) f(x) :=2x° —x* +(-3)x* - x + 1

(%i2) tpil:taylor(f(x),x,-1,5);

(tp1) 2+4(x+1) - 17(x + 1) + 21(x + 1)3 = 11(x + 1)* + 2(x + 1)° + -
(%i4) ratsimp(tp1);expand(tpl);

(%03) 2x° -x*-3x3 -x+1

(%04) 2x° —x*-3x3 -x+1
(

%i6) tpx:ratsubst(t,x+1,f(x));subst(x+1,t,tpx);
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(tpx) 280 — 114 + 2183 — 1742 + 4t + 2

(tp2) 2(x +1)° - 11(x + D+ 21(x + 1> - 17(x + 1)® + 4(x + 1) + 2
(%i7) tpl-tp2;

(%07) 0+ -

Function Graphs

We can plot the function graph in several ways. The easiest way is to choose in the menu
submenu [Plot 2d ...]

If we choose [Format=gnuplot], the function is rendered by the command plot2d using the
Open Source program Gnuplot to a new window. Gnuplot is automatically installed together
with Maxima.

(%i1) plot2d([sin(x),cos(x)], [x,-%pi,2+%pi], [y,-1.2,1.2],
[plot_format, gnuplot])$

The graphs of the sine and cosine functions were not displayed in the real ratio of the x and
y axes, but were optimized for the screen. We have to use e.g. same_xy parameter for proper
display.

(%i1) plot2d([sin(x),cos(x)], [x,-%pi,2+%pi], [y,-1.2,1.2],
[plot_format, gnuplot], [same_xy])$
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If we choose [Format=-wxmaxima], Maxima will plot the graph using the command plot2d to
a new window. We can only save the image in postscript.

(%i1) plot2d([sin(x),cos(x)], [x,-%pi,2+%pi],[y,-1.2,1.2],
[plot_format, xmaxima])$

If we choose [Format=inline], Maxima draws a graph using the command wxplot2d into

your environment.

(%i1) wxplot2d([sin(x),cos(x)], [X,-%pi,2+«%pil, [y,-1.2,1.2])$
T ‘ o]
/ cos(x) j/
/ \ /
05 / \\\ /A
/ /
/ \ /
0
,/ \ /
osr\ / \\ /
L N2
-3 -2 —‘1 L) 1 ‘2 ‘3 4 5 6
(%01) *

Commands plot2d and wxplot2d they have the same syntax and have many more parame-
ters. Parameters can be found, for example, with the command describe(plot2d).

(%i1) wxdraw2d(xaxis=true,yaxis=true,xrange=[0,2+%pi],yrange=[-1.2,1.2],
color=blue,explicit((sin(x)),x,0,2«%pi),
color=red,explicit((cos(x)),x,0,2+%pi))$

(%01) 0 1 2 3 4 5 6
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(%i1) draw2d(xaxis=true,yaxis=true,xrange=[0,2«%pi],yrange=[-1.2,1.2],
color=blue,explicit((sin(x)),x,0,2+%pi),

color=red,explicit((cos(x)),x,0,2+%pi))$

It is better to use the wxdraw2d command to print function graphs or draw2d, which should
be routed to the output of Gnuplot. These commands have a slightly different syntax than the
wxplot2d, plot2d. The print parameters are simpler and clearer. The plotted function must be
located in the command explicit, parametric or implicit.

We plot a parametric curve or function in a similar way.

(%i1) draw2d(xaxis=true,yaxis=true,xrange=[-%pi,%pi],yrange=[-1.2,1.2],
color=blue,explicit((sin(x)),x,-%pi,%pi),

color=red,nticks=300,parametric(cos(t),sin(t),t,0,2+%pi))$

Sequences and Series

Sequences can be created in Maxima, for example, using the command makelist or with the

statements of the cycle for. .do.
Command makelist creates a list that we can display as a whole and by members.

(%i2) s1:makelist(2+n”r2-1,n,1,10);S2:makelist(2+n”2-1,n,2,10,2);
(s1) [1,7,17,31,49,71,97,127, 161, 199]
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(s2) [7,31,71,127,199]
(%i4) s1[1];s1[10];
(%03) 1

(%04) 199

Arranged pairs are enclosed in square brackets and can be displayed as points in a plane. In
the following example, a sequence is also generated with its patterns and then plotted with a
command draw2d.

(%i1) S1:makelist([n, (2+n-1)/(n+1)],n,1,10);
1 5 7 3 11 13 5 17 19
(s1) [I1,51[2,1).03, 5104 ). [5. 51,16, = 1.[7. < 1.[8, 1. [9, 1. [10, = 1]
(%i2) draw2d(grid=true,xaxis=true,yaxis=true,xrange=[0,11],
yrange=[-0.5,2.5],color=blue,explicit((2+n-1)/(n+1),n,0.5,10.5),

point_type=7,color=red,points(S1))$

Using the command for. .do we will list several members of the sequence {2n* - 1}:0:1.

(%i1) (for n:1 thru 12 do (a_n: 2«nA2-1, print(a_n)) )$

1

7

17
31

49
71
97
127
161
199
241
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287

A nice example of using the command for. . do is a Fibonacci sequence.

(%i3) a0:0$ a1:1$

(for i:1 thru 12 do (an:al+a0, print(an), al:a0, a0O:an))$

0 U1 W DN = =

21
34
55
89
144

We calculate the finite and infinite sum using the command sum.

(%i1) sum(2+nA2-1,n,1,8);
(%01) 400

With this command, Maxima can calculate the exact sum of some infinite series. The sum of

the series can be entered in the menu and the [Calculate Sum...]|submenu.

(%i2) sum(1/kA2,k,1,inf);
sum(1/kA2,k,1,inf) ,simpsum;
= il

(%01) gl(k—z)

2
T
(%02) ?

The number series from the previous example can be graphically represented as follows.

(%i1) a(n):=1/n72$ rec:makelist(rectangle([i-1,0],[i,a(i)]),i,1,10)$
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draw2d(grid=true,xaxis=true,yaxis=true,xrange=[-1,11],
yrange=[-0.2,1.2],border=true,color=black,fill_color=red,rec,

color=blue,explicit(a(n),n,0,11))$




Chapter 2

Real functions

Basic terms

Set is an unordered file (group, aggregate) of objects (things, concepts, numbers, ...), which are
called elements of set. A set is given if it is determined about each subject whether it belongs or
it doesn’t. We define a set by expressing all its elements or by rules for its elements:

A = {list of elements} = {x, conditions for x}.

AcB A is a subset of the set B (each element of the set A also belongs to the set B).
A=B A and B are equal (sets A and B have the same elements, i.e., A c B, B c A).
@, or {} An empty set (has no elements).

A+Q A non-empty set A.

AnB={x,x€EAAXEB} Intersection of sets A and B.
AuB={x,x€EAvx€EB} Union of the sets A and B.
A-B={x,x€AArx¢B} Difference of sets A and B.

A’ =X-A where X +9,Ac X Complement of the set A to the set X.

AxB={[x;yl,x€A, yeB} Cartesian product of sets A and B (A x A = A?).

A x Ay x - x Ay ={[x1;%0;5...5%,], X1 €EAq, ..., x, €A, } for nEN
Cartesian product of sets A, Ay, ..., A, (Ax Ax - x A= A",

Greek alphabet
a A | alpha a|ln H | eta é¢|l v N| nu n|| T | tau t
B B | beta b||Jd © | theta +th|| & E | ksi(xi) x || v Y | upsilon vy
y I' | gamma ¢ || ¢ I | iota i|| o O | omicron o || ¢ ® | phi £
6 A | delta a|| k K | kappa k|| 7 II | pi p |l x X | chi ch
¢ E |epsilon e || A A |lambda 1| p P | rho r|| ¥ ¥ | psi ps
{ Z | zeta daz || ¢ M | mu m||l o X |sigma s || o Q| omega o

21
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Binary relation f between the sets A # @ and B # @ is every f ¢ A x B. If for each x € A
there is at most one y € B such that [x; y]€ f, then function f is called function (map, mapping,
transformation) from set A to set B, label f: A — B. We also write as [x; y] € f or y = f(x).
Relations and functions are sets of ordered pairs.

x€EA Pattern, independent variable, input value, argument.
YEB Image, range, dependent variable, output value, value of the function.
D(f) ={x€A,3y€eB: [x;y]€ f} Domain of the function f (set of patterns).

H(f) = {yeBaxeD(f) : [x:yl€f}
Codomain of values of the function f (set of images).

VX, X €A: x1 # x5 = f(x1) # f(xy) f is an injection
(different patterns have different images).
VYEBIXEA: y = f(x) f is a surjection (every image has a pattern).

f is a bijection (injection and surjection).

f = g represents the equivalence of [x; y]€ f < [x;y]€g,
ie. D(f) = D(g) and f(x) = g(x) for all x€ D(f).

A (@ @) () 4 (@ @ 4 @O 4@@O
f fa f ‘ Jfa
QOO 20000 000 N ONOXO
1 =1{la; 2], [b; 3], [¢; 1], [c; 4]} is not a function (is a relation),

fo ={la;2],[b;3],[c; 1]}: A, — B, is an injection,
f3 ={la; 2], [b; 3], [¢; 1], [d; 2]}: A3 — Bs is a surjection, f; = {[a; 2], [b;3], [c; 1]}: Ay — B, is a bijection.

Example.
Let us denote f(x) = y/x. Then:

f : (0;00) — (0; ) is a bijection.

f : R — Ris neither an injection nor a surjection
(x = -1 has no image, y = -1 has no pattern).

f :(0;4) — (0; 1) is not an injection, it is a surjection (x = 3 has no image).
f :(0;2) — (0;4) is an injection, not a surjection (y = 3 has no pattern).

f : (0;4) — (0;2) is a bijection. m

Let f: A — B, g: C — D, H(f) < C. Function F = g(f): A — D which assigns a value to
eachx€A, z = g(y) = g(f(x))€D, where y = f(x), is called function composition (composition)
of functions f and g. The function f is called the inner component, the function g is called the
outer component.
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f=a1],[b:1)[e;3], [d; 51} & = {[1;e]. [23 7], [3; B, [4 B). [5: B},
composition F = g(f) = {[a; a], [b; ], [¢; B]. [d; B1}.

Example.
Let g = {[pix.[g:z). [yl [ssy) (51 f = {las pl. (b pl. [eir]. [ds ]y =
F(a) = gl f(@)] = g(p) = x, F(b) = gl f(B)] = g(p) = x, F(c) = gl f()] = g(r) =y,
F(d) = glf(d)] = g@) =y = F = g[f] = {la; x| [b:x], [c; y]. [d; y]}. m

Example.
If f(x)=x>: R—> R, §(x)—sinx:R—>( 1;1), then
flg(] = [g@F = sin®x : R— (-1;1), glf(] = sin f(x) = sinx® : R— (-1;1). m

f: A — B, C c A, then the mapping h: C — B such that f(x) = h(x) holds for all x€C is
called restriction f to the set C, label h = f]¢.
f: A — Bis abijection. Representation of g: B— A such that [y;x] € g = [x;y] € f,
ie. x = g(y) = y = f(x), is called the inverse function to f, label g = 1.

The set A is equivalent to the set B, if there is a bijection f: A — B, label A ~ B.

A=09 The set A is empty. . .
A~N,={1,2,...,n},neEN The set A is countable finite. } The set A is finite.
A~N The set A is countable infinite. .
A+@and A+ N,and A+ N The set A is uncountable. } The set A is infinite.
A=@QorA~N,orA~N The set A is countable.

Example.

o {1,2,3} ~ {a,b, ¢}, because the function {[1;a], [2;b], [3;c]} is a bijection.

o N ~ Z because the map f : N — Z defined by the relation f(n) = g for n even and by the
relation f(n) = % for n odd is a bijection.

o N 4 R because there is no bijection N — R.
o (-m;m) ~ R because the function f(x) = 2tanx : (-7;7) — Ris a bijection. m

N ={1,2,3,...,n,n+1,...} Natural numbers.
Z={m-nmneN}=1{0+1,%2,...,%n,...} Integer numbers.
Q= {%, me€Z,n € N} Rational numbers.

I=R-Q Irrational numbers.
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R = (~00; 0) Real numbers.

The sum, difference, product and quotient of two rational numbers (with a non-zero denomi-
nator) is again a rational number. A rational number (fraction) can have several different expres-
sions. The sum, difference, product and quotient of two irrational numbers it can be irrational
as well as rational.

Example.

3 1 07 . 143
-] 0,5 = g = 5 = ﬁ andultlmatelyg = m

V8 J6
oﬁ-ﬁ:zeg,ﬁ-ﬁ:\%el,ﬁ:\@:ZEQ,E:\/§el. n

f.D(f)=N } Sequence, for n€ N denote a, = f(n),
f ={[n; f(n)],neEN} ie. f=1{aj,asas ...,an ...} = {ay}pe

f~N  Thesequence f is countable (infinite).
a, € f A member of the sequence, represents [n; f(n)],
i.e. pattern (order n) and image a, = f(n).

The set R is infinite, but all its elements, i.e. numbers are finite (the number of elements of
the set R cannot be expressed by a number). Therefore, we expand the set R by elements —co
(minus infinity) and co (infinity), label R* = R u {-o0, oo} (extended set of real numbers).

In the set R":
o) a
00 + 00 = 00,@% 00 =%00,00-00=00,g-00=8gna 00, —=sgna-o fora+0,—=0fora€R
a o]

We do not define oo — o0, o0 - 0, 2, %, g for a€ R. (Indefinite expressions are resolved using
limits.)
—a fora =<0,
Absolute value of number a€R: |a| = max{-a,a} = {
a fora = 0.
-1 fora <0,
Signum value of number a€R:  sgna = { 0 fora=0,
1 fora > 0.

Example.
If we denote a* = max{a, 0}, a~ = max{-qa, 0} for a€R, then:

— — a+|a _ a—|a
laj=a*+a, a=a"-a, at = 2", a :J.l

Sequences of real numbers
Sequence (of real numbers) is every sequence {a,},.;, where a, €R, i.e. function N — R.

Explicit entry: General expression g, = f(n), n€N.
Recurring entry: Given a; and given a,, n€ N using the previous members.
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Example.
{ank ={2n -1}, ={1,3,5,...}.
o Explicit entry a, = 2n - 1, n€N.
o Recurring entrya; =1,a,,1 =a, +2,n€EN. m

The following wxMaxima example shows an example of the sequence.

(%i3) a(n):=2+n-1$ S:makelist(a(n),n,1,7);
(s) [1,3,5,7,9,11,13]
(%i4) an:1$ (for n:1 thru 7 do (print(an),an:an+2))$

Sequence {an}:;l, a, € R, numbers a,bER.

vneN:ax<a, a is the lower bound, {a,},. ; is bounded from below.
VneEN:a, <b b is an upper bound, {a,},,; is bounded from above.
———— {a,}., is bounded (from below and above).

VnEN: a, < q Increasing. . .
n = il "6 }Strlctly monotonic.
a, > ayiq Decreasing. .
. Monotonic
VneEN: a, < ay,q Non-decreasing. 00
) . sequence {a,},_;.
Ay = Gy Non-increasing.
ap = Api1 Constant (stationary).

If {k,}>.; N is an increasing sequence (of natural numbers, indices),
then {akn}n | is called subsequence (selected sequence) from (@t

Example.
{anho, = {2n- 1} 1 =1{1,3,5,7,9,11,13, ... }.

Subsequences are for example
° {akn}n=1 ={agtneq = a3, a4,05,...} = {3,7,11,...} = {4n - 1}, ;.

o {2n -1}, o {2n -1}, e {101,109,235,637,...}. m

(%i2) a(n):=2+n-1$ makelist(a(n),n,1,7);
(%02) [1,3,5,7,9,11,13]
(%i3) makelist(a(2+n),n,1,7);
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(%03) [3,7,11,15,19,23,27]

(%i4) makelist(a(2+n),n,2,7);

(%04) [7,11,15,19,23,27]

(%i5) print(a(51),a(55),a(118),a(319))$
101 109 235 637

For every neighborhood O(a) there are infinitely many members a, € O(a),
then a€R* = R u {+oo} is called accumulation value of the sequence {a,},. ;.

The set of all accumulation values of the sequence {a,},.; we denote by E.

oo .
Each sequence {a,},-; has at least one accumulation value.

sup E = limsup a, Limes superior (upper limit)
n—ee of the sequence {a,}, ;. Thev alwavs exist
inf E = liminf g, Limes inferior (lower limit) y afways exist.
n—oo o]
of the sequence {a},_;.
supE =inf E = lim a, Limit {an};il (set E has a single element).
—>00
" If lim a, exists, then it is unique.
n—oo
3 lim a, =a€R Exists a finite limit, -
nee {an},-; converges,

(o]
{an},-, converges to the number a,

)
oo {an}n=1 _—-
{an}nzl —a.

3 lim g, = *c0 Exists an infinite limit,
n—oo

{an};il diverges to oo,

o0 .
{an}ool oo {an},-1 dlveogges,
n= =20
An b1 —.
2 lim a, Do not exists limit, tanky
n—oo

{a, };0:1 oscillates.

Changing the finite number (replacement, omission, addition, etc.) of members of the
sequence {a,},.; does not affect the convergence, or divergence of this sequence.

Example.
. n*+n . n(nten?) . onlen? 040
o lim = —_— = —— = —=0.
n—oo n°-2 n—oo n3(1—2n'3) n—oco 1-2n73 1-0
. n3-2 . n?(n-2n72) . n-2n"%  c0-0
o lim — = = = =00, ®

n—oo N“+n n—o0 n2(1+n‘1) n—oco 1+n7! 1+0
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(%i1) a(n):=(n72+n)/(nr3-2)$ Sa:makelist([n,a(n)],n,1,15)$
b(n):=(n?"3-2)/(n"2+n)$ Sb:makelist([n,b(n)],n,1,15)$
print(”limit a(n)=",limit(a(n),n,inf),”
limit b(n)=",limit(b(n),n,inf))$
draw2d(grid=true,xaxis=true,yaxis=true,

xrange=[0,16],yrange=[-2.5,10],
color=green,explicit(a(n),n,1,16),point_type=7,
color=red,points(Sa),
label([”a(n)=(nA2+n)/(n"3-2)”,10,a(10)+1]),
color=green,explicit(b(n),n,1,16),point_type=7,
color=blue,points(Sb),
label([”b(n)=(n*3-2)/(n*2+n)”,10,6]))$
(%01) limit a(n)=0 1limit b(n)= oo

o
s .

o

6 ® b(n)=(n*2)/(n*+n)
.

4 .

.

2 .

. a(n)=(n*+n)/(n*-2)

o b S PP PP

o {aphy —- = o {a,}; is bounded.

° {an};o:l is monotonic. = e {an};’;l ., 4€R.

Example.
4_ 3 4 -1 -1
. n*-n . n*(1-n . . 1-n 1-0
o lim — =llmH=llmnz-llm — =00 — =00-1=00
n—oo n°+n n—oo n?(1+n71) n—oo n—oo l+n 1+0
. n*n . n*(+n™h) . 1+n7! 1+0
o lim 2 =llmﬁ=hm—72=—=.l
n—oo N“-2 n—oo n?(1-2n72) n—oo 1-2n 1-0
Example.
o0 = o0, = o ooforgq>0.
) lim n° = lim 1=1. = o 1 forg=0.
lim n9 = { n>w n—soo
"_m ! ! . f 0 0
lim — = =—=0= 00 forg<0(-g=>0).m
n—oo n° 4 lim n~9 o0 q ( q )
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Example (Geometric sequence).

q" — oo. = o L=ocoforqg>1.
gt =1"=1. = o L=1 forg=1.
L= lim ¢"{ ¢" — 0. = o L=0 forqe(0;1).
n—oo
" =g =1,q" = g%+ = 1. = o} forg = -1.
qn:qzk_)oo’qn:qzkﬂ_)_ = o i forq<—1.l
. . it fope. - .
@ a,>0,nEN. = o nh_r)rgQQ/aT, = nh_r)réo anl (if limits exist).
a, = 0,n€N, lim pfa, =a€R. = lim a {0 fora<1,
> n = —
¢ tn =" ’n—>o<>\m ’ on—)&x! n &) fora>1.
. . . 0 f 1,
@ a, >0,n€EN, lim Il _4eR. = o lim ay :{ oras
n—co ay n—oo o fora>1.
Important limits. a,b€R, a > 0.
o lim ¥nl=co. o lim ¥n=1. o lim %fa=1.
n—oo n—oo n—oo
.. . b\" b .
o lim — =co. o lim <1+—> =e’. ° hmn((‘/ﬁ—l)=lna.
n—oo n! n—oo n n—oo

The number e is called Euler’s number. Its value is approximately 2,718 281 827.

Example.
e {0,1,0,1,0,1,...} has two accumulation values 0 and 1.

o {2n- 1};0:1 ={1,3,5,7, ...} has one infinite accumulation value co.

o {n, —n}f;l ={1,-1,2,-2,... } has two accumulation values +co.

n

n* 1.1 .
° {n, —} = {1,1,2,-,3, 3 } has two accumulation values 0 and oco.
n=
1 . . .
3 } has one infinite accumulation value 0. m

2
N 1

o fo.2} ={0,1,0,5,0,
n=1 2

n

Example.
o0 n*
e Sequences {0,1,0,1,... }, {n, -n},_1, {n, ;} . oscillate.
n=

N> . . 3
o {n }n=1 —> oo, 1e. nh_r)rgon = o0,
1)*° 1% - - -
° {_} L0 {0, —} L0 dahl — e fen -1kl — e i o m
nin= nln=



Example.

o lim (-1)" lim (-1)"*! do not exist, but there are:
n—oo n—oo

lim [(-1)*+(-1)"1] = lim 0 =0,
n—oo n—oo

lim

n—oo (-1

(-1

n

n—oo

8=

29

= lim 1=1.

o limn? = lim n=0c0= hm % -n) = hm n? - lim n = oo — co makes no sense.
n—oo n—oo n—oo
But the limit exists because lim (n? - n) = hm n-lim(n-1)=0c0-00=0c0. W
n—oo n—oo
Example.
2 30,-1, -2 -1, -2
. n°+n . n’(n”"+n n+n 0+0
e lim 3 =llm%= —3=—=0.
n—oo n°-2 n—oo n3(1-2n73) n—oo 1-2n- 1-0
. n*-2 . n?(n-2n72) . n-2n? 00—0
o lim — = lim ——— = lim — = = oo,
n—oo nN“+n n—oo n*(1+n71) n—oo l+n 1+0
4_ 3 4 -1 -1
n*-n . n*(1-n . . 1-n 1-0
o lim =llmH=llmn2-llm — =00 — =00-1=00,
n—oo n2+n n—oo n?(1+n71) n—oo n—oo l+n 1+0
. n*n n?(1+n71) 1+n7! 1+0
o lim = CY2ar e 1m—4=—=1.l
n—oo N“-2 n—oo n?(1-2n72) n—oo 1-2n 1-0
Example.
o lim [\/n+1—n] = lim \/ﬁ[\/1+n‘1 —ﬁ] =00-(1-00)=-0c0
n—oo n—oo
. . Jn+1+yn
o lim [\/n+l—\/ﬁ] = lim [\/n+1—\/ﬁ]'—(:
n—oo n—oo Jn+1+yJn
n+l-n . 1 1
= lim = lim ——=— =
n—oo VYn+1 +\f n—oo Vn+l+yn 00+00
. n+l+n n+1-n?
ohm[\/n+ —]:hm[\/n+1—n]~ = lim — =
n—o0 n—o0 n+l+n n—oo Vyn+l+n
n 1+n'-n 1+0-00
= lim - =
n—soo n Vn-l+n2+1 0+1
Example.
2
. 213" 3 (3)'+1 0+1 1
o lim —— = == = ==
n—oo 21430+ n—oo 3" 2(=)"+3 2:0+3 3
3
. n o 1l+-+n n  n(n+l) 1
o lim |- - = lim |- = = lim — = -.
n—oolL2 n+2 n—oo| 2 2(n+2) n—oo 2(n+2) n—o00 24 = 2
n
o lim ¥37"-2" = lim 1"/3" 1— = = lim 3\/1— = 1=3. m
n—oo n—oo n—oo
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Example.
Calculate the limit {an};,“;l ={0,2; 0,23; 0,233; ...}, i.e. express 0.23 as a fraction.

q=0,1<1=4a;=0,2=0a,=0,2+0,03=a3 =0,2+0,03+0,003=0,2+0,03(1 +¢q)

_n-1
:an=o,2+0,03(1+q+...+qn*2)=0,2+0,031£q ,neN
. . 1-g"!
= lim g, = lim [0,2 + 0,03 ]
n—oo n—oo 1-q
=0,2+0,03—=02+22 -2 025-_ m
1-q 09 30 30

Number series

Number series are closely related to sequences and generalize the concept additions to an infinite
number of addends. A simple example is fractions and periodic numbers.

{a,},. is a sequence.

[se]

= Y a,=a; +ay+ag+ - +a, + - is called (infinite number) series.
n=1
(o)
Series Y, @, = @y + Gy + a3 + -+ + G + Ay + Ay + Ayg +
n=1
P -
st=2, a; (k-th partial sum) 1= 26; (k-th rest)
i=1 i=k+1
(o]
o0 [se] . .
{Sktz1 = 151552553, -+ } = {Sutpt The sequence of partial sums of the series ). aj,.
n=1
[ee)
. . (S . .
The relationship between Y, a, and the sequence {s,},_; is mutually exclusive.
n=1

° s =a. @ a; = s — sy, where s5 = 0.
@ So=dy tay =381 +as. @ dy =S — 81.
@ §3 =41 tay +dads = Sy +das. @ d3 = S3 — 8.
@ Sy =4y tag+ - +a, .
@ S, =ap+ay+ -+ Ay +ay =Sy_1 + Gy @ ay =S, —S,-1,nEN.

(%i1) a(n):=(-1)A(n+1)$ rec:makelist(rectangle([i-1,0],[i,a(i)]),i,1,11)$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-.5,10.5],yrange=[-1.2,1.2],
border=true,color=black,fill_color=red,rec)$




o0 (o8]

lim s, = s€R* (if it exists) is called the sum of the series ), ay, label Y a, =s.
n—oo n=1 n=1

3 lim s, = s€R Exists a finite limit,
n—oo [s+]
% Y a, converges,
Y. a, converges to the sum s, =1
n=1 ( &
0 ' ) Z ap
Y. a, — s, respectively Y. a, = s. n=1
=1 n=1
3 lim s, = to0 Exists an infinite limit,
n—oo 3\

M8

a, diverges to oo, 0
n=1 - Y. a, diverges,
Y, a, —> +oo, respectively Y, a, = +co. "
n=1 n=1

Mg
£
3

2 lim a, Do not exists limit,

n—oo

S
Il
—_

o0
Z ap, oscillates.

!

Changing the finite number (replacement, omission, addition, etc.) of members of
(o8]

series ). a, does not affect the convergence, or series divergence. But it has an effect
n=1

on his sum.

Example (Harmonic series).
1

n=1"

+o =t

NlH
wl»—t
NN
Gl =
1l
|

(%i1) a(n):=1/n$ rec:makelist(rectangle([i-1,0],[i,a(i)]),i,1,11)$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-.5,10.5],yrange=[-.2,1.2],
color=green,explicit(a(n),n,.5,11),
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border=true,color=black,fill_color=1light_red,rec)$

Some rules do not apply for infinite series, e.g. associative law:

Q-D+0-1D)+Q-1)+-+-=0+0+0+--=0,
1+(-1+1D)+(-1+1)+- =1+0+0+--=1

5
n=1

Example (Geometric series).

Y l=1+q+qt+ = L for all ge(-1;1).
n=1 1-q

|
) 1- 1-g"
s =1rqre g = Qg+ g = o forg # 1.
] 1-¢  1-q
q"-1 001
lim - = =00 = o S=o0 forqg>1.
n—oo q- q-
. "-1 0-1 1 1
lim £ = 2= - = o S=— forqe(-1;1).
n—oo g-1  g-1 1-g 1-q
(o)
S=Yq¢"! | -1+1-1+1-1+-. = o A forqg=-1.
n=1 J
= lim s, Lt e
—00
" qll = fl = —oo for n = 2k.
7 a
) ) = o A forqg<-1.
1 gkt L,
gql—: I =ooforn=2k+1.
--1 --1
q q

(%i4) sq(q):=sum(g”n,n,1,inf)$

sq(1/2),simpsum; sq(1/3),simpsum; sq(-1/2),simpsum; sq(2),simpsum;
(%o01) 1
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(%02) +

(%03) -~

(%04) sum: sum is divergent.
#0: sq(q=2)

-- an error. To debug this try: debugmode(true);

It is enough to change the value of g at the beginning in the following example.

(%i1) q:0.8$ a(n,q):=q*n$ peca:makelist([i,a(i,q)],i,1,11)$
reca:makelist(rectangle([i-1,0],[i,a(i,q)]),1i,1,11)$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—.5,10.5],yrange=[-4,4],
border=true,color=black,fill_color=light_red,reca,
label([concat(”q=",string(q)),3,3.5]),
color=blue,explicit(a(n,q),n,1,11),
point_type=7,color=blue,points(peca))$

=08 o=t

I T
’

T S

N

Necessary convergence condition.

o
°o Y a,—. = onli_rgoa,,:O.

e lim a, # 0 does not convergence (the limit does not exist or there is a non-zero).

n—oo
o0
= o ), a, — (oscillates or —> *o0).
n=1
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Number series with non-negative terms

(o] [s]
The series ), a,, a, = 0, n€ N (non-negative terms) always hasasum 0 < s = ), g, < oo.
n=1 n=1
Direct comparison test.
(o8] [se]
O<a,<b,n€EN. o Y b,—. = o ) a, —.
n=1 n=1
Comparison test (limit form).
a [s] (o8]
0<a,<b,neEN, lim 2 =p€(0;00). o Ya,—. < o Y b, —
n—oo b, n=1 n=1

(%i1)

a:[2.5,4,2,1,1,1.4,1.2,1,1,0.6,0.5]%
pa:makelist([i,a[i]],i,1,11)$
ra:makelist(rectangle([i-1,0],[i,a[i]]),1i,1,11)$
b:[3.0,4,3,2,1,1.5,1.3,1,1,0.9,0.7]$
pb:makelist([i,b[1]],1,1,11)$
rb:makelist(rectangle([i-1,0], [i,b[i]]),1i,1,11)$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-.5,10.5],yrange=[-.5,5],
border=true,color=black,fill color=light_blue,
rb,color=black,fill color=light pink,ra,
point_type=7,color=red,points(pa),point_type=7,
color=blue,points(pb),

color=red, label([”a(n)”,.5,2.7]),

color=blue, label([”b(n)”,.5,3.2]))%

b(n)
—

a(n)
—




Ratio test (d’Alembert’s ratio test).
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(o]
a, >0,nEN. o Z” <q<1,neEN, where ge(0;1). = o Y a, —
n n=1
a (o]
o 1< neN. = 0 ) a, —>
n n=1
d’Alembert’s ratio test (limit form).
a [s]
a,>0,neEN, lim L =p. o p<1l. = o 3 a, —.
n—oo a, n=1
[s]
e p>1 = o Y a, .
n=1

for p = 1 we cannot decide.

Root test (Cauchy root test).

o0
a, = 0,n€EN. e #fa, < q<1,neEN, where g€(0;1). = o ), a, —.
n=1
(o]
e 1= 1/a,, nEN. = o ), a, —> .
n=1
Cauchy root test (limit form).
(o]
a, > 0,n€N, lim #a, = p. e p<l = o ) a, —.
n—oo n=1
o0
e p>1 = o ) a, .
n=1
for p = 1 we cannot decide.
Example.
) g
a, = Z oy —> 0
n=1 n=1"
(n+1)™1 n! (n+1)"
o lim ——— = lim
n—oo (n+1)! n*

1\" B
:hm(1+—) =e>1.= o ),
n—oo n" n—oo n

— —oo.n
n=1 ™
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Example.

oo ©  n
Y ayp =) — — fora>0.
n=1 n=1"

d’Alembert’s ratio test:

al on! . a "

o0

. a a

o lim —=lim—=—=0<1.= 0 ) — —fora>0.
n—oo (n+1)!a" p—>oon+tl o nop

Cauchy root test:

a" a a S a"
o lim /[~ =1lm ;==—-=0<1 =0 ) — —fora>0.m
n=1"™m

n —_
n—oo N n!'  n—ooo ¥Yn! o

(%i4) an(n):=nAn/n!'$ limit(an(n),n,inf,plus);
limit(an(n+1)/an(n),n,inf,plus);
limit((an(n))~(1/n),n,inf,plus);

%i9) an(n,a):=a’n/n!$ a:2$ limit(an(n,a),n,inf,plus);
limit(an(n+1,a)/an(n,a),n,inf,plus);
limit((an(n,a))~(1/n),n,inf,plus);

(%07) 0

(%08) 0

(%09) 0

Absolute and relative convergence

(o8] o0
The series ), |a,|, a,€R, n€N always hasasum 0 < s = ), |a,| < .
n=1 n=1

If ) |a,| —, then ), a, converges absolutely, label )" a, A,
n=1 n=1 n=1

If ) la,| =~ and ) a, —, then ), a, converges relatively, label )’ a, N
n=1 n=1 n=1 n=1

(o8] (o]
°o X lay| —. = o ¥ a,—.
n=1 n=1

(%i1) a(n):=(-1)A(n+1)/n$ pa:makelist([i,a(i)],i,1,21)$
ra:makelist(rectangle([i-1,0],[i,a(i)]),1i,1,21)$
draw2d(grid=true,xaxis=true,yaxis=true,




xrange=[—-.5,20.5],yrange=[-.7,1.2],
color=blue,explicit(abs(a(n)),n,.5,21),
explicit(-abs(a(n)),n,.5,21),
border=true,color=black,fill_color=1light_red,ra,
label([”a(n)=(-1)2{(n+1)}/n”,10,.9]),
point_type=6,color=blue,points(abs(pa)),point_type=7,
color=blue,points(pa))$

a(m)=(-"/n
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Alternating series test (Leibniz criterion).

[oe] . . .
@ a, = 0,n€N, {a,},_; is non-increasing.

-1 n+1 .
o lim g, =0. =>°nz=:1( " —

n—oo
Example.
(o]
. . -1)™! 11 1 -1yt R
(Anharmonic series) Y, e :1——+———+-~-+( ) .
=1 N 2 3 4 n

Example.

o Y 0=0,because {s,},; = {0} 1, nli_r}r;o s, = lim 0 =0.

n=1 n—oo

(o]
o Y 1= oo, because {s,}.; = {1}y, lim s, = lim n = co.
n—oo

n—oo

@ ) (~1) = —co, because {sn};ozl = {—n};l“;l, nli_r)réo Sp = nh_r)réo (-n) = —o0.
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Example.
g 1 1 1 1
rElan g‘w(nﬂ) [P
1 1
”_n(n+1) ;——forallnEN =
R R FEE R PEE [11-11
Sn =T N n n+1 - n+1
< 1
Example
@ ) -=00, VNEN: yn<nie. - = —= ) ——
n=1 Jn n=1 Vn
S 1
° ) ) —> (see example), VnEN: (n+1)? = (n+ 1)(n+ 1) = n(n + 1)
n=1 "1
= ! ! :>oo n
< —_—
(n+1)?2 = n(n+1) noh (1) ’
Example.
2 1 1 1 1
Investigate convergence Ya,=1-1+=-=+=-—-=+-
= 2 2 3 3
2 1 1 1 1
Ya,=1-1+=--=+=---+
sl 2 2 3 3

[oe]
For sequence of partial sums {s,},., of the series Y, a,:

n=1
11 11 1 1
neEN =s,=1-14+--=-+-+---=0, s =8, + — = — =
2n 2 2 n n Zn+l 2n n+1 n+1
lim sy, = hm Sons1 = 0= hm S, = Zan-O -
n—oo R
- . }:Zan—>.l
11 11 1 o
Slagl=1+1+=+-+t-t=F=2Y ==
n=1 2 2 n n n=1n
Functions

The function y = f(x), x€ D(f),ie. f: D(f) — H(f).

D(f)<R A function of a real variable.
H(f)<R A real function.
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Explicit form: vy = f(x), x€D(f) (Analytical formula.)
Parametric form: fix=¢@),y=y@),t€], J<R (Auxiliary functions ¢, .)
Implicit form: f: F(x,y) = 0, conditions for [x; y]. (Implicit equation.)

Function y = f(x), x€D(f), A < D(f).
VX1, X €A: x1 # x5 = f(x1) # f(xo) f is an injection
(different patterns have different images).

VYEBIXEA: y = f(x) f is a surjection
(every image has a pattern), f(A) = B.

f is a bijection (injection and surjection).

If we want to display a implicit function, we need to load it implicit_plot library.

(%i1) load(implicit_plot);

(%01) ../share/contrib/implicit_plot.lisp

(%i2) dimplicit_plot(xA2+yr2-1, [x,-1,1], [y,-1,1])$
implicit_plot is now obsolete. Using plot2d instead:
plot2d (y2+x'2-1=0, [x,-1,1], [y,-1,1])

Example.

We can define the function f: y = |x|, x€R, for example:

o Explicit form: y= \/;, respectively y = max {-x, x}.
o Parametric form: x =t,y = |f|, t€ER, respectively x = ¢,y = \/72 tER.

o Implicit form:  y?>-x2=0,y =0, respectively y - |x| = 0. m
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(%i1) load(implicit_plot)$

(%i2) draw2d(xaxis=true,yaxis=true,xrange=[-2,2],yrange=[-.2,2],
color=blue,explicit(abs(x),x,-2,2),label([”y=abs(x)”,-.75,1.3]),
color=red,explicit(sqrt(1-x22),x,-1,1),
label ([?”y=sqrt(1-x22)”,0,1.1]),
color=black, label ([”Explicit”,-1,1.75]))$%

(%i3) draw2d(xaxis=true,yaxis=true,xrange=[-2,2],yrange=[—.2,2],
color=blue,parametric(t,abs(t),t,-2,2),
label([”x=t, y=abs(t)”,-.7,1.3]),
color=red,nticks=100,parametric(cos(t),sin(t),t,0,%pi),
label([”x=cos(t), y=sin(t)”,0,1.1]),
color=black, label ([ ”Parametric”,-1,1.75]))$

(%i4) draw2d(xaxis=true,yaxis=true,xrange=[-2,2],yrange=[-.2,2],

color=blue,implicit(y”r2-x72,x,-2,2,y,0,2),
label ([?yA2-xA2=0, y>=0”,-.65,1.3]),
color=red,implicit(x"2+yr2-1,x,-1,1,y,0,1),
label ([”xA2+yA2=1, y>=0”,0,1.1]),

color=black, label([”Implicit”,-1,1.75]))$%

Parametrc

Function y = f(x), x€D(f), A < D(f).

Vx€A: a=< f(x)
Vx€EA: f(x)<b

a is the lower bound, f is bounded from below
b is the upper bound, f is bounded from above

on the set A.
f is bounded (from below and above)
not bounded from below on the set A f is unbounded from below
not bounded from above on the set A f is unbounded from above on the set A.

not bounded on the set A f is unbounded (below or above)

Function y = f(x), x€D(f), A < D(f).

A £ D(f).
A= D(f).

= A local property on the set A.

= Global property (on the entire domain).

Function y = f(x), x€D(f), A = D(f).
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inf f(A) = inf {f(x), x€ A} Local infimum.
sup f(A) = sup{f(x),x€A} Local supremum. } on the set A.
inf f(x) = inf {f(x), x€ D(f)} Global infimum.

sup f(x) = sup{f(x), x€D(f)} Global supremum. } (on the definition domain).

Function y = f(x), x€D(f), A c D(f), xg € A.

Vx€A: f(x) = f(x) Minimum.
f(x) = f(x) Maximum. Extrema
VXEA, x # xy: f(x) < f(x) Strict minimum. . on the set A.
f(xo) > f(x) Strict maximum. }Strlct extrema.

A+ D(f) Local extrema on the set A.
A=D(f) Global (absolute) extrema (on the domain).

Example.
fry=x%+1x€R.
o f is bounded from below, not bounded from above, not bounded.

o The minimum (global) function f is 1, the function f acquires it at the point x = 0, the
maximum does not exist.

o f is bounded on the interval {-1;2).
o The local minimum of the function f on the interval (-1;2) is 1 and acquires it at the
point x = 0, there is no local maximum, the local supremum is 5. m

Function y = f(x), x€D(f), A < D(f).

Vx1, X0 €A, x1 < x9: f(x7) < f(x Increasing. . .
L2 1< fOa) < fOx) 18 }Strlctly monotonic.
f(x) > f(x2) Descending. Monotonic
VX1, X €A, x1 < x9: f(x1) = f(x) Non-decreasing.
. . on the set A.
f(x)) = f(xz) Non-increasing.
VX1, X €A, x1 < x9: f(x1) = f(x) Constant.
y ¢ y y f y y
fxs) ﬁxli flxg) fGa)
X
f) 2 f) /e fo) p—y—e—f
fGa) fx3) ¥ fx) Fx) f
;1 Xz ;3 x ‘ ):1 7:2 X; x ‘ 7;1 );2 Xs xi; x ‘ ):1 Xz ’;3 X‘q x xi X x X

Increasing, decreasing, non-decreasing, non-increasing and constant function (from left to right).

Function y = f(x), x€D(f).

Vx€D(f): -x€D(f), f(x) = f(-x) Even function.
fx) =-f(-x) Odd function.

Vx€D(f): x £ peD(f), f(x) = f(x £ p), pER - {0} Periodic function, p is the period.



42 CHAPTER 2. REAL FUNCTIONS

iod
f period period perloc

period

f

\ " \ ~N\ AN N

/ 0 Y‘ 0 x \ xX-p \ x \ xX+p \ x+2p
f=) &)

f=%)
D(f) D(f) D(f)

-x 0 x -x 0 x xX-p x x+p X +2p

Even function (left), odd function (middle), periodic function (right)

Function y = f(x), x€D(f), I =« D(f) is an interval, points x1, xo €1, x1 < Xy.

The line p(x) = ;27; flx) + ;7);1 f(x,), x€R connects the points [x;; f(x1)] and [x; f(x,)].
274 274
Vx €1, x; < x < Xyt f(x) = p(x) Convex
f(x) < p(x) Strictly convex )
on the interval 1.
VX€EL x1 < x < Xyt f(x) = p(x) Concave

f(x) > p(x) Strictly concave

y Y
[x25 f(x)] [x; fx2)] p
fG) RS [x: ()] ¥
f) T
[x; p(x)] | fx) - p(x)
p(x) p(x) [x: p()] Fl) - fGn)
fGx) [x1: fGe)]
[ f(0)] IR

f(xl) [xl;f(xl)] f(x1) - Xy = X

| X x

X1 x X2 Xy x X

Convex function (left), concave function (right)

Xo € D(f) is the inflection point f (f has an inflection at the point xp), if exists a neighborhood
Os(xp) such that the fuction f:

e is on O5(x) = (x9 - 6; xp) strictly convex strictly concave.

} respectively {

e is on O5(xp) = (xp; xp + &) strictly concave strictly convex.

Elementary Functions

Elementary function is called each function created using the operations of addition, subtraction,
multiplication, division and addition from basic elementary functions

ey=1 ey=x, o y=¢€, @ y=Ilnx, @ y=sinx, e y=arcsinx, e y =arctanx.

A polynomial of degree n is called

far ¥ = ag + ayx + ayx?® + - + a,x", where ay, ay, ..., a, €R, n€ N u {0}, a, # 0.




o fo: ¥y =ag, ay # 0 is called a constant function.
e fi:y=ag+aix,a; # 0 is called a linear function.
o fp: ¥ =ay+a;x +ayx?, a; # 0 is called a quadratic function.
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(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-1.5,1.5],yrange=[-2,2],
color=green,explicit(x,x,-1.5,1.5),label([”y=x",.2,1.75]),
color=red,explicit(x"2,x,-1.5,1.5),label([”y=x22",.2,1.5]),

color=blue,explicit(x”3,x,-1.5,1.5),label([”y=xA3",.2,1.25]),

color=orange,explicit(x*4,x,-1.5,1.5),label([”y=x"4",.2,1]),
color=brown,point_type=7,points([[-1,-1],[-1,1],[1,1]]))$

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,

xrange=[—-1.5,1.5],yrange=[-2,2],

color=green,explicit(1/x,x,-1.5,1.5),label([”y=1/x",.2,1.75]),
color=red,explicit(1/x72,x,-1.5,1.5),label([?y=1/x22",.2,1.5]),
color=blue,explicit(1/x73,x,-1.5,1.5),label([”y=1/x23",.2,1.25]),
color=orange,explicit(1/x"4,x,-1.5,1.5),label([?y=1/x24",.2,1]),

color=brown,point_type=7,points([[-1,-1],[-1,1],[1,1]]))$

Rational fractional function is called

f. — fu(x) _ ag+a x+ay X+ a, X"
fm(x) b0+b1x+b2x2+...+bmxm >

where f;, fi, are polynomials of degrees n,m€ N v {0}.
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Power function is called

f:y=x",wherereR,r # 0.

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-.5,1.5],yrange=[-.5,2],
color=blue,explicit(x”2.3,x,0,1.5),label([”y=x2{2.3}”,.2,1.75]),
color=red,explicit(x”1.5,x,0,1.5),label([”y=xA{1.5}”,.2,1.55]),
color=green,explicit(x,x,-0,1.5),label([”’y=x",.2,1.35]),
color=orange,explicit(x”.8,x,0,1.5),label([”y=x2{0.8}”,.2,1.15]),
color=violet,explicit(x".4,x,0,1.5),label([”y=x2{0.4}",.2,1]),
color=brown,point_type=7,points([[0,0],[1,1]]))$

(%i2) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-.5,3],yrange=[-.5,3],
color=blue,explicit(x”"-2.3,x,0,3),label([”y=x*{-2.3}",.2,.95]),
color=red,explicit(x"-1.5,x,0,3),label([?y=xA{-1.5}",.2,.75]),
color=green,explicit(x”-1,x,-0,3),label([?y=xA{-1}",.2,.55]),
color=orange,explicit(x*-.8,x,0,3),label([”y=x2{-0.8}",.2,.35]),
color=violet,explicit(x*-.4,x,0,3),label([”y=x2{-0.4}",.2,.15]),
color=brown,point_type=7,points([[1,1]]))$

2

05

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-5,5],yrange=[-.5,5],
color=blue,explicit(%e”x,x,-5,5),label([”y=erx”,1,4.75]),
explicit(%er(—x),%x,-5,5),label([?’y=er{-x}",-1,4.75]),
color=red,explicit(22x,x,-5,5),label([?y=22x=(1/2)7{-x}",3,3.75]),
explicit(2A(—x),x,-5,5),label([?y=2A{-x}=(1/2)*x",-3,3.75]),
color=grey,parametric(1l,t,t,-.5,5),label([”x=1"7,1.5,1.5]),
color=brown,point_type=7,
points([[0,1],[1,1/2],[1,2],[1,1/%e],[1,%e]]))$
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Exponential function with base a > 0 is called

fry=a*,x€ER

o The most important one is f: y = exp x = ¥ with base e (Euler’s number).

o The graph is called the exponential curve and passes through the points [0; 1] and [1;a].

o The graphs of the functions y = a*, y = a™ are symmetric along the y axis.

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-5,5],yrange=[-5,5],
color=blue,explicit(exp(x),x,-5,5),label([”’y=erx”,1,4.5]),
explicit(log(x),x,.01,5),label([?’y=1n(x)",4,1]),
color=red,explicit(2/x,x,-5,5),label([”’y=2/x",2.75,4.5]),
explicit(log(x)/log(2),x,.01,5),label([”y=1log_2(x)”,4,2.5]),
color=orange,explicit((1/2)"x,x,-5,5),label([?y=(1/2)*x”,-3,4.5]),
explicit(-log(x)/log(2),x,.01,5),
label([”y=log_{(1/2)}(x)”,3,-2.25]),
color=grey,parametric(t,t,t,-5,5),label([”y=x",4,4.5]),
parametric(1l,t,t,-5,5),label([”x=1",1.5,-3.5]),
parametric(t,1,t,-5,5),label([”y=1",-3.5,1.5]),
color=brown,point_type=7,
points([[1,0],[0,1],[1,2],[2,1],[1,1/2],[1/2,1],[1,%e],[%e,1]1]))$
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Logarithmic function with base a > 0, a # 1 is called

f:y =log, x, x€(0; ).

@ Logarithmic function f is the inverse of the exponential function y = a*, x € R with the
same basea > 0,a # 1.
o for x€(0;00),a >0,a # 1 holds f: y =log,x = x =d’.

x = a8 for x > 0,
ea>0,a+1l. :{
x = log, a* for x€R.

o The graph is called a logarithmic curve and passes through the points [1; 0] and [a; 1].
o The graphs of the functions y = log, x, y = log,-1 x are symmetric along the x axis.

a=10  Decadal logarithm, label log x = log;, x.
a=e Natural logarithm, label In x = log, x.

Exponential function exp(x)=%erx and logarithmic function log(x) (natural logarithm)
have basics e. If we want to calculate another logarithm, e.g. log, x, we have to use construc-
tion log, x = Inx/In 2.

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—.5,5],yrange=[-5,5],
color=blue,explicit(log(x),x,.01,5),label([”y=1n(x)”,4.5,1.25]),
explicit(-log(x),x,.01,5),
label([”y=log_{(1/e))}(x)=—1n(x)”,4,-.75]),
color=red,explicit(log(x)/log(2),x,.01,5),
label([”y=log_2(x)=-log_{(1/2)}(x)”,3,2.25]),
explicit(-log(x)/log(2),x,.01,5),
label([”y=log_{(1/2)}(x)=-log_2(x)”,3,-2.25]),
color=grey,parametric(t,1,t,-.5,5),label([”y=1”,1.5,1.5]),
color=brown,point_type=7,
points([[1,0],[1/2,1],[2,1],[1/%e,1],[%e,1]1]))$

y=log2(x)=-logu2)(x) ___——

N e |

(%i1)  exp(x)+%erx;exp(1);
(%01) 2%e*
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(%02) %e

(%i5) log(x);log(2);log(%e);

(%03) log(x)

(%04) log(2)

(%05) 1

(%i7) log_2(x):=log(x)/log(2);log_2(2);
(%06) log _2(x) :::;fg:

(%07) 1

Trigonometric (goniometric) functions are:

Sine y =sinx = |[AA,|: R— (-1;1).

Cosine y =cosx = |OA,|: R — (-1;1).

Tangent y =tanx = sinx_ [T]|: R—{E +kn,k€eZ} — R.
Ccos x 2

Cotangent y =cotx = :;;C = |CK]: R-{kr,k€eZ} — R.

Definition of trigonometric functions sine, cosine, tangent and cotangent.

o The number x is called Ludolf’s. Its value is approximately 3, 141 592 654.
o A circle with a radius r = 1 has a circumference of 2.

In Maxima, trigonometric functions have the form sin(x), cos(x), tan(x), cot(x). Argu-
ments of trigonometric functions must be entered in radians. If we want to use degrees, we must
first convert to radians.

‘ (%i3) tangrad(x):=tan(x/180+«%pi) ;tangrad(22.5);ratsimp(tangrad(22.5)); ‘

‘ (%01) tangrad(x) := tan(%n) ‘
(%02) tan (0.1257)

rat: replaced 0.125 by 1/8 = 0.125

|

|

‘ (%03) tan(Z)
| 8
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To simplify work with trigonometric functions, we can use commands trigsimp, trigrat,
trigexpand, trigreduceand packages atrigl, ntrig and spangl, which contain additional
support for working with trigonometric functions. We have to load the packages into the system
using the command load

(%i1)
(%o01)
(%02)
(%03)
(%i4)
(%04)
(%i5)
(%05)
(%i6)
(%06)
(%i7)
(%07)

tan(%pi/4) ;tan(%pi/6) ;tan(%pi/8);

1
1

3
T
tan (;)
ratsimp(tan(%pi/8));
T
tan (;)
trigsimp(tan(%pi/8));
Mn(g)
cos (%)
load(spangl) ;
../share/trigonometry/spangl.mac
tan(%pi/8);

J2-1

(%i1)

draw2d(proportional axes=xy,grid=true,xaxis=true,yaxis=true,
xrange=[—-1.75+%pi—.1,1.75«%pi+.1],yrange=[-1.1,1.1],
color=blue,explicit(sin(x),x,-3+«%pi,3+%pi),
label([”y=sin(x)”,3.25,.75]),
color=red,explicit(cos(x),x,-3+%pi,3+«%pi),
label([”y=cos(x)”,-1.75,.75]),
color=grey,parametric(t,1,t,-3+%pi,3«%pi),
parametric(t,—-1,t,-3+%pi,3«%pi))$

1 —
20 7
0 /. /

™ AN
05F e
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Sum formulas for sine and cosine.

X,yER. o sin(x*y)=sinx-cosy=+cosx-siny.
@ cos(x*y)=cosx-cosy¥Fsinx-siny.
. 2 2
X€ER. @ sin”x +cos“x = 1.

(%iU draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-1.75+%pi—.1,1.75+%pi+.1],
yrange=[-1.75+%pi—.1,1.75«%pi+.1],
color=blue,explicit(tan(x),x,-3+%pi,3+%pi),
label([”y=tan(x)”,2.25,4.5]),
color=red,explicit(cot(x),x,-3+%pi,3*%pi),
label([”y=cot(x)”,-.75,4.5]),
color=grey,parametric(0,t,t,-6,6),
parametric(%pi/2,t,t,—6,6),parametric(-%pi/2,t,t,—6,6),
parametric(%pi,t,t,—6,6),parametric(-%pi,t,t,-6,6),
parametric(3+%pi/2,t,t,—6,6),parametric(-3+%pi/2,t,t,—6,6))$

y=tan() |

Cyclometric functions are inverses of trigonometric functions:

Arcsine y = arcsin x: (-1;1) —> <% %>
Arccosine y = arccos x: (-1;1) — (0; ).
Arctangent y = arctan x: R— (—%; %)
Arccotangent y = arccot x: R — (0; 7).

There are no inverse functions for trigonometric functions because they are not injective. It

is necessary to narrow them appropriately.
Inverse functions to trigonometric functions have the form Maxima asin(x), acos(x),

atan(x), acot(x). At this point we can mention the function atan2 (x,y) defined by the rela-

. X
tion arctan —.
y
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‘ (%i2) asin(1);acos(1);

| (%01) %

| (%02) 0
(%i4) atan2(2,4);atan(1/2);

| (%03) atan(2)

| (

|

%04) atan(g)

Sum formulas for cyclometric functions.

. s T
@ arcsin x + arccos x = 3 for x€(-1;1). @ arctanx + arccotx = 3 for x€R.

(%i1) draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-2,%pi+.1],yrange=[-2,%pi+.1],
color=blue,explicit(sin(x),x,-%pi/2,%pi/2),
label([”y=sin(x)”,2.25,1]),
explicit(asin(x),x,-1,1),label([”y=arcsin(x)”,1.5,%pi/2]),
point_type=7, points([[0,0],[1,%pi/2],

[-1,-%pi/2], [#%pi/2,1], [-%pi/2,-1]]),
color=red,explicit(cos(x),x,0,%pi),label([”y=cos(x)”,-.5,1]),
explicit(acos(x),x,-1,1),label([”y=arccos(x)”,1,-.25]),
point_type=7, points([[0,1],[1,0], [%pi,-1],[-1,%pi]]),
color=grey,parametric(t,t,t,-5,5),label([”y=x",2.4,2.8]))$

(%i1)  draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-5,5],yrange=[-5,5],
color=blue,explicit(tan(x),x,-%pi/2+.01,%pi/2—.01),
label ([”y=tan(x)”,2.25,4.5]),
explicit(atan(x),x,-5,5),label([”y=arctan(x)”,4,1.75]),
color=grey,parametric(t,-%pi/2,t,—5,5),parametric(t,%pi/2,t,-5,5),
parametric(-%pi/2,t,t,-5,5),parametric(%pi/2,t,t,-5,5),
color=red,explicit(cot(x),x,.01,%pi—.01),
label([”y=cot(x)”,-.5,4.5]),




explicit(%pi/2-atan(x),x,-5,5),label([”y=arccot(x)”,4,-.25]),
color=grey,parametric(t,0,t,-5,5),parametric(t,%pi,t,-5,5),
parametric(0,t,t,—5,5),parametric(%pi,t,t,-5,5))$

4 |

e
1/

y=cott9)| / y=tan()

y=arctan(x)

y=arccot(x)
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Beware of the inaccurate interpretation of the Arccotangent function in the wxMaxima.

(%i4)

(%i5)

(%i6)

acot(-1)$ print(”acot(-1)=",acot(-1),”is bad”)$
%pi/2—atan(-1)$ print(”acot(-1)=",%pi/2-atan(-1),”is ok”)$
acot(-1) = —% is bad

acot(-1) = —37” is ok

draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[-5,5],yrange=[-4,4],
color=red,explicit(%pi/2-atan(x),x,-5,5),label([”ok”,-4,3.25]),
color=brown,point_type=7,points([[-1,%pi/2-atan(-1)]]))$
draw2d(grid=true,xaxis=true,yaxis=true,
xrange=[—-5,5],yrange=[-4,4],
color=blue,explicit(acot(x),x,-5,5),label([”bad”,-4,-.5]),

color=brown,point_type=7,points([[-1,acot(-1)]1]))$

I

A e b A e e w w s
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Hyperbolic functions are:
Hyperbolic sine
Hyperbolic cosine
Hyperbolic tangent y =tanhx =

Hyperbolic cotangent y = cothx =

y = sinhx = e

y = coshx = <

X _e=X e2x_1
= —: R— R.
2 2eX
X -X 2x
+e _ ﬂ: R — (1500)
2 2e¥
sinh x e¥—e™X
coshx ~ eX+e ¥’ R— (-11).
cosh x e’ +e ™
= — R-{0} > R-(-1;1).
sinhx e¥-e* {0} -11)

Hyperbolic functions have similar properties to trigonometric functions, therefore they have

similar names.

Sum formulas for hyperbolic sine and hyperbolic cosine.

x,y€ER. o sinh(x +y) = sinhx - coshy + coshx - sinh y.
e cosh(x +y) =coshx - coshy+sinhx-sinhy.
. . . h2x-1
X€ER. o sinh 2x = 2sinh x - cosh x. o sinh® x = 2
. h 2x+1
o cosh 2x = cosh® x + sinh® x. o cosh®x = %
o cosh®x — sinh® x = 1. o sinh x + coshx = +e**,

Moivre formula.

o (cosh x + sinh x)" = coshnx * sinhnx for x€R, n€N.

Hyperbolometric (Inverse hyperbolic) fu
tions:

e Inverse hyperbolic sine
o Inverse hyperbolic cosine
o Inverse hyperbolic tangent

1

o Inverse hyperbolic cotangent

y = arsinhx = In (x + Vx% + 1):
y =arcoshx = In (x + Vx% - 1):

y = artanh x = 5

1
y = arcothx = 3 In

nctions are inverses of hyperbolic func-

R — R.

(1;00) — (0; 00).

1+x
In —:

1-x

(-1;1) > R

x+1

x-1"

R-(-1;1) - R-{o}.

Hyperbolic functions are sinh(x), cosh(x), tanh(x), coth(x) and to them the inverse
hyperbolometric functions are asinh(x), acosh(x), atanh(x), acoth(x).
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(%i4) sinh(x) ;cosh(0);tanh(0);coth(1),numer;

(%01) sinh (x)

(%02) 1

(%03) 0

(%04) 1.313035285499331

(%i8) asinh(x);acosh(1);atanh(0);acoth(1.3),numer;
(%05) asinh(x)

(%06) 0

(%07) 0

(%08) 1.01844096363052

Limit of a function

When investigating a function, it is necessary to characterize its local properties at different
intervals and around different important points. The function f does not have to be defined at
the point around which we investigate it.

a€R" is an accumulation point of the set A c R, if for every neighborhood O(a) there exists
x€0(a)n A, x # a.

The funkction f has a limit b€ R" at the point a€ R’, label lim f(x) = b, if:
X—a

@ a is the accumulation point of the set D(f).

o Forall {x,},~; < D(f), x, # a, {x,}.; —> aholds {f(xn)}:il —>b.

The given definition of limits using sequences is called Heine’s. We can characterize the limit
using the neighborhood O(a) and O(b).

The funkction f has a limit b€ R" at the point a€ R’, label lim f(x) = b, if:

X—a
@ a is the accumulation point of the set D(f).

o For every neighborhood O(b) exists a neighborhood O(a) such that
for all x€O(a), x # a holds f(x) € O(b).

a is the accumulation point of the set D(f).
= There exists (at least one) {xn};o:1 —> a, x, €D(f) - {a}
and lim f(x) = lim f(x,) holds.
X—a n—oo
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R { a€Rr. Limit at eigenpoint a.
a€R".
a = too.  Limit at non-eigenpoint a.
lim f(x)=b.
x—a beR. Finite limit.
beR".

{ b = +oo. Infinite limit.

o lim f(x)=b,a€R,bER. = o There exists O(a) in which f is bounded.
X—a

a€R’ is the accumulation point od sets D(f) and D(g), O(a) is the neighborhood.
Vx€0(a), x #a: o f(x)=g(x). = o lim f(x)= lim g(x) if they exist.
X—a X—a

o f(x) < g(x). = o lim f(x) =< lim g(x) if they exist.
X—a X—a

Vx€0(a), x #a: o f(x)< g(x). = o lim f(x) =< lim g(x) if they exist.
X—a X—a

Two Policemen and a Drunk Theorem.
a€R’ is the accumulation point od sets D(f), D(g) and D(h), O(a) is the neighborhood.

e Vx€0(a), x + a: h(x) = f(x) = g(x).

o lim h(x) = lim g(x) = b, beR". } = o There exists )}EEZ f(x) =b.
X—a X—a

Example.

. sin x
lim
X—o0 X

=0.

sin x

oo is the accumulation point of the domain of the function y =

. 1 sin x 1
for x€Rholds -1 <sinx<1. = -- < < — holds for x > 0.
X X X
. 1 . sin x . 1 . sin x
=0=- lim - < lim < lim - =0. = lim
X—>00 X X—00 X X—>00 X X—00 X

=0.m

(%i1) 1limit(sin(x)/x,x,inf);
(%o1) 0

(%i1) f(x):=sin(x)/x$ for i:1 thru 10 do
(x:10071, print(x,” ”,ev(f(x),numer)))$
100 -0.005063656411097588
10000 -3.056143888882521 - 10>
1000000 —3.499935021712929 - 10~/
100000000 9.31639027109726 - 10~°
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10000000000 —4.875060250875107 - 10~ 11
1000000000000 —6.112387023768895 - 10~ 13
100000000000000 —2.094083074964523 - 10~
10000000000000000 7.796880066069787 - 1017
1000000000000000000 —9.929693207404051 - 10~1°
100000000000000000000 —6.452512852657808 - 10~2!

Example.
li sin x -1
20

sin x x€D(f) = (—E; %) - {0}, 0 is accumulation point of the set D(f).

Let us denote f(x) = >

5
X

For all x€ D(f) holds:
. sin x x Sm_x 1
O<x.=0<sinx<x<tanx. = — < — < =X — z .
sin x smx sin x Cos X = 1 < X < .
S x . sin x cos x
. 1 X sin x
x<0.=tanx < x <sinx < 0.= = LB > —— > ——
Cos X sin x s x sin x
=1=1lim1< lim — < lim =1l.=lim—-=1m
x—0 x—0 sInx x—(0 cosx x—0 smmx
(%i1) 1imit(sin(x)/x,x,0);
(%o1) 1
(%i1) f(x):=sin(x)/x$
for i:—1 thru -10 step -1 do (x:1/i, print(x,” ”,ev(f(x),numer)))$
print(’Limit”)$
for i:10 thru 1 step -1 do (x:1/i, print(x,” ”,ev(f(x),numer)))$
-1 0.8414709848078965
—% 0.958851077208406
—§ 0.9815840903884566
—% 0.9896158370180917

-3 0.9933466539753061
1

‘ |
| = 0.9953767961604901 |
| -~ 0.9966021085458455 |
| ~1 0.9973978670818215 |
| |
| |
| |
| |
‘ |

—g 0.9979436565895768
—1—10 0.9983341664682815

Limit
lo 0.9983341664682815
5 0.9979436565895768
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0.9973978670818215 ‘
0.9966021085458455 ‘
0.9953767961604901 ‘
0.9933466539753061 ‘
0.9896158370180917 ‘
0.9815840903884566 ‘
0.958851077208406 ‘
0.8414709848078965

=00 | | s | T | 0N | =T | =00 |

The limit of the composite function.

y = f(x), y = g(x), H(f) < D(g), a,b,cER", O(a) is a neighborhood.

e lim f(x) =5, limb gw)=c.
x—a u—

o Vx€0(a), x # a: f(x) # b,} = o )}i_nglg(f(x)) = '}iln)bg(u) =c
respectively o g(b) = c.

Subst. u = f(x)

x —a, u—b.

Substitution u = f(x). = ,Pin)a g(f(x)) = [ ] = lirr}) g(w).

lim f(x) =b, lim g(x) = ¢, a,b,c€ER", r€R. = (If the expressions make sense.)
xX—a X—a

o lim [£GO] = |lim fGO| <ol o lim [r fG] =7 lim fG) =7 b

° )};ma [f(x) ® g(x)] = )}Lmaf(x) ® )}iinag(x) =boc,

where o is the operation +, —, -, respectively /.

If any of the expressions does not make sense,
it does not necessarily mean that there is no limit.
We have to calculate the limit in another way.

y = f(x), x€D(f), point a€R.
F7 () = fOIp(p)n(-coa) = FOixen( ), x<a} Narrowing the function f to the left.
F1() = fGOlp(pn@e) = FOOlixen( ), a<x} Narrowing the function f to the right.

xli{%- fe0 = ;}ina f6) Leftlimit (from left). One-sided limits

lim f(x)=lim f*(x)  Right limit (from right). of the function f at the point a.
x—a* x—a

lim f(x) Two-sided limit of the function f at the point a.
X—a
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a€R,beER". o lim f(x)=b.

X—a

= o xli_)n} f(x) = lim_f(x)=b.

(%i3) 1imit(1/x,x,0,minus); limit(1/x,x,0); limit(1/x,x,0,plus);

(%01) —oo
(%02) infinity /+ Complex inf «/
(%03) o
Yl alim £ i
by xli{g‘ f(x) = by
by - xhj‘; f(x) =b;
0 fa X

tim )=

lim f(x)=b
o lim f(x)=b

— “ —]

(~c0;a) (a;00)

(-e0;0) (a; )

e ——>c— 2
lim f(x)# lim f(x)
xX—a x—a*

6 —>c— 9

Jim f() = lim, ()

One-sided limits (left) and two-sided limit (right).

Important limits.

X

o lim 225 -1, o lim (1 + 2) =eb.
x—0 X xX—>00 X

o lim &5 -1 o lim ¥1+bx = e’.
x—0 X x—0

o lim ¥x=1. o lim x(¥a-1)=Ia
X—00 X—00

. . -1

o lim Ya=1. o lim 2= = Ina

X—>00 x—0 X

a,beER, a > 0.

1 X
o lim (1 + —) =e.
X—00 X

o lim¥l+x=e.

x—0
o lim x(¥fe-1)=lne=1.
X—00
e¥ -1

o lim =lne =1.
x—0 X

(%12)  1imit(x«(%er(1/x)-1),x,0); limit(x«(%e’(1/x)-1),x,inf);

(%01) und /+ undefined «/
(%02) 1
Example.
. x-2 . x-2 . 1 1
o lim —— =Ilim ——— = lim — = —
x—2 x%-3x+2 x—2 (x—2)(x—1) x—2 x-1 2-1

. 3x+2x 7! . 3x+2x! x .
o lim — = lim — == lim
x—0 x+4x~ x—0 x+4x~

. x2-3x+2
o lim ——— = lim

(x-1)(x-2) -k x-1  2-1
x—2 x%-2x x—2  x(x-2)

x—2 X 2

3x%+2  3:0+2

x X—0 x%+4 T 0+4

1

3"
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Limit((3+x+2+1/x)/(X+4+1/%x),%x,0);

(%i3)  1imit((x-2)/(xA2-3+x+2),X,2);
limit((xA2-3+x+2)/(XN2-2+X),X,2);
|

(%01) 1
| (%02) %
| (%03) -
] 2
Example.
lim - lim x-(V1+x+/1-x) - lim x-(V1+x+/1-x)
° x—0 m—m x—0 (T+x-V1-x)-(JT+x+/1-x)  x—0 (1+x)-(1-x)
. x(VTrx/1-x) . ATrxr/T-x  J140+/1-0 141
= lim ———= = lim = =—=1
x—0 2x x—0 2 2 2
lim 1-1-x lim (1-1-x)-(1+/1-x) - lim = a-x) . x
° x—0 X T x50 x-(1+/1-x) 10 x+VxZ—x3 | x>0 x+VxZ-x7

1 1 1

. b .
- ;}ino xrxv1-x ;}5?0 1+/1-x  1+J1-0 2~
L x2-1 2 1 . 1 1
o lim =% Yt hm i —hm( 1-—=+ 1+—)
X—>00 X x—)oo X—>00 x2 xz
1 1
= /1——+ /1+—:\/1—0+\/1+0:1+1:2.l

(%i3) 1imit(x/(sqrt(1+x)-sqrt(1-x)),x,0);
limit((1-sqrt(1-x))/x,x,0);
limit((\sqrt(xAr2-1)+sqrt(xA2+1))/x,x,inf);

(%o1) 1
1
| (%02) >
(%03) 2
Example.
- Subst. x =z s !
= lim 5 = lim —
x—1 xf— x—1 z—1 z—1 Vz1%-1 71 2%-1
(z-1)(Z3+2%+2+1) . Z42%4z+l 1414141 4
= = lim = = -,
721  (z-1)(2%+2+1) 7—>1 z%+z+1 1+1+1 3
1 1
. 5x2 - . 5 5
° hm( +2x)=11m + lim 2> = +20=2 +1=6.
x—>00 \ x2-1 x—00 1-x2  x—o0 1-0072 1-0

a

a a

. — . nx . —-Inx .

o lim xhx = lim e™¥™* — [im elx = lim e? =e%fora€R.m
x—07% x—07% x—07* x—07%
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(%i3) 1imit((xA(1/3)-1)/(xr(1/4)-1),%x,1);
limit(5+«xA2/(xA2-1)+2A(1/x),X,1inf);
limit(x”(a/log(x)),x,0,plus);

| (%01) 2

(%02) 6

(%03) e

12

If we use the substitution x = z'*, we can simplify the first limit.

(%12) £(x):=(xr(1/3)-1)/(xr(1/4)-1)$ g(z):=subst(z"12,x,f(x))$
*limit(g(z),z,1); limit(g(z),z,1);
z4-1

(%01) Jm i

4
(%02) 5

/+ z is positive, z=|z| =/

In the last example, we calculated the limit of the expression 0° - the so-called indefinite

expression.
Among the indeterminate expressions (we count them using limits) are:
0 1 +o0 +o0
@00—-00, @ £t0:0, @ -, @ -, @ —, @ —, @ 00, ° Oioo, ° lim, ° (iOO)O.
0 0 0 +oo

Example.

o lim x(ln(x+ 2) —lnx) = lim x-In 22 = lim In(1+ E)x =Ine? = 2.
X—>00 X—00 X X—00 X

z

. x Subst. z =tx . 7 1 .. 1
o lim —— = :1m—=—.llm1—
x—0 In (1+tx) x—0, z—0| z—-0In(l+z) t 2z—0 -In(1+2)
z
1 . 1 1 1 1 1
== lim r=--—==-.-==fort€R,t # 0.
t t Ine t

Z_»Oln(1+z)2

z—

3x+1-1

L 3X=2X . 3x+1-3 —— Subst. z = 3x + 1 . (z-3\ 3

o lim ( ) = lim ( ) 3 = = lim (—
x—o00 “3x+1 X—>00 3x+1 X — 00, z-— Z—>00 z

W=
Il
(DI
—_
|
1

Cim [(1- 2] <[] met = L

Z—00

(%i3) 1limit(x+(log(x+2)—log(x)),x,inf);
limit(x/log(1+t*x),x,0);
limit(((3*x-2)/(3+x+1))"x,X,inf);

(%o01) 2

| (%02) <

(%03) el
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Asymptotic Properties

When investigating the function f , it is important to examine its properties at non-eigenpoints:
o For x — *oo.
o In the neighborhood O(a) of the point a € R, for which holds lim f(x) = #oo or
X—a

lim f(x) = %co.
X—a

y = f(x), x€D(f), a€R.
o The line x = a is called asymptote without slope (vertical) of the graph f,

if lim f(x)=tooor lim f(x) = oo (at least one of the limits is infinite).
x—a x—a*

o The line y = kx + q is called the asymptote with slope of the graph f,
if lim [f(x)-(kx+q)]=0or lim [f(x)- (kx +q)] = 0.
X—>—00 X—00

Ifk=0,ie. lim f(x)=gqor lim f(x)=gq,
X——00 X—00

the asymptote y = q is called horizontal (horizontal).

y f y f y x=a y x=a y fllx=a

IR -
|

Examples of asymptotes without slope

o

/AN A

The functions y = f(x), x€ D(f) and D(f) is an unbounded set.
o The line y = kx + q is an asymptote with the slope of the graph f.

< o Exist lim @ =k, lim [f(x)-kx]=gq, kqER
X—>*o00 X—>to00
o lim {00y, (LB g4 — o lim 2 _
o lim [f(x)- (kx+¢)] = lim [(f(x)-kx)-gq]=0. = o lim [f(x)-kx]=gq.
X—00 X—00 X—00

(%i10) £(x):=(2+x 24+x+1)/(8+x); km:1limit(f(x)/x,x,minf)$
kp:1imit(f(x)/x,x,inf)$



flx+h)

flx+h) - f(x)
fGx)
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py=kx+q

Px

Asymptote with slope a (left), vertical y = g and horizontal asymptote x = a (right)

gm:1limit(£(x)-km«x,x,minf)$ qp:limit(f(x)-kp+x,x,inf)$
dm(x) : =km+x+qm$ dp(x) :=kp:+x+qp$ dm(x);dp(x);
draw2d(grid=true,xaxis=true,yaxis=true,xrange=[-5,5],yrange=[-4,4],
color=blue,explicit(f(x),x,-8,0),explicit(f(x),x,0,8),
color=red,parametric(0,t,t,-5,5),

explicit(dm(x),x,-8,8),explicit(dp(x),x,-8,8))$%

2
(%01) flx) 1= 220
(%08) =+ %
X
(%09) Z + g
. [
,‘:/"‘f{/z?i\\‘

Continuity of function

The concept of the limit of the function f at the point a is closely related to the concept of the
continuity of f at the point a. Continuity is also a local matter in some neighborhood of O(a).

The function f is continuous at the point a€ D(f) if:
o For all {x,},; « D(f), {x}p; —> a holds {f(x,)}.; — f(a).
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y = f(x), x€D(f).

e a€D(f)is an isolated point. = e The function f is continuous at point a.

When a€ D(f) is an isolated point, then there exists a single {x,}.., = {a},.; — a.
The definition of continuity at the point a€ D(f) using sequences is called Heine.
We can characterize the continuity using the neighborhood O(a) and O(f(a)).

The function f is continuous at the point a€ D(f) if:

e For every neighborhood O(f(a)) there is a neighborhood O(a) such that
for all x€O(a) holds f(x) € O(f(a)), i.e. f(O(a)) = O(f(a)).

If a € D(f) is an accumulation point, then the definition of continuity coincides with the
definition of limit.

y = f(x), x€D(f), a€ D(f) is an accumulation point D(f).

o The function f is continuous at pointa. << e lim f(x) = f(a).
X—a

The function f can be discontinuous only at the accumulation point a€ R (point of disconti-
nuity), while a€ D(f) may not hold.

Removable discontinuity
There exists lim f(x) =bER, b # f(a).
X—a

Non-removable discontinuity of the type I.

There exist lim f(x) = b €R
x—a } b+ bt The function f

and xh_)f% f(x)=b"€R is discontinuous

The difference ¢ = b* - b s called | atthepointa€R.

the jump of the function f at the point a. Value f(a) may,

Non-removable discontinuity of the type I but may not exist.

At least one of lim f(x .
x—a" fG) does not exist or

or lim f(x)} is infinite.
x—a*

Asymptotic discontinuity,
if one of the one-sided limits is infinite.

The functions f, g are continuous at the point a€ D(f) n D(g), r€R.

=|fl, f+grf, fgand Jé for g(a) # 0 are continuous at point a.
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lim f(x) = b f | dim foo=p[f Y Jim )= Y| Jim_ 1) = fl@)
b+ f(a) limf(x) = b Jim, fG) = —oo Jim, ()3
bt
ol Ic 20, f@1t . f@1
.
of [ a 0 all ol / al

Discontinuity of function f at point a: removable, non-removable type I, non-removable type II,
non-removable type II (from left to right).

Continuity of a composite function.

A function f is continuous at the point a€ D(f).
= The function F = g(f)

A functi i ti t th intb = €D(g). . . .
unction g is continuous at the poin f(a)eD(g) is continuous at point a.

H(f) = D(g).

vy = f(x), x€D(f), point a€ D(f).

Ja () = fO|p(p)n(-coia) = fixen(f), x<a} Narrowing the function f to the left.
fa (%) = fOIp(f)nae) = FOlixen( ), asx} Narrowing the function f to the right.
fa (x) continuous at pointa  Continuity from left. ) ). cided continuity

fa (x) continuous at pointa  Continuity from right. of the function f at the point a.

f(x) continuous at point a Two-side continuity of the function f at the point a.

e A function f is continuous at the point a€ D(f).
= o There exists O(a) in which f is bounded.

A function f is called continuous on the set A « D(f), if it is continuous at every point a€ A.

e A function f is continuous on the set A c D(f).
= o The function f need not be bounded on A.

e A function f is continuous on the interval I ¢ R. = o The set f(I) is an
interval.

o Ainterval I = {(a;b) is closed. = o The set f(I) is a closed interval.

o A interval I is not closed. = o Theset f(I)
can be an interval of different types.
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M Y y y
- 1 fi s 1 3
Ji

] 6 Jr
x x
0 T JS - 0 T - 0 x
¥y y -1 -1 _
1 1t
r JV{\X L A g, .
\Ao T )
I I I

=
Bl

I

I

Examples of mapping the interval I = (-x; 7) by continuous functions, f;(x) = cosx: I — J; = (-1;1),
. X
L) =sinx: I — Jp =(-11), i) = 11— J={1}, fs(x) = —: T — Jy = (-1;1),
F60) = tan 2: 1 — Jg = (00300), fo(x) = ftan | T — Jg = (0500, f(x) = =22 1 — Jy = (~2;9).

X+

A function f is called piecewise continuous on the set A c D(f), if it is continuous on the
set A, except for a finite number of points of discontinuity (removable or non-removable type I)

1 . . . .
e f:y ==, x€Ris continuous on the interval (0; 1), but it is not bounded to (0; 1).
X

Cauchy’s zero point theorem.

A function f is continuous on {a; b).

@) f(b) <0 } = o There exists c€(a;b) such that f(c) = 0.




Chapter 3

Differential Calculus

Derivative of a real function

Example.
The function y = f(x), x€ D(f) is continuous.

o The points P = [xg; f(xp)], O = [x9+Ax; f(x9+Ax)] lie on graph f.
FOo+Ax)-f(x)

Ax ’

o The tangent line to f at point P has the form dp: y - f(xy) = tan¢ - Ax,
%)
Ax

o The line PQ has the slope tana =

where tan ¢ = is its slope.
0 Q—> P.=PQ—dp, Ax > 0,0 — ¢, f(xg + Ax) — f(x)). = tana — tane.

= o The tangent line tan¢g = lim tana = Ahm0 W ]
a— x—

fra) 5
JGxo+Ax) = f(x0) e Q—P.
f
y : = o PQ —d. o a— ¢. o tan(a) — tan(p).
P — T b

_ l _ 1 f(x0+AX)’f(x0)

4 Ax = o tan¢ = lim tana = llm ——————.

(3 a— Ax—0 Ax
0 ? Xo Xo+Ax x

Geometric meaning of the derivative of a function at a point.

y = f(x), x€ D(f) has a derivative at the point x, € D(f), label f’(xg), or y"(xp),

SE)-F () :[ Subst. h:x—xo] - im LS _ gy

if it exists lim
x—x, h—>0 h—0

x—x, XX

Y( Xp)

(%) = f ( %) , respectively y'(xp) = (label using differentials).

65
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' (x)€R. Eigen (finite) } derivative of the function f
f'(xp) = 0 or f'(x9) = ~00.  Non-eigen (infinite) at the point xg.

Function y = f(x), x€ D(f), point x, € D(f).

o There exists f’(xo)€R (finite). = o f is continuous at the point x;.

The continuity of the function f at the point x, does not guarantee the existence

of f7(xp).

Example.
The function f: y = |x| is continuous at the point x; = 0.

o There does not exist

111’1’(}r ; =1
f(x) f(O) Ixl - 10] x_ )
FO= - a}—>0 x-0 a}—>0 x lim = =-1.m

x—0" X

’(xp) represents geometrically the tangent line to the graph f at the point x;.
P g y g grap p

f'(x) €ER. Tangent line d: y = f(xy) + [/ (50)(x — x0)

with slope f”(x).

£/ (xp) = %oo.

) . . } Tangent line d: x = x; without slope (vertical).
f is continuous at the point x;.

We calculate and simplify the derivative of the function f(x) = In (x + vx2 + 1).

%i1)  £(x):=log(x+sqrt(xr2+1));

%01) f(x) :=log(x +x%+1)

%i3) f£_1(x):=diff(£(x),x);f_1(x);

(

(

(

(%02) f_xl(x) 3= %f(x)
( 1

(

(

%) fom

%i4) ratsimp(f1(x));
x2+1+x

xVx?+1+x2+1

We have calculated the derivative of f’(x), but we have not succeeded in simplifying it ap-
propriately. We will use the command subst.

(%i5) fp:subst(a,sqrt(xA2+1),f1(x));
i

(fp) <

x+a

(%i6) ratsimp(fp);



1
(%06) ;
(%i7) subst(sqrt(xA2+1),a,ratsimp(fp));

1
(%07) Tamy
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We determine the tangent line to the semicircle y = \/9 - x2 at the point 2.

(%i8) f(x):=sqrt(9—x12)$ pomer(a,b):=(f(b)-f(a))/(b-a)$
sek(x,a,b) :=pomer(a,b)+(x-a)+f(a)$
Sek:makelist(explicit(sek(x,2,-.15+.25+1),x,-3,3),1,1,20)$
f1(x):=diff(£(x),x,1)$ d(x):=£(2)+subst(2,x,f1(x))*(x-2)$%
print(”Secant y=d(x)=”,d(x),” in point 2 have a blue color”)$
draw2d(grid=true,xaxis=true,color=blue,explicit(f(x),x,-3,3),
color=red, Sek, color=blue,explicit(d(x),x,-3,3),
point_type=7,color=brown,points([[2,£f(2)]]),
color=blue, label ([”f(x)=sqrt(9—x72)”,-1,2]),
label([”d(x)”,-1.5,6]),

label([concat(”d(x)=",string(d(x))),0,10]))$
2(x-2)
V5

Secant y =d(x) =5-

in point 2 have a blue color

deg=sart(5)-(2%(x-2))/sart(s)

—

2 / )=sart(9%)

3 2 Bl 0 1 2 3

vy = f(x), x€D(f), point xy € D(f).

J0I-f(x) Derivative from left.

f2(x) = lim_
X=Xy X=X One-sided derivatives

fl) = lim f (Xjfi’ (%) Derivative from right. of the function f at the point xj.
X—>Xg —Xo

f(xp) = lim % Two-sided derivative of the function f at the point x;.
X—>Xg —Xp

The following construction calculates and draws the tangent line to the graph of the function

f at pointc.
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(%i6) c:2$ f(x):=xA2/6+sin(x)$
f1(x):=diff(£(x),x,1)$ d(x):=f(c)+subst(c,x,f1(x))+*(x—c)$
print(”Secant y=d(x)=",d(x),” in point”,c)$
draw2d(grid=true,xaxis=true,xrange=[-4,4],yrange=[—4,4],
color=blue,explicit(f(x),x,-4,4),
color=red,explicit(d(x),x,c—2,c+2),
point_type=7,color=brown,points([[c,f(c)]]),
color=blue,title=concat(”f(x)=",string(f(x))),
label([concat(”c=",string(c),”, d(x)=",string(d(x))),0,3.75]))$%
Secant y =d(x) = (cos(2) +2/3) » (x — 2) + sin(2) + 2/3 in point 2
Secant y = d(x) =(cos(2) + %)(x - 2) +sin(2) + % in point 2

f(x)=sin(x)+:2/6 f(x)=1.5%sin(x)+x

4 <=2, dotyk() ~(cos(2) +2/3)*(x2) +sin(2)+ 23 4 =1, dotyk()=(1.5%cos(1)+1)*(x+ D)-L5%sin(1)1
{AN o 4
\ - //7/0;’// ) /

: yd . //
4 S— ! / //
3 3 \\\\v4'

Function y = f(x), x€D(f).

e xy€D(f). = o f’(xp)is a number or *co.
o A c{xyeD(f), f'(x) is finite}, A + @. = o y= f'(x), x€Ais a function.
. - . , _df . ,_dy
It is called the derivative of the function f on the set A, label f’ = o respectively y’ = e
X X
Function y = f(x), x€D(f), set A < D(f).
@ Vxg€A: f'(x9)€R (finite derivative). = o f is continuous on the set A.
Example.
o f:y=x"x€ER nEN, xy€D(f).
Floxg) = lim 28 o Ji &R )
X—Xy X=X X—X X—Xp
= lim (" 1+ x"2x + o+ 2D = 07+ xg_zxo +oe a7l = L
X—X

o f:y=e" x€ER
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. X+h _ ax ) X | h71 . h,l
[e*]’ = lim % ~lim - €7D _ ex, lim =
h—0 h h—0 h h—0 h

In the practical calculation of derivatives, we use various formulas and rules.

Rules for derivation.

Functions f, g have derivatives f’, g’ on A # @, point xy € A, number c€ER. =

o (ef) () = ef (xo). o (f8)' () = ()l + F(x0)g ().
o (f £8) () = f/(x0) 2 g/Crp)- o [£] () = LEECTINETD gor () 20

o (cfy =cf o (frg) =f xg" o (fe) = fg+fe o [L) = LE[E,

Example.

fiy= ﬁ X€R - {1}, straight line p: y = 2 - x.

The tangent lines to the graph f parallel to pared;: y = -x,dy: y =4 - x.
o The tangent d: y = f(xy) + f’(xp) - (x - xp) at the point x, has the slope f”(xp).
o The line p has the slope -1. = f’(xy) = -1.

, /o 1(e-1)-x(1-0)  x-1- -1
o f@=(3) = x(x—;;z - zcx—nz = G YR}

o f'(x) = (xo_fll)z =-1.=(p-1)%=1.=x)=00rx) = 2.
e Two tangent points D = [xp; f(xp)] and two tangent lines d:
Dy =[0;0],dy: y=0-(x-0) = -x.
Dy =1[2;2],dy:y=2-(x-2)=4-x.m

The derivative of the inverse function.
¥y = f(x), x€I is a bijection, I c R is an interval, x, €I is an interior point.

f is continuous on I.
f'(x) # 0 is finite.

1

. -177 - ; =T
} = o Exists [f ] (yO) = f’(xo))xoszl(J/o) - f/(f*l(yo)).

1 df') _dx _ 1 _ 1

[T =

1
m‘x#‘l(y)_f’(f*l(y))’ dy dy g‘¥'
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Example.
f: y =e*, x€R is continuous and increasing, f’(x) = e* # 0 for x€R.
f 1 x =1Iny for y€(0; ).

o Iny) = [ VW)= 55 = oy = o = @ =, foryE(:o).m

Fe e e dm

Example.
f:y=sinx, xE(—%; %) is continuous and increasing, H(f) = (-1;1).

b f’(x) =COSX = m > 0 for XG(—%; E)

2

1 1 1 1 1
_ = = = = —,y€(-1;1).m
[sinx]”  cosx \/1—sin2 x \/1—[sin arcsiny]?  1-y? Y ( )

e [arcsiny]’ =

The derivative of a composite function.
u=f(x), x€D(f), y = gw), ue D(g), H(f) = D(g), y = F(x) = g(f(x)), x€ D(f).

X0 €D(f), uy = f(xp). }

o) o ave fnite, | = © F00) = [5G = 8/ (FCx0) - G

dFi d d d d d
Fe =gV @=g@w-fo), T2=F=F =20 J0

Example.
o [sin(sinx)]’ = cos(sinx) - [sin x]” = cos(sinx) - cos x, xER.

e [sin(sin (sin x))]” = cos (sin (sin x)) - [sin (sin x)]”
= cos (sin (sin x)) - cos (sin x) - [sin x]” = cos (sin (sin x)) - cos (sin x) - cos x, x€R.

Ina*]’ Ina]’ 1
o [d*] = [e““ ] = [ex n“] =e*M%.[xIna]’ =a* -lna,x€ER,a>0,a + 1.
o [x%] = [elnxu]' = [e“lnx], =etlnx [glnx]) = x%- 2 = ax®!, x > 0,a€R.
X

o [x*] = [enx] = [en¥] = % [xInx]

1
:xx.[1~lnx+x~;]:xx~[l+lnx],x>0.l

Logarithmic derivative of the function f.

y = f(x), x€D(f), point xq € D(f).

f(x) = 0. 7 _ (%) ’ - . ’
There exists f’(x). } = o [InfG)] = T f'(x%0) = f(xo) - [1n f(xo)] -




Derivatives of basic elementary functions
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[c] =0 x€R,ceR || [x]" =1 x€R
[x"] = nx" 1 x€RneN || [x9] = ax®! x >0,a€R
[eX] =¥ x€R || [a*] =a*lna x€ER,a>0
,_ 1 ,_ 1
[Inx] = x>0 || [log, x] = o x>0,a>0,a#1
[sinx]’ = cosx x€R || [cosx] = -sinx x€R
1 okr 1
[tanx]” = # & pez || [eotx]” = -— x # kn, kez
cos® x 2 sin® x
[arcsinx]’ = — x€(-1;1) || [arccosx]’ = - — x€(-1;1)
1
’ _ r_
[arctan x]” = ey x€R || [arccotx]’ = v x€R
[sinh x]” = coshx x€R || [coshx]” = sinhx x€R
1 1
[tanh x]” = 5 x€R || [cothx] = —— x#0
cosh” x sinh” x
. 1
[arsinh x]" = = x€R || [arcoshx]” = x>1
x%+1 x%-1
1 1
[artanh x]" = —; xe(-1;1) || [arcothx]” = — Xx€R-(-1;1)
1-x 1-x

Derivatives of elementary functions are the basis of successful differentiation. For practical
needs, it is necessary to remember the formulas from the table.

Differential of a function and derivatives of higher orders

We often need to approximate (approximately express) the given function f by another, simpler
function g so that their difference | f(x) - g(x)| was as small as possible. Most of the time, local
approximation is enough in some neighborhood O(x;) of the point xy € D(f).

vy = f(x), x€D(f), point xy € D(f), there exists a finite f’(x).

Differential of the function f

df(xg, x — x0) = () - (x — xp), xER. )
at the point xg,

df(xo. ) = f(xo) - h, heR. f is differentiable at the point x;.

f:y=x,x€R, point xy€R, f’'(xy) = 1 (finite).
= o dx =df(xp,h) = f'(xp)-h=1-h=h,heR.

y = f(x), x€R, point xy €R, f’(xp) is finite.
= o df(xg) =df(xp,h) = f'(x9) - h = f'(x) - dx, h€R.

df(x) = f'(x0) - dx. = f"(x) = dz(f), respectively f’ = g.
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On the best local linear approximation.
y = f(x), x€D(f) is differentiable at the point xy € D(f).

o Approximation of the function f in the neighborhood O(x;) using at the point
xo the tangent line d: y = f(xp) + f/(x)(x — x) = f(xp), x€O0(xp)
is the best of all approximations using a linear function (straight line).

Example.
1,06 ~ 1,01. Exactly ¥1.06 = 1.0097588, calculation error < 0.00025.

o Let us denote f(x) = §x,x >0, % = 1.

= o f/(x)= [x1/6]/ _ %X—S/G - 6;}@’ x>0, f(x) = f/(1) = %

o Let O(1) be such that 1.06€0(1).

6+x-1 xX+5

— o (K= f() = f()+ f(D)-(x-D =1+ =222
= o {1,06 = f(1,06) ~

1,06+5 6,06
=—=101.m
6 6

(%i8) c:1.06% £(x):=xA(1/6)$
s:1$ £1(x):=diff(f(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))+(x-s)$ p(x);
h(c) :=print(”’c=",c,”

cA(1/6)=", f(c),”=",float(£(c)), ”approx”,

subst(c,x,float(p(x))))$ h(c)$

x-1

(%06) T +1
c=1.06 /6 = £(1.06) = 1.009758794179192 approx 1.01

The approximation of the function f makes sense only for x near the point x;.

(%i18) h(0.9)$ h(1.1)$ h(1.2)$ h(1.5)$ h(2.0)$
h(4.0)$ h(10)$ h(16)$ h(32)$ h(64)$

c=09 170 = £(0.9) = 0.9825931938526898 approx 0.9833333333333334
c=11 0 = £(1.1) = 1.016011867773387 approx 1.016666666666667
c=12 /9 = £(1.2) = 1.030853320886445 approx 1.033333333333333
c=15 /0 = £(1.5) = 1.069913193933663 approx 1.083333333333333
c=20 /0 = £(2.0) = 1.122462048309373 approx 1.166666666666667
c=40 /0 = £(4.0) = 1.259921049894873 approx 1.5
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c=10 /9 = £(10) = 1.46779926762207 approx 2.5

c=16 /9 = £(16) = 1.587401051968199 approx 3.5

c=32 (/0 = £(32) = 1.781797436280679 approx 6.166666666666666
c=64 9 = f(64) = 2.0 approx 115

Example (Other solution).
91,06 = 1,01. Exactly {/1.06 = 1.0097588, calculation error < 0.00025.

o Let us denote f(x) = ¥x+1,x > -1, x5 = 0.
1
6%/(x+1)°

= o f/(x)=[(x+ 1] = %(,H 1)-5/6 =

Jx =0, /(%) = £1(0) = =

o Let O(0) be such that 0,06€0(0).

= o {x=f(x)= f(O)+ f/(O) x=1+% =22
— o {1,06 = £(0,06) ~ 0’02“’ - % -1,0l.m

(%i8) c:0.06% f(x):=(x+1)A(1/6)$
5:0$ £1(x):=diff(f(x),x,1)$
p(x):=f(s)+subst(s,x,f1(x))=(x-s)$ p(x);
h(c) :=print(’c=",c,”
cA(1/6)=",’f(c),”=",float(f(c)), ’approx”,
subst(c,x,float(p(x))))$ h(c)$

(%06) §+1
c=0.06 (c+ 1) = £(1.06) = 1.009758794179192 approx 1.01

A function y = f(x), x€D(f) is differentiable, then (if they exist):

o y=f'(x) = fD(0), x€A « D(f). Ay # .
First-order derivative (first derivative) of f on the set A;.

o y =[] = f(x) = fA(x), x€ Ay < Ay, Ay # @.
The second-order derivative (second derivative) of f on the set A,.

o y=[f"] = f"(x) = fO(x), x€ A3 ¢ Ay, A3 # ©.
Third-order derivative (third derivative) of f on the set As.

o y=[f" V@) = fP(), x€A,  Ay1, Ay £ .
The derivative of the n-th order (n-th derivative) of f on the set A,,.

Specially: o y = f(x) = fO(x), x€D(f) = A,.
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Zero derivative (zero derivative) of f on the set Ay.

y = f(x), x € D(f) and x; € D(f), then the n-th derivative of f at the point x; (if it
exists):

fUC-f"DG) e [ G- D)
x-Xo h—0 h

° f(n)(xo)=x113}}€0 , X€A,, neN.

The function f("_l) must be defined in some neighborhood of O(x).

Calculating f("), n€N can be very laborious in general.

Example.

y = xk, X€R,kEN.
[xk]’ = kxk1, [xk]” = k(k - l)xk_z, [xk]”’ =k(k-1)(k - 2)xk_3, vy
[KIED = k(k - 1) 2x,  [xF]0 =kt [$F]ED =,

k(k - 1) (k-n+1)xk™" x€R forneN, n < k.

0, xER forneN,n>k.m

o [ -

Example.
o y=¢e"xER. = o [eX]™ = e*, xeR for nEN. m

Example.
@ y=sinx,x€R, y = cosx, x€R.

[sinx]" = cos x, [sinx]” = [cosx]’ = -sinx, [sinx]”" = [cos x]” = - cos x,

[sin x]® = [cos x]”” = sinx, [sin x]® = [cos x]® = cosx, ...

(—l)k sinx, x€R forn =2k k€eN.
o [sinx]® = [sinx](*%) = {
(—1)k+1 cosx, x€R forn =2k -1,kEN.

(—l)k sinx, x€R forn =2k, kEN.

o [cos x]™ = [cos x]™ =

(-1)F cosx, x€R forn =2k -1, kEN.m

Leibniz formula.

Functions f, g have derivatives on the set A up to the order n€ N (including).

n - B
— o [fg]™ - () DD = (1) fgO) 4 (M) D) oy (7 O g0,
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Applications of the derivative of a function

Theorems about the mean value of a function (Rolle’s, Lagrange’s) and ’'Hospital’s rule are among
the most common applications of derivation in practice.

Rolle’s mean value theorem.
A function f is continuous on {a; b).
f(a) = f(b). } = o There exists c€(a; b): f'(c) = 0.
for all x€(a;b): f'(x)€R".

Lagrange’s mean value theorem.

A function f is continuous on {a; b).

f)-f(a)
for all x€(a;b): f'(x)€ER". '

b-a

} = o There exists c€(a;b): f'(c) =

c€(a;b). = o c=a+0(b-a),0€(0;1).

Let us denote b = a + h, h€R, for sufficiently small h we can assume a + 6h ~ a.

= o h=b-a,c=a+0(b-a)=a+06h,0€(0;1).
o f(b)- f(a) = f(a+h)- f(a) = f’'(a+06h)-h, heR, 0€(0;1).

o fla+h)= f(a)+ f'(a+6h)-h= f(a)+ f'(a)h = f(a) + df(a,h).

Rolle’s and Lagrange’s mean theorems guarantee the existence of ¢ € (a;b). However, we
cannot find such points with them, nor can we determine their number.

Y =0

f
; : / f(0) 1
f(@) = f(b) / N\ i
f@

o] a c‘l P 2 i, x 0

Geometric meaning of Rolle’s theorem (left) and Lagrange’s theorem (right).

. . 0 . )
Indeterminate expressions of the type > respectively —
(o]

are often they calculate using I'Hospital’s rule.
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L’Hospital’s rule.

Functions f, g, point a€R".

e Vx€0(a), x #+ a: f'(x)ER’, g’'(x)ER".

. L fre) "
o There exists J}En)a o - beR". ot f® o £
o lim f(x) = oo, lim g(x) = oo (’HZ). x—a &x)  x—a g'(x)
x—a x—a ©
resp. o )}1_121 f(x) =0, )}ina gx)=0 (L’Hg). }
The existence of lim 169 does not imply the existence of lim ! (x).
x—a g(x) x—a g§'(x)
o It is very important to verify all the assumptions of I'Hospital’s rule.
o Validity of the assumption lim % = b € R is verified continuously during the limit
X—a

calculation.
o We can also use L'Hospital’s rule several times in a row:

L f&) L ) g ) JAME))
dim e A oG T e T i e kEN:
Example.
. x3-8 _
)}13{2 — - 12.

o f(x)=x>-8,x€R, g(x)=x -2, x€ER.
@ O(2) can be chosen arbitrarily, e.g. O(2) = R.
f(x) = 3x%, g’(x) = 1 for x€R - {2}.

RN AC)) . 3x? . 3-8 . 3x?
lim —= = lim — =12. = o lim =— = lim = =12.m
x—2 g (x) x—2 1 x—2 x-2 x—2 1

lim (x - 8) = lim (x - 2) = 0.
x—2 x—2

(%19) f(x):=(xr3-8)/(x-2)$
fe(x) :=num(£(x))$ fc(x);
fm(x) :=denom(f(x))$ fm(x);
Plimit (£(x),x,2); ’limit(diff(fc(x),x,1)/diff(fm(x),x,1),x%,2);
1imit(£(x),x,2); limit(diff(fc(x),x,1)/diff(fm(x),x,1),%,2);
%04) x> -8
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(%08) 12
(%09) 12
Example.
1
ohm— [VHZ] = lim [lnx]:limi:liml:l:O.l
xX—o0 X X—00 [x X—00 1 X—00 X (o)

(%i4) f(x):=log(x)/x$ fc(x):=num(f(x))$ fm(x):=denom(f(x))$
limit (diff(fc(x),x,1)/diff (fm(x),x,1),%,2);

1
(%04) -
2
Example.
. x-sin x . 1-cosx 0-(-sinx
o lim = [L’H‘l] = lim = [L’H‘l] = lim ( )
x—0 X x—0 3x 0 x—0 6x
. sin x cos x 1
= lim = [L'H9] = lim =-.nm
x—0 6x 0 x—0 6 6
Example.
. eX 4 e X - . eX _e” e¥+e™™
o lim = [rHZ] = lim = [vHZ] = lim =

x—o0 ¥ —e™¥ x—o0 €¥ +e7¥ x—o0 €X¥ —e™¥

We cannot use L’Hospital’s rule. m

A function y = f(x), x € D(f), neighborhood O(xy) = D(f), finite f’(xg), f”(%0)s ---s
FP(xp)€R

Taylor polynomial of degree n € N of the function f centered at the point xy € D(f)
is defined as

no k) (x—x)k
Tn(x) _ z f (xol'(x %))

” (= (n) A — n
- forp) + L) ool S e oy

T,(x) is called Maclaurin polynomial for x, = 0:

” n)
T( )_ Z f (O)X —f(o) f(O)x f (O)x Lot f io)x
k=0 !

o x€0(0).
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Let us denote h = x — xy, x = xy + h, h€EO(0). =

n (k) Lk ’ . ” 2 (n) hn
Tn(xO + h) _ Z f (I:())h _ f(xo) + f (if?)h i 17 () h $oe s f (:'O)h
k=0 ’ ’

o , he0(0).

The remainder R,(x) = f(x) — T,,(x) expresses the approximation error of f using T,,(x)

(n+1) + _ (v~ 1+
R, (x) = o GELJB?) (=) , X€0(xy), where 0€(0; 1).

(Lagrangian form)

Approximation of f using T,(x) of degree n€N in the center xy € D(f):
o It has a local character in the neighborhood of O(x).

o It is the best of all approximations using degree n polynomials.

Example.

fG)=1+x=(x+ l)é, x€(-1;00),x5=0. = f(0)=1.

N 2 oy 1
of(x)—;(x+1)3—33(x+1)2,x>—1. = [0 =+
oy 201 -2 2 woon 2
°f(x)__g'g(X+1)3_9W’X>_l~ :f (0)——5.
” = E E _§_ 10 " _1_0
°f (x)__3-(_9).(x+1)3_27W’X>_1' :>f (0)_27~

B f’(O)x f”(o)xz f”’(O)x3 3 x B x2 5x3
= o T3(x) = f(0) + TR 1+ 3Tt x€0(0).
1+ g, x€0(0) with error R;(x).
2
o Mrx~{l+ ;—C - %, x€0(0) with error Ry(x).
2 3
1+ ;—( - % + Ssil’ x€0(0) with error R3(x). m

We calculate the Taylor polynomial of the function y/x% + 1. Manual derivation is quite labo-
rious.

(%i1) f(x):=sqrt(xr2+1)$
(%i2) print(Pf£(x)=",£(x),”, £ (x)=",diff(£(x),x),”,
£ (x)=", ratsimp (diff (£(x),x,2)),”,

£’ (x)=",ratsimp(diff(£f(x),x,3)))$
[ x Vxt+ xVx?+
f(x) =2 l’ f’(x) _ W ) f"(x) _ 1 f/u(x) - _ 3 1

x4+2x%+1° x0+3x%+3x%2+1
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The polynomial tp1 is of the ninth degree (practically eighth degree), therefore the output
command coeff (tp1,x,10)) is the number 0. The polynomial tp2 is of the tenth degree and
the command output coeff (tp2,x,10)) is real coefficient ¢;( = 7/256.

(%i3) tpl:taylor(f(x),x,0,9);
tpl 1+x—2—x—4+x—6—E+
({8220 2 & 16 128

(%i4) print(”c_3=",coeff(tpl,x,3),”,c_4=",coeff(tpl,x,4),”,
c_10=",coeff(tpl,x,10))$
1
c_3=0, c_4= 2 c_10=0

(%i5) tp2:taylor(f(x),x,0,10);
x® xt x® 5% 7x10

(tp2) 1+ 2L, L X X
2 R 16 128 256

(%i6) print(”c_3=",coeff(tp2,x,3),”,c_4=",coeff(tp2,x,4),”,
c_10=",coeff(tp2,x,10))$

1
c 3=0, ¢ 4=-—-, c_10= —
R 256

Example.
f(x)=Ilnx, x€(0;),x =1. = f(1)=0.

o f/(x) = i —x x>0 = f'(1)=1=0L.

o f(x) = —iz - x2 x>0 = f"(1) = -1=-1L

o f7(x)= x3, x>0 = (1) =2

o fW(x)=-3- 2— =-3.2x4 x>0, = fW1)=3-2-1=-31
° f<’<>(x) -k 1k - 1)! e ——, x> 0,kEN. = fO1) = D)k - 1),

n n —
FOQ@)- (-1 (-DF (k-1 (x-1)F
= o T,(x)=0+ kz=:1 o = kz=:1 o
n
-y & x€0(1). m
k=1

(%i1) taylor(lo

(%o1) x - g) X) X )3 (x ' (x‘l)s _ (x-1)f N (-1 (x-1)° .

A R A 7 °3
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Sometimes it is more convenient to express f(x) = In x in the form of a Maclaurin polynomial.

ex=t+1l.= f@)=In(@+1),te(-1;0),

2 s # S (_1)n—1tn n (—1)k’1t
T(t)—t——+§—z+g+-~+ - _kz=:1 p ,t€0(0)
(%i1) taylor(log(x+1),x,0,8);
X x3 x4 x5 x6 x7 xs
(%01) x—=—+=-=—+=-—+=—-=+-
2 1T 4 5 6 78
Example.

f(x) = e*, x€R. = The Maclaurin polynomial of degree n€ N has the form:

T()—l x x x Xt x"_nx'
A T T TH _2"

f(x) = sin x, x€R. = The Maclaurin polynomial of degree n€ N has the form:

X3 ( 1)kx2k+1
o Topyq(x) = 0+—+0+?+0+5—+0+ e -

(71)ix2i+1
o (i+1)!

, XER.

N\

f(x) = cos x, x€R. = The Maclaurin polynomial of degree n€ N has the form:

4 1)k 2k ko 1)y
oTzk(x)—1+0+—+0+x—+O ( UES ¢ )_x,xER.l
Gor A
(%i1) taylor(exp(x),x,0,10);
2 3 x5 48 7 8 9 10
(%01) 1+x+—+—+=—+—+— + — + + +
2 6 24 190 720 8040 40320 362880 3A28800
(%i2) taylor(sin(x),x,0,10);
3 5 7 9
(%02) x- =+ — - —+ —
6 120 5040 362880
(%i3) taylor(cos(x),x,0,10);
2 4 6 3 10
(%03) 12, _*x  * X
2 24 720 40320 3628800

e We can approximate the functions y = e*, y = sinx, y = cos x for every x€R.

o We achieve the required accuracy by sufficiently increasing the degree of n.

Example.
flx) = e(xz), X€R.

Let us denote g(t) = €/, t€R, t = x*. = f(x) = e = g(x?) = g(t) = €.

For the Maclaurin polynomial P,(t) of the function g(¢),t = 0
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and the Maclaurin polynomial T,,(x) of the function f(x), x€ R holds:

(%i1) taylor(exp(x2),x,0,10);
4 6 .8 10

(%o1) 1+x2+ 2 2 20X
2 6 24 120

(%i3) subst(xA2,t,taylor(exp(t),t,0,5));

subst (x72,t,taylor(exp(t),t,0,10));

X X X X
(%02) m+z+?+7+x2+l
‘xZO - xlS . x16 xl4 x12 xlO xS x6 x4 9
(%03) + + F—t — = =+ =+ x 1+ 1
362800 362880 40320 5040 720 120 24 3 2

At the end of this section, we find the Maclaurin polynomial of degree 10 of the function
2+
f(x)=1In xrl

x+1°

(%i1) taylor(log((xA2+1)/(x+1)),x,0,10);

3x? x3 x* x° x° x’ x® x° 3x10
(%01) —x+—-=-=—-=— — - 224
2 3 4 5 2 7 R 9 10
(%13) tpl1(x):= taylor(log(x~r2+1),x,0,10)-taylor(log(x+1),x,0,10)$ tpl(x);
3x A S B B B 3x10
(%03) ~x+—-—-=—-= wE L L 2 g
2 2 4 5 2 7 8 9 10

(%i6) tp2(x):=ratsimp(subst(xA2,t,taylor(log(t+1),t,0,5))
—taylor(log(x+1),x,0,10))$

tp2(x); tpl(x)-tp2(x);
756x'0-280x" -315x8-360x7 +1260x°-504x° —630x* ~840x>+3780x%-2520x
2520

(%05)
(%06) 0+ -

Investigation of behaviour of functions

An important part of the investigation of the course of the function is the determination of the
intervals, na for which this function is monotonic.

I is an interval, a function f is continuous on I, for all x € I there exists f’(x) € R
(finite).

The function fisonI: e Increasing. = Vx€l: o f'(x)>0.
o Decreasing. = o f'(x)<o.
o Non-decreasing. << o f'(x)=0.
o Non-increasing. <« o f/(x)=0.
o Constant. = o f'(x)=0.
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The points at which the continuous function f has local extrema, are closely related to the
intervals on which this function is strictly monotonic.

A necessary condition for the existence of a local extremum.
y = f(x), x€D(f), x9 € D(f) is an interior point of D(f), there exists f’(xp).

o The function f has a local extremum at the point 5. = o f’(xy) = 0.

A local extremum of the function f can also be a point where the derivative does not
exist.

f"(xg) = 0 does not guarantee a local extremum of the function f at the point xy € D(f).
If f”(xp) = 0 holds, then the point x, € D(f) is called stationary.
When searching for local extrema of the function f, we have to investigate:

for which holds f”(x) = 0.

All points x€D
° points x€D(f) in which f”(x) does not exist.

When searching for the global extrema of the function f, we must additionally investigate:

o All boundary points x € D(f).

A sufficient condition for the existence of a local extremum.
y = f(x), x€D(f), x0€D(f), f’'(x9) = 0, for all x€O(x) there exists f’(x).

o f/(x)>0forx<ux (increases on the left). }: o f(xp)is

f’(x) <0forx >x, (decreases on the right). a strict local maximum.
o f’(x) <0forx<xy (decreaseson the left). }: o f(x)is
f’(x) >0forx >x, (increases on the right). a strict local minimum.

e f’(x) > 0, respectively f’(x) < 0 for x # xp. = o f(xp) is not extremum.

When investigating local extrema of a function, we can also use its second derivative.

y = f(x), x€D(f), x€D(f), f'(xp) = 0, f”"(x0)ER, f”(x5) # 0 (finite nonzero).
o f"(x)) <0. = o f(x)isa strict local maximum.

o f"(x)) >0. = o f(x)is a strict local minimum.

An important part of the investigation of the behaviour of the function is the determination
of the intervals, na for which this function is convex or concave.
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I is an interval, a function f is continuous on I, for all x € I there exists f’(x) € R
(finite).

fisonI: e Convex. < f’isonI: e Non-decreasing.
o Concave. = o Non-increasing.
o Strictly convex. < o Increasing.
o Strictly concave. o Descreasing.

I is an interval, f is continuous on [, for all x€1 there exists f”(x)€R (finite).

fisonI: e Convex. = Vx€l: o f”(x)>0.

e Concave. = o f"(x)<0.
o Strictly convex. < o f"(x)=0.
o Strictly concave. < o f"(x)=0.

When investigating the convexity and concavity of the function f, we must investigate:

o All points x€ D(f) where the function f is continuous and
{ for which exists f”(x) = 0.

in which f”(x) does not exist.

A necessary condition for the existence of an inflection point.
y = f(x), x€D(f), x9 € D(f) is an interior point of D(f), there exists f’(x).

@ X is the inflection point of the function f. = e f”(x)) =0.

The function f can also have an inflection at a point
where the second derivative does not exist.

y = f(x), x€D(f), % €D(f), f'(x9)ER, for all x€O(xg) there exists f”(x).

o f”(x) > 0forx < x
f”(x) < 0 for x > x,
o f”(x) < 0forx < x
f7(x) > 0 for x > xq

o f”(x) >0, resp. f”(x) < 0for x # x.

(left convex). ) . . '
(right ) }: @ X is the inflection point of f.
right concave).

(left concave). : . . .
(right ) }: @ X is the inflection point of f.
right convex).

= o X is not an inflection point of f.

When investigating the inflection of a function, we can also use its third derivative.

y = f(x), x€D(f), x0€D(f), f"(x9) = 0, f”(x9)ER

o f"(xy) # 0 (non-zero).

= o X is the inflection point of f.
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We can generalize the previous results.

y = f(x), x€D(f), point xg € D(f), n€EN.
F1&0) = 7 (xp) = - = fD(x0) = 0, fM(xp) # 0.

o n=2k-1, { o fM(x,) >0.= o fis increasing at the point x,. }f(xo) is not

k€N (0dd). ( f™(x,) < 0. = o f is decreasing at the point x;. extremal.
o n =2k, g o fM(x,) > 0.= o f(xp) is a strict local minimum.
k€N (even). ( 4 FM(x,) < 0. = o f(xp) is a strict local maximum.

y = f(x), x€D(f), point xg € D(f), n€EN.

F/)ER, f7(x) =+ = fD(xp) = 0, fP(xp) # 0.
o n=2k+1,k€EN o xpisthe inflection point of the function f.
(odd).
o n=2kkeN o f™M(xy) >0.= o fis strictly convex at the point x;.
(even). o f™M(x)) <0.= o fis strictly concave at the point x,.

Behaviour of functions
Investigating the course of the function f means determining:
e Domain D(f), points and intervals of continuity and discontinuity.
o Evenness, oddness, periodicity, respectively other special properties.
@ One-sided limits at discontinuity points, boundary points, and #co points.
@ Zero points; intervals on which f is positive and negative.

e f’, stationary points, local and global extrema; intervals on which f is increasing, de-
creasing and constant.

o f”,inflection points; intervals on which f is convex and concave.
o Asymptotes without slope and asymptotes with slope.
o Codomain H(f) and sketch the graph of the function.

The graph usually gives us the most vivid idea of the behaviour of the function. During its
construction, we use all the data found. Of course, many times they are insufficient, so we have
to supplement them with appropriately chosen functional values.
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Example.

The behaviour of the function f(x) = 8(x 2) _ 8x16

2

X

(%i1)  £(x):=(8+x-16)/x12;
(%ol) f(x) := 22

o D(f) = R-{0} = (=00;0) u (0; c0).

Using the command denom (denominator) we find out when the denominator is zero.

(%i3) fm:denom(f(x));solve(fm=0,x);
(fm) x?

(%03) [x=0]

o f isnot periodic, f is not even, f is not odd.

e f is continuous on intervals ( 0; O) (0; 00) is discontinuous at the point 0.

° hm f(x)— lim 21 (—— )—————0 0=0.

X—>to0 X2 x~>+oo X

(%i5) 1imit(f(x),x,minf);limit(f(x),x,inf);

(%04) 0
(%05) 0

. o 82 <16 o 8(x-2) <16
o lim f(x)= lim =5= =7 =-co, lim f(x)= lim —5= ===

(%i7) 1imit(f(x),x,0,minus);limit(f(x),x,0,plus);
(%06) —oco
(%07) -0

@ The point x = 0 is an non-removable discontinuity point of the II. type.
e x = 0 is an asymptote without a slope.

8x-16
o fx)=——=0. < 8x-16=0. < x = 2.

Using the command num (numerator) we find out when the numerator is zero.

(%i9) fc:num(f(x));solve(fc=0,x);
(fc) 8x-16
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(%09) [x = 2]

CHAPTER 3. DIFFERENTIAL CALCULUS

f(x) < 0 for xe(-

0, 0),

e x = 2 is the zero point of f. = { f(x) < 0 for x€(0;2),
f(x) > 0 for x€(2; ).

f(2) =0, f is not defined at the point x = 0.

= The function f does not change the sign on intervals (-0;0), (0; 2), (2; 00).
= Just select any point in the given intervals and verify its value.

(%i13) £(2);£(-1);£(1);£(3);
(%010) 0
(%011) —24
(%012) -8

8
(%013) 5

8x-1617  8x?-(8x-16)2x  32x-8x>  32-8x

°f'(x)=[ — ] = ~ ===  XER x 0.

(%i15) £1(x):=diff(f(x),x,1)$ ratsimp(f1(x));

8x-32
(%015) -
32-8
o f'(x)= x3x=0.<=>32—8x=0.<=>x=4.

(%i16) solve(f1(x)=0,x);
(%016) [x = 4]

e f’ is discontinuous at 0.

(%i18) f1m:denom(ratsimp(£1(x)));solve(fim=0,x);

(f1m) x3
(%018) [x = 0]

f’(x) <0, f is decreasing for x €(-0;0),
e x = 4is the zero point of f’. = { f’(x) > 0, f is increasing for x€(0; 4),
f’(x) < 0, f is decreasing for x €(4; o).
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f7(4) = 0, f” is not defined at the point x = 0.
= The function f” does not change the sign on intervals (-o0;0), (0; 4), (4; ).
= Just select any point in the given intervals and verify its value.

(%i22) subst(4,x,f1(x));subst(-1,x,f1(x));subst(1,x,f1(x));

subst(5,x,f1(x));

o f has alocal maximum at the point x = 4 and also a global maximum f(4) = 1.

(%i23) £(4);
(%023) 1

o f has neither a local nor a global minimum.

32-8x7/  -8x°-(32-8x)3x%*  16x°-96x*>  16x-96
o f(x)=] = | = = =——F% = —a > X€Rx=#0
(%i25) f2(x):=diff(f(x),x,2)$ ratsimp(f2(x));
16x-96
(%025) —
16x-96
o f”(x)= ’;4 =0. < 16x - 96 = 0. < x = 6.

(%i26) solve(f2(x)=0,x);
(%026) [x = 6]

e f” is discontinuous at 0.

(%i28) f2m:denom(ratsimp(£2(x)));solve(f2m=0,x);
(f2m) x*
(%028) [x = 0]
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f”(x) < 0, f is concave for x €(-c0; 0),
@ x = 6 is the zero point of f”. = { f”(x) < 0, f is concave for x€(0;6),
f”(x) >0, f is convex for x€(6; ).
f7(6) =0, f” is not defined at the point x = 0.

= The function f” does not change the sign on intervals (-oo; 0), (0; 6), (6; ).
= Just select any point in the given intervals and verify its value.

(%i32) subst(6,x,f2(x));subst(~1,%,f2(x));subst(1,x,f2(x));
subst(7,x,f2(x));

%029) 0

%030) 112

%031) -80

16
%032) ﬁ

(
(
(
(

o The point x = 6 is the inflection point of the function f.

(%i33) £(6);
(%033)2

ok=lim {9 1m EC_ (2 -%)_0-0-0.

X—>t00 X X—>t00 X x—+o0 “x2  x3

=y=kx+q=0.

°g= lim [f(x)-kx]= lim [f(x)-0-x]= lim f(x)=0.
(%i35) Tm: 1imit (£ (x)/x,x,minf) ; kp:limit(f(x)/x,x,inf);

(km) 0

(kp) O

(%i37) qm:limit (£ (x)—km«x,x,minf); qp:limit(f(x)—kp+x,x,inf);
(km) 0

(kp) O

e y = 0is an asymptote with a slope.

o H(f) = (-00;1).

(%i38) draw2d(grid=true,xaxis=true,yaxis=true,

xrange=[—-12,12],yrange=[-8,3],
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title="f(x)=8(x-2)/x"2”,color=blue,explicit(f(x),x,0,4),
color=red,explicit(f(x),x,-12,0),explicit(f(x),x,4,12),
label([”Inflex Point”,6,f(6)—.4],[”Local Max”,4,f(4)+.4]),
color=green,parametric(0,t,t,-8,3),parametric(t,0,t,-12,12),

color=black,point_type=7,points([[4,£(4)],[6,£(6)],[2,£(2)]]1))$

(x)=8(x-2)%

Local Max

Inflex Point




Chapter 4

The Indefinite Integral

Basic Terms

We motivated the introduction of the concept of derivative by the task of determining the in-
stantaneous speed of a mass point, which moves in a straight line. We can reverse the problem
and look for the trajectory of the mass point provided we know its instantaneous velocity at the
given time.

I c Ris an open interval, the function F(x), x € I is called a primitive function (antideriva-
tive) to the function f(x), x € I on the interval I, if the derivative F’(x) exists for all x € [ and
F’(x) = f(x) holds for all x € I.

F(x) is primitive to f(x) on the interval I, ¢ € R (constant).

= G(x) = F(x) + c is primitive to the function f(x) on the interval I.

It follows from the definition of a primitive function, that F is continuous on the interval I.

All primitive functions to a given function f(x), x € I on the interval I differ from each other
by a constant and form the set {F(x) + ¢, ¢ € R}, (where F is any of the primitive functions). This
set is called indefinite integral of the function f on the interval I and is denoted

Jf(x)dx:{F(x)+c, x€I,c€ER}=F(x)+c, x€I, cER.

f(x), x € I is continuous on the interval I. = There exists Jf(x) dx.

The integrate command is used to integrate in the wxMaxima.

90
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(%i1) ’integrate(1/(1+xA2),x)

(%o1) J L gy

(%i1) integrate(1/(1+x/2),x);
(%01) atanx

(%i2) diff(%,x);

(%02) —-

x%+1

(%i1) f(x):=1/(1-x2); integrate(f(x),X);
1
(%02) og(x+1) og(zx—

The table on the next page shows the basic formulas for integration. These formulas are
closely related to formulas for derivatives of elementary functions and for practical needs it is
necessary to remember them.

Methods of integration

Differentiation and integration are inverse operations on the interval I.

The function F is primitive to the function f on the interval I, ¢ € R, then for all x € I:

Uf(x) dx]' = [F(x) + C], = f(x), JF’(x) dx = If(x) dx = F(x) +c.

Example.

° Jcotxdx = JZ(,)SX dx = J[S:IT? dx =Inl|sinx|+¢,x € R-{kn, k€ Z},c € R.

mn x

° Jtanxdx = Jsmx dx = —Jﬂ dx = —J% dx = -Infcos x| +c,

Cos x Cos X

x€R—{%+kﬂ, keZ},ceR.
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Indefinite integrals of basic elementary functions

xa+1
J,dx=J1dx=x+c, x€R Jx“dx= +c, a#-1,x#0
dx X
J——ln|x|+c x#0 JJ;(())d =In|f(x)] +¢, f(x)#0,x€D()
X
a eax
e®dx = — +¢, a#0,x€R axdx:—+c a>0,a+1,x€R
a Ina
cosax sin ax
Jsmaxdx +¢, a#0,x€R Jcosaxdx- +c, a+0,x€ER
dx cotax dx tan ax
— = - +c, a+#0,x€ER, 2 = +c, a+0,x€ER,
sin ax a k COSs“ ax ske1)
xtZkez (*”kez
a
. coshax sinh ax
sinhaxdx = —— +¢, a#0,x€eR coshaxdx = +c, a+0,x€R
a a
dx cothax dx tanh ax
— == +c, a#0,x#0 = +c, a+0,x€ER
sinh” ax a cosh ax a
dx 1 x 1 x
=—arctan—+01=——arccot—+c2, a#0,x€R
x2+a®  a
dx
JZ 2=J — - —|dx= ln‘ a+0,x€R-{a}
x‘-a 2a x+a x+a
dx x
— = arcsm —arccos — + ¢y, a>0,x€(-aa)
a-x? a | lal
dx
J? :ln‘x+\/x2—a2‘+c, a>0,x € (-00;-a) u (a; )
X“—a
dx
—— =In(x++x% +a?) +c, a>0,x€R
J-/x2+a2 ( ) >

3 x5H x% 5 8 5
° J5x3dx:Jx5dx:3—+c:T+c:gx5 +c:g\5/x8+c,xz0,c€R.
5

2 .
dex:x?+c:x—2x+c:%+c for x = 0,
oj|x|dx: ) )
J(-x)dx:—J'xdx:—x?+c:%+c:%+c for x < 0.

:J|x|dx— |‘+c X€ER cERM

integrate(cot(x),x);
log (sin x)

integrate(abs(x),x);
x |x]
2
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Decomposition method.

F, G are primitive functions to functions f, g on the interval I, a,b € R, |a| + |b] > 0.
= aF +bG is a primitive function to the function af +bg on the interval I and holds

J[af(x) + bg(x)] dx = an(x) dx + ng(x) dx = aF(x) + bG(x) +¢, x €I, c€R.

In the practical calculation, we do not write the intermediate expression

an(x) dx + ng(x) dx

and we write it directly J[a f(x) + bg(x)] dx = aF(x) + bG(x) + c.

Example.

d in? 2 1 1
OJ d :JSIH x+cosxdx:J[ + — ]dx:tanx—cotx+c,

2 3 -
sin” x cos? x sin” x cos? x cos?x  sin®x

k
xER,x;E?”,kEZ,cGR.

2 2_ 2
(x- 1) _Jx 2x+1dx HX 24 ]dx_——2x+ln|x|+c
x x 2
x€R-{0},c€ER.

(2k+1)m

X€ER, x+ ,k€Z ceR

4
Zcosx+x +—] dx = 2s1nx+1+3arctanx+c XERcER®m

in? 1-cos? 1
Jtan xdx—JSln2x dx:J Co: X dx = [ 5 —l]dx:tanx—x+c,
COS“ X COS“ X COS“ X

(%i1) integrate(1/(sin(x)A2+cos(x)2),X);
(%o01) tanx -

tan x
(%i2) integrate((x-1)/2/x,X);
x?-4x

(%02) logx +

Method per partes.

The functions u, v have continuous derivatives u’, v’ on the interval I.

= Ju(x) v (x)dx = u(x) v(x) - Ju’(x) v(x)dx, x € L.

[w] =v'v+uw/'. = uv = J'[uv]' = Ju'v + Juv'. = Juv’ =uv - J'u’v.
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Example.

° chosxdx = [” =

v =cosx

u=1 . . .
]=xsmx—Jsmxdx=xsmx+cosx+c,x€R,c€R.

v =sinx

° Jlnxdx = [“ =Inxju’ =

1
. 2]:xlnx—de:xlnx—x+c,xE(0;00),c€R.
= x

u=1 u=x

v =arctanx

° Jarctanx dx = [

xdx 1]|0+2x
1 | =xarctanx - |— = xarctanx - - dx
V=g 1+x2 2 | 1+x?

1
= xarctan x — Eln’l +x2’+c:xarctanx—ln\/l+x2 +¢,X€ER cERm

We can use the per partes method several times in a row, but we must be careful to stick to
it they did not return to the original integral by reuse.

(%i1) u:x; v:integrate(sin(x),x);
(u) x

(v) - COS X

%i3) usv-integrate(v,x);

(

(%03) sinx — x cos x

(%i4) integrate(x+sin(x),x);
(

%04) sinx — x cos x

Example.
Integral I, = Jx" e*dx,n=0,1,2,3,....

o I, = Jx”exdx = [t -

= eX

w =nx""! n ox n-1 ,x n .x
| =x"e¥-n|x""e*dx=x"e*-nl,_,n€N.
v €

Specially forn = 0,1,2,3, x € R, ¢ € R holds:
o Iy= Jxoexdx = Jexdx =e* +c,
o I} =xe¥-Ilj=xe’-e¥+c,
o I =x?e* -2l = x*e* -2[xe¥ -e" | +c=x*e¥ -2xe¥ +2e¥ +¢,
o L=xe"-3IL = x> ¥ -3[x? e¥ —2xe¥ +2e" | +c = x> ¥ -3x% ¥ +6xe* -6 e¥ +c. W
The per partes method is used quite often. It is suitable for integrating functions
P(x)e*, P(x)cosax, P(x)sinax, P(x)InQ(x), P(x)arctanQ(x),

where P(x), Q(x) are real polynomials, a € R, a # 0.
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Substitution method.

A function F is primitive to the function f on the interval I, x = ¢(¢) has a derivative

on the interval J, o(J) c I.
= F (q)(t)) is primitive to the function f (qo(t)) - ¢’(t) on J and holds

Jf((p(t)) c@'(t)dt = Jf(x) dx = F(x) +c = F((p(t)) +c,t€ J,c€R.

Sets I, J are intervals, x = ¢(¢) : J — I has a derivative ¢’(¢) # 0 on J,
F(t) is primitive to f ((p(t)) -@’(t) on J.
= F ((p_l(x)) is a primitive function k f(x) on interval I and holds

Jf(x) dx = If((p(t)) @' dt = F(@) +c= F((p_l(x)) +c,x€I,c€ER.

In the first case we do not have to use inverse substitution, but in the second case we have to

use the inverse substitution t = ¢~!(x).

Example.
. 3+1 .4
. x= t
0J31n3tcostdt=[SUbStx sint| £ € R =Jx3dx=x +c=&+c,t€R,c€R.
dx = costdt|x €(-1;1) 3+1 4
F/() ;. [Substt=f(x)] _ [dt B
. Jf(x) dx_[ o IO = | = ke = | fG)] + e x €D(f e € R
f@ o [substx=f@] _ [dx _ ~
° J—f@ dt—[ dx:f,(t)dt}_ = = Infx|+c=In|f(O)] +c,t € D(f), c €R.
24 = x3 1[dt 1 1
° st X _ [ Subst:t x2+1 xGR] = —J— =-Inft|+c= —ln‘x3+1‘+c,x€R,c€R.
x°+1 dt =3x°dx|t€R 3]t 3 3
2d =3 1 dt 1 1
o 2= - Subsuzx *ERV 2 E - Carctant + ¢ = - arctanx3 +¢, x € R, c € R.
x0+1 dt =3x%dx|t€R 3241 3 3
x2dx  [Substt=x3|xeR-{z3] 1[ dt 1 1, [t-1 1, |x3-1
° = == —:—~—ln‘—+c:—ln’ .,
x0-1 dt = 3x%dx |t € R - {£1} 3)2-1 3 2 t+1 6 x3+1

x€ER-{+1},c€ER m

To perform a t-substitution, we:

o Decide on a substitution and use diff to produce the differential d¢ (called del(t) in wx-
Maxima), then express dx in terms of dt using solve.

o Extract the resulting equation using%[ 1] and replace del (x) with its expression in terms
of del(t) in the integrand.

o Use subst to transform the entire integrand in terms of ¢, then perform the integral, re-
membering that integrate expects only the coefficient of del(t).

o Substitute the definition of ¢ in terms of x into the resulting antiderivative.
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%i1) INTEGRAND: (%eA (5+x)) +diff(x);
%01) e>* del(x)

%i2) solve(diff(t)=diff(5+x),del(x));
%02) [del(x) = del(”]

%i3) %[1];
%03) del(x) =

%i5) subst(rhs(%) ,del(x),INTEGRAND)$ subst(t,5+x,%);
el del(t)

5
%i6) integrate(coeff(%,del(t)),t);
et
%06) —
5

%i7) subst(5+x,u,%);
eSx

%07) —
5
%i8) integrate(%eA (5+x),X);
eSx

%08) ?

del(t)

Example.
f(x) has on the interval I a primitive function F(x), a,b € R, a # 0.

| Subst.x=at+b] _ f(x)dx_@ _ F(at+b)
ojf(at+b)dt— —J—— —HC= ———+¢

dx:adt a

Jf(t+b)dt—[sub“x “”] Jf(x)dx F(x)+c=F(t+b)+cfora=1.

Jf( -t)dt = S“bS““‘f Jf(x)dx——F(x)+c——F( t)+cfora=-1.m

Example.
dx _ Subst. x = sint |x € (-1;1)
° Vi-x2 t = arcsin x t€(——-—)

dx = costdt, (smt)’—cost>0f0rt€(——'—)] Jcostdt

[1-x2= m =+Jcos?t = |cost| = cost

=Jdt=t+c=arcsinx+c,x€(—1;1),c€R.

cost

x€(-1;1)
t€(0;m)

dx Subst. x = cost
] > =

dx = -sint dt, —(cost)’” = sint > 0 for t € (0;7) - Sln tdt
t = arccos x

N1-x2 =+1-cos?t = \/sin?t = [sint| = sint

——Jdt:—t+c:—arccosx+c,x€(—1;1),c€R.l

sin t

Both solutions are correct because it holds for all x € (-1;1) arcsinx + arccosx = %, ie.

. T
arcsim x = —arccos x + E
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When integrating, different methods are often combined, and sometimes they have to be used
several times in a row. If we use different integration procedures, we can arrive at other primitive
functions.

Example.
1 Subst. t=Inx|x € (0;00) 12 In?
o | =X dx= dx = tdt:—+c:H+c,x€(0;00),c€R.
x d=|ter 2 2
1
oJln—xd uilfxuf; :lnzx—J'ln—xdx
X v’=; v =lnx X

Inx In® x

1§
el dx:T+c,x>0,c€R.l

:Zj—dx:1n2x+2c:J

X X



Chapter 5

The Definite Integral

Basic Terms

In this section, we will deal with the definite integral of the function, which, in contrast to the
indefinite integral is not a function, but a specific value (a number or +co).

We can define a definite integral in several ways. We will define it using the so-called integral
sums and call Riemannian (definite) integral.

Dp(n) < P < Up(n) f Y Up(n) = i Mo-Ax o f
i=1 =

n
Dp(n) = Y, m; - Ax f i ~
i=1 NN
' My My 39
= S M, M,

? Mp-2 |37

my P
A S RN 2 X X x
Xo Xi Xy X3 Xp3 Xpp Xpoi X a b Xo X Xp X3 Xp-3 Xp-2 Xp-p Xp
Xp=a Ax Ax Ax Ax b=xn Xp=a Ax Ax Ax  Ax b=Xn

The curvilinear trapezoid P determined by the non-negative function f on the interval (a; b) and its
approximation using the sums Dp and Up

Example.
y = f(x), x € {a; b) is a positive continuous function, a,b € R, a < b.
Determine the area content of the set P = {[x; y] € R?, x € {a;b),0 < y < f(x)}.

o Let us divide (a; b) using points a = xy < x; < Xy < - < X,_1 < X, = b, n € N on n subintervals
(x50 %15 215 %2, {325 %3 )5 -ves (K25 X—1)s (Xn_1; X, ) With the same length Ax = x; - xp = x5 — x; =
b-a
=Xy T Xp-1 = e
o m; = min{f(x), x € (xi_1; %)}, M; = max {f(x), x € (x;_y;x;)} fori=1,2,...,n.

For the area P then:

n
m; - Ax = LP(n) <P< Up(n) = Z M; - Ax.
] i=1

M=

98



99

o If we decrease Ax (increase n), the estimates of Lp, Up will improve (do not get worse).
o For Ax = ? — 0,i.e. n — oo will hold Lp(n) — P,Up(n) — P.m

(a; b) is a non-degenerate interval (i.e., a < b). y = f(x), x € (a;b) is a bounded function,
D € Dy, D = {xi}_g. n € N.
o Dividing the interval (g; b) is called each finite set of points
D = {xp, X1, X, ..., Xp} = {X;}ig» R E N,

for whicha = x5 < x; <xp < < x_1 <x, = b.

@ Xy, X1, ..., X, dividing points (they uniquely determine the dividing of D).

o Interval lengths d; = (x,_1;x),i = 1,2,...,n we denote Ax; = x; — x;_;. We call the length of the
longest of these intervals dividing norm D and denote u(D), i.e. (D) = max{Ax;, i = 1,2,...,n}.

o For the sum of the lengths of the intervals d;, dy, ..., d,, it holds

Axy +Axy + -+ Ax, =x,-xp =b-a.
o The set of all dividings of the interval (a; b) we denote Dy = {D, D is the division (a;b)}.
o m; =inf{f(x), x € (x_;;x)}, M; =sup{f(x), x €{(x_1;%)}, i=1,2,...,n

o Lower S;(f, D) and upper Riemannian integral sum Sy (f, D) of function f under dividing D
are called numbers

n n
Si(f.D) = 21 m; - Ax;, Sy(f.D) = Z‘i M; - Ax;.
1= i=
o Numbers

b b
[ F0ax = suptsuf. D) D€ Dyl [ G0 dx = inf S0(1. D). D € D)

we call the lower and upper Riemannian (definite) integral of the function f on the interval
(a; b) (from a to b). These numbers always exist and apply

b b
m(b-a) < J flx)dx < J f(x)dx < M( - a),

while m = inf {f(x), x € (a;b)}, M = sup{f(x), x € {a; D)}.
o Ifthe equality between the lower and upper Riemann integrals holds, then this common value

ij(x) dx = Lbf(x) dx = J_jf(x) dx

we call the Riemannian (definite) integral of the function f on the interval (a;b). We call the
function f Riemannian integrable on the interval (a; b) and we denote f € R,

The integration variable has no effect on the value of the definite integral and instead of x
we can write any symbol. This means that
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b

ij(x) dx = ij(t) dt = Lf(u) du = J

a
o Riemannian (integral) sum function f under dividing D
and choice of points T = {t;, 1y, ..., t,} = {t;, t; € (x;_1; x;)}i; we call the number

b b

f(2)dz = j (o) do.

a

Sr(f.D) = 21 &) - Ax.

o The function f has infinitely many integral sums for a given dividing D. On the other hand,
there are infinitely many dividing of the interval. If y = f(x), x € {(a; b) is continuous, then f takes
its extrema on each interval (x;,_1;x;), i = 1,2,...,n and S;(f, D) and Sy(f, D) are also Riemann
integral sums for some particular choices of points T.

ft)

aty 4ot iz bnt b b ‘ at b 1 by bt b b
—— —— —_——
X o % X Xas Xaz Xnt A X o x X X Xu3 Nnz Xt Xn R R K3 Nnz Xl X

Integral sums of the function f under dividing D and different choices of points T

o In investigating Riemannian integrability function f on the interval {(a; b) we do not need to
deal with all by divisions D € D). It is sufficient to restrict ourselves to normal sequences of

dividing {Di}p-q © Digpy. ice. if klim u(Dy) = 0 holds.
Then it holds for every choice of points T

b
Jlim 51(£,0) = | fax

fW) =ypi=12,..k

T ' T ' ' N N N ' N
Xp X3 Xz X3 X-1 Xk X X X X3 Xe-1 Xk X X X2 X3 Xe-1 Xk

k k i-1 k-1 k k 2i-1 1 k k i k+1
SL(fer)=_Zlm1'Axi=ZII=E ST(fka)=Zlf(ti)’Ax1=Zlm=; 5U(f>Dk>=21Mx'AXi=ZIM=;
= = i= = i= iz
Example.

1
J’xdx_l
02 4

o The function f(x) = g, x € (0;1) is increasing, continuous, f € R(g.1)-

-k
o A normal sequence of dividings {Dy};.; < Dyo;1y, while Dy = {i} , bre k€N.
i=
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e Fori=1,2,...,k holds Ax; = %, m; = f(x_1) = =, M; = f(x) ==
k k . (0+k-Dk
=Y m - Ax = ﬂ.l_°+1+“'+(’<‘1)_ p k111
° S1(f. D) _l.;m’ A% = 2k2 T2k T 4k 4 4k
k k. (1+k)k
Sy M Ag =y Lok Tk 11
o Su(fiD) = LM A=Y o s e Tk Tt w
:J 5 = lim S(f.D) = lim Sy(f.D) = lim (- £ o) = i
0
o Let’s choose T = {ti}i=1 as points centers of intervals {x;_ 1,xl) i=12,..,k
ie. t; = l(! —) - Al , then f(t) = 21 and hols
k LBea(@he1) |
= Y. Ax: = _._:++'“+ e T
ST(f’ Dk) = lg:l f(tz) Ax; 21 4k 4k2 4k2 4

L

1
xdx 1
= | — = lim Sy(f,D) = lim - =
JO 2 k—o0 T(f k) k—o0 4

Basic Properties
Geometrically, it represents the Riemannian definite integral on the interval (g; b) the area of the

curvilinear trapezoid determined by the function f and the interval (a; b). Below the x axis (i.e.,
if f is negative), this area is negative.

y b f oy
Jf(x)dx<0 m Jf(x)dx A/ Nf
¢ b X ¢ X X
2 é
f Jf(x)dx>0

Geometric representation of Riemann’s definite integral

b

f.& € Rapy, c € R = cf € Rigpy, f + & € Rigpy and holds:
b

Lbcf(x) dx = CJ'jf(x) dx, Jj[f(x) +g(x)] dx = Lbf(x) dx + Jag(x) dx.

f.& € Rapy. = |f1, f% & € Rapy-

f. & € Rigpy, inf{g(x), x € {a;b)} > 0, respectively sup {g(x), x € (a; b)} < 0.

1 f
=L e Ry,
g € Rea)
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b
f € Riapy, f(x) = 0 for all x € (a;0). = J f(x)dx = 0.
a

b

b
glx)dx = J f(x)dx.

a

f & € Ry, 8(x) = f(x) for all x € (a; b). = J

a

Additivity of the integral.

A function f € Ry, I < R is a bounded interval, points a, b, ¢ € I are arbitrary.

= ij(x) dx = ch(x) dx + Jff(x) dx.

Y ek Yok

N3

a<b<c b<a<c b<c<a c<a<b

b ¢ b
Additivity of the integral J f(x)dx = J flx)dx + J f(x)dx

We can clearly illustrate the additivity of the Riemann integral on vectors. If we imagine the
integrals ff f(x)dx, f; f(x)dx = - j: f(x) dx as vectors ab, ba = —ab on the real axis, then e.g.
for a < b < cit holds

b

[ eorax - ch(x) : Lbf(x) _ ch(x) - jbcf(xx

a a

respectively ab = ac +c¢b = ac - be.

Methods of integration

Calculation of the Riemann integral (Newton-Leibniz formula).

A function f € Ry, the function F is a primitive function to the function f on (a; b).

b b
_— L f(x)dx = F(b) - F(a) = [F(x)]a.




w | N

3 3

1 1
. L% _ [ln|x|]_1 =lnl-In1=0 (??).m

b _ [ln<x+\/x2+ 1)](1) =ln(1 +\/§)—ln1 =1n(1+ﬁ).
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(%i1) integrate(f(x),x,-1,1);
1
(%01) J f(x)dx
=1
(%i3) f(x):=x2$ F:integrate(f(x),x);
x3
(F) =
(%i4) integrate(f(x),x,-1,1);
(%04) =
(%i5) subst(1,x,F)-subst(-1,x,F);
(%05) =
(%i6) float(subst(1,x,F)-subst(-1,x,F));
(%06) 0.6666666666666666
(%i7) float(integrate(f(x),x,-1,1));
(%07) 0.6666666666666666
(%i2) f(x):=cos(x)+sin(x)$ F:integrate(f(x),x);

(F)
(%i3)

cos x*
2
integrate(f(x),x,1,2);
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cos 12 cos 2?

2 2
%i4) subst(2,x,F)-subst(1,x,F);

cos 12 cos 22

(

(

( 2 2

(%i5) float(integrate(f(x),x,1,2));
(

(

(

%05) 0.05937419607911741
%i6) float(subst(2,x,F)—subst(1,x,F));
%06) 0.05937419607911741

1
In the last integral J d?x the problem is that the function % (it is not defined at point 0) and

the function In x is not bounded on (-1; 1) and in this sense we cannot calculate the integral.

(%i2) f(x):=1/x$ F:integrate(f(x),X);

(F) -logx

(%i3) integrate(f(x),x,-1,1);
Principal Value

(%03) 0

(%i4) subst(1,x,F)-subst(-1,x,F);

(%04) -log(-1)

Definite integrals are generally calculated using indefinite integrals. We can modify the per
partes method and substitution methods and calculate the definite integral using them directly.
After substitution, we do not need to return to the original variables.

Method per partes.

b -
u(x)v'(x)dx = [u(x) v(x)]a - J u’ (x) v(x) dx.

a

U,V € Rigpy, u', V" € Rigpy. = J

a

Example.
e 2 o u=x* |u=2x 2 n o
x smxdx:[ L ]: [—x cosx] + 2x cos x dx
0 v =sinx|v =-cosx 0 0
2

u=2x |u'=2 2 2 . n .

=1, ) =|-47°-1+0°-1| +|2xsinx| - 2sinx dx
v =cosx|v =sinx 0 0

2
=—47r2+[471-0—2-0-0]—[—ZCosx]O =—47r2—[—2~1+2~1]=—47r2.l
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Substitution method.

I is an interval with boundaries a, b, ] is an interval with boundaries «, f3,
y = f(x) is continuous on I,

x=¢): J — R, ¢’ is continuous on J, p(J) c I, () = a, p(f) = b.

b

B
= f(¢)¢’ € Ry and holds J flx)dx = J fle®)]e’ @) dt.

a

We can use the method in both directions.

Example.
o J-l 1_xzdx[8ubst.x=sint x €(-1;1) 1=sin’,—§ m=\]lsin2t=m=cost=cost]
-1 dx = costdt t€<—%;§> —1=sin(—§) costzOprevéetkytE(—%;’—;>
z z z n
2

2 1+cos 2t 1(2 1 in2t13
=J cosztdt=J % At = —J [1+cos2t]|dt = —[t+ = ]er
_r T2 P 2 2 1-Z
2 2

2

_ 1[£+ sinz _(_£+ sin(—ﬂ))] _ l[£+0_(_£+0)] :1.71-: z
212 2 2 2 2L2 2 2 2
2 5
o tsin(t2+1)dt= Subst. x = #? + 1|t € (-1;0)|x € (1;2) [t =2 +—>x=5 =1 sin x dx
1 dx =2dt|t€(0;2) |x€(L;5)|t=-1—>x=2 2J,

cos 2—cos 5

1 5 g
:—[—cosx] :—[—cos5+cosz]:
2 2 2 2

Integrating even and odd functions

A function f € R(gyp) is even or odd, where a < b. = f(-x) € R(_,_q) and holds

x=br>t= —b] _ _J:f(_t) d = J_Z(_t) dt = I_;(—x) dx.

X=art=-a A

b
Subst. t = -x
Lf(x) dx = [ dt = - dx

f € Ry is even, then
b -a

Lf(x) dx = J_:f(—x) dx = J f(x)dx.

-b

f € Rigp) is odd, then
J-af(x) dx = Jﬁbf(—x) dx = J

-b

—-a

[ - f(x)] dx = _J:bf(X) dx.
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Even function

Y f Y f
}\ ﬂ m /(x b /_T 4 m /(x
I E— A U fa o
—a b -a b
[ wax=[ reoax [ reoas= | seax

0Odd function

Example.

a>0,f€R_gq-

e fiseven, then
a 0 a ~(-a) a a
J_af(x) dx = J_af(x) dx + Lf(x) dx = Jo flx)dx + Lf(x) dx = ZJOf(x) dx.

e fisodd, then
a 0 a —(-a) a
J_af(x) dx = J_af(x) dx + Lf(x) dx = —J;) flx)dx + Lf(x) dx=0.m

Even function y y
0 . : f
L/(x)u -p J’n F)dx=P L fx)dx =P
-a 0 x
—a 0 ‘ a a
a a L/(x)dx =P a
J f(x)dx = 2J f(x)dx J f(x)dx=0
-a 0 -a
Odd function

Example.

T s T
. t . .
° J sin |x| dx = [Sm x| is continuous | _ 2J- sin |x|dx = ZJ sinx dx = 2[ - cos x]o
- 0 0

and even on (-m; )

=-2.(-1)+2-1=4.

1 3 .2
o x33x2+sin® x dx = integrand is continuous _
1 xt+1 and odd function on (-1;1)

4 is even on (~m; )

b b2 b2 funeti
° J (x* - sin® 4x)dx = J' xtdx - J' sin® 4x dx = [ unetion x
- - -

T - function sin® 4x is odd on (-m; )

T 597 95
=2J dde-0-2[2] =% m
0 510 5
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A function f € R(gyp) is periodic with period p > 0,
f(x) = f(x + kp) for all x € {a;b), k € Z.

Substituting x = ¢(t) =t - kp,
thent = x + kp,t € (a+kp;b +kp), dt = dx, f(x + kp) € Rigikpp+kpy and holds

be(x) d = [x =b ’—>t:b+kp] _ Jb+kpf(t e kp)d - Jb+kp bekp

f@®dr = f(x)dx.
x=a—t=atkp a+kp a+kp a+kp

A function y = f(x) is a periodic function with period p > 0, a € R. Then applies:

p a+p
f € Rio,py = f € Rigaspy and (if they exist) J flx)dx = J f(x)dx.
0 a

The value of the Riemann integral of the periodic function f with period p is the same on
each interval {a;a + p),a € R.

LH ﬂf(x) dx

/,/ g ) ‘\\\ ‘ y e
) /|

L/ +p |0 L/ 1;+2p ) L///ﬂ ;““‘ a+3p

kpl [ (k+1)p

Example.
a€ER mnée€N,m+n.

a+2m 2
° J sin” (nx) dx = J' sin” (nx) dx = J
a 0

0

2
: 2
1-cos (2nx x sin (2nx
s o) g [ sty
2 2:2n 0

————+—]=[ﬂ—0—0+0]=ﬂ.
4n

_ [ 2r  sin(2n-2r) 0  sin0
T2 4n 2

2 2:2n

a+2r 2r 2r
1+cos (2nx) x  sin2nx 27
— —dx= + o

° J-a cos® (nx) dx = L cos® (nx) dx = L >

_ [27: N sin(2n-27r) 0  sin0

]:[ﬂ+0—0—0] = 7.
2 4n 2 4n

a+2m 21 21 ( ) ( )
° J sin (mx) sin (nx) dx = J sin (mx) sin (nx) dx = J o ;COS ey dx
a 0 0
_ [sin (m-n)x _ sin (m+n)x]2” _ [sin (m-n)2r _ sin (m+n)2r __sin0 sin 0 ] _
B 2(m-n) 2(m+n) lo 2(m-n) 2(m+n) 2(m-n)  2(m+n)] ~
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a+2m

2r 2
° J cos (mx) cos (nx) dx = -[ cos (mx) cos (nx) dx = J s (mx—nx)ercos (mx+n) dx
a 0 0

_ [ sin(m-n)x  sin(m+n)x ] 2 _ [ sin(m-n)2r  sin(m+n)2m _sin0  sin0 ] _
B 2(m-n) 2(m+n) lo 2(m-n) 2(m+n) 2(m-n)  2(m+n)] ~

a+2m T

2
° J sin (nx) cos (nx) dx = J sin (nx) cos (nx) dx = J sin (nx) cos (nx) dx = 0.
a 0

=T

a+2m T

2r
° J sin (mx) cos (nx) dx = J- sin (mx) cos (nx) dx = J- sin (mx) cos (nx)dx = 0.m
a 0

=T

(%i1) f(x,n):=sin(n«x)A2;
(%01) f(x,n) : sin(nx)2

(%i2) integrate(f(x,n),x,0,2+%pi);

sin (47n)-47n
- 4n
%i3) integrate(f(x,n),x,a+0,a+2+%pi);
%03) sin (2an)-2an _ sin ((2a+4m)n)+(-2a-4m)n

4n 4n

%i4) ratsimp(%03);

sin ((2a+4s)n)-sin (2an)-4nn
- 4n
%i5) integrate(f(x,4),x,0,2+%pi);

%05) 1T

%i6) integrate(f(x,4),x,a+0,a+2+%pi);
sin (8a)-8a  sin(8a)-8a-167

16 16
%i7) ratsimp(%);

%08) 1T

(%i1) f(x):=sin(x)$
wxdraw2d(grid=true,xaxis=true,yaxis=true,
color=blue, explicit(f(x),x,0,2+%pi),border=false,
rectangle([1,0],[2,£(2)]),color=black,label([”P1”,1.5,0.2]),
rectangle([4,£(4)],[5,0]),color=black, label([”P2”,4.5,-0.2]));
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b
Recall that J f(x) dx gives us the area bounded between f(x) and the x-axis.
a

(%i1) f(x):=sin(x)$
wxdraw2d(grid=true,xrange=[0,2+%pi],yrange=[-1,1],
xaxis=true,yaxis=true,title="Area Bounded by f(x) on [0,pi/2]”,
fill color=red,filled_func=true,filled_func=f(x),
explicit(0,x,0,%pi/2),filled_func=false,
color=blue,explicit(f(x),x,0,2+%pi));

Area Bounded by f(x) on [0,pi/2]
1
0.5
0
o5l
1 s s s . s
0 1 2 3 4 5 6
(%i1) f(x):=sin(x)$

wxdraw2d(grid=true,xrange=[0,2+%pi],yrange=[-1,1],
xaxis=true,yaxis=true,title="Area Bounded by f(x) on [0,2pi]”,
fill color=red,filled_func=true,filled_func=f(x),
explicit(0,x,0,2«%pi),filled_func=false,

color=blue,explicit(£(x),x,0,2+%pi));
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Area Bounded by f(x) on [0,2pi]

(%i1) f(x):=sin(x)$ g(x):=x/(2+%pi)$
wxdraw2d(grid=true,xaxis=true,yaxis=true,
xrange=[0,2+%pi],yrange=[-1,1],
title="Area bounded between f(x) and g(x).”,fill color=red,
filled_func=true,filled_ func=f(x),explicit(g(x),x,0,2:%pi),
filled_func=false,color=blue,key="f(x)”,
explicit(f(x),x,0,2+%pi),color=brown,key="g(x)”,

explicit(g(x),x,0,2+«%pi));

Area bounded between f(x) and g(x).

ji

(%i1) f(x):=sin(x)$ g(x):=cos(x)$
wxdraw2d(grid=true,xaxis=true,yaxis=true,
xrange=[0,2+%pi],yrange=[-1,1],
title="Area bounded between sin(x) and cos(x).”,fill_color=red,
filled_func=true,filled_func=f(x),explicit(g(x),x,%pi/4,5«%pi/4),
filled_func=false,color=blue,key="f(x)”,

explicit(f(x),x,0,2+%pi),color=brown,key="g(x)”,

explicit(g(x),x,0,2«%pi));



Area bounded between sin(x) and cos(x).

f(x)
9(x)
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